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Abstract
The question of whether an element of the Wall group is the surgery

obstruction of a degree-one normal map of closed manifolds is one of the
basic problems in surgery theory. In the present paper we obtain new
forbidding invariants in this problem for the case of finite 2-groups with
arbitrary orientation. Our approach is based on the conception of iter-
ated Browder-Livesay invariants developed by Hambleton and Kharshi-
ladze jointly with the results on closed manifold surgery problem in
oriented case obtained by Hambleton, Milgram, Taylor, and Williams.
We consider several examples and give an application of our results to
the surgery on filtered manifolds.
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1 Introduction

Throughout the paper we consider finitely presented groups π with given sub-
group ρ ⊂ π of index 2. As usual, Bπ = K(π, 1) denotes the classifying
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space of π. We suppose that the group π equipped with an orientation ho-
momorphism w : π → {±1} and Ln(π) denotes the Wall surgery obstruction
group Ls

n(π, w). For a manifold X we suppose that the orientation map w :
π = π1(X) → {±1} coincides with the Stiefel-Whitney character. Recall that
the decorated groups LU

∗ (π) are defined for any involution invariant subgroup
U ⊂ K1(Z[π]) (see [6], [10], [15], [19], [22], and [23]) where Z denotes the ring
of integers. Let S be the subgroup K1(Z[π]) generated by elements ±g, g ∈ π.
Setting K = K1(Z[π]), X = SK1(Z[π]) = Ker (K1(Z[π]) → K1(Q[π])), and
Y = X + S, we obtain isomorphisms [22]

Ls
2n(π) ∼= LS

2n(Z[π]), L′
2n(π) ∼= LY

2n(Z[π]),

while, in odd dimensions, the right-hand sides would be factorized by the
subgroup (∼= Z2) generated by the class of the automorphism

τ =

(
0 1
±1 0

)
.

We are going to study the problem of representing x ∈ Ln(π) as a surgery
obstruction σ∗(f, b) of a degree-one normal map

(f, b) : (Mn, νM) → (Xn, νX), (1)

of closed topological manifolds, where b : νM → νX is a bundle map f : Mn →
Xn of the stable normal bundle of M in Euclidean space to a bundle over
X. In what follows we shall not mention the maps of stable bundles to avoid
confusion.

It is necessary to note here, that any element x ∈ Ln(π) is represented
by a normal map of closed manifolds with boundaries. The results of [23]
provide the following representation. Choose a closed (n − 1)-manifold Xn−1

with π1(X
n−1) = π. Then there is a normal map

(F, B) : (W n; ∂0W, ∂1W ) → (X × I; X × {0}, X × {1})
with σ∗(F, B) = x where ∂0W = X, F |∂0W = Id, ∂1W = Mn, and f = F |M :
M → X is a simple homotopy equivalence.

The Assembly map

A : Hn(Bπ;L•) → Ln(π) (2)

fits in the algebraic surgery exact sequence of Ranicki [18] for the space Bπ

· · · → Ln+1(π) → Sn+1(Bπ) → Hn(Bπ;L•)
A→ Ln(π) → · · · (3)

where Sn+1(Bπ) is the structure set of the topological space Bπ and L• is an
Ω-spectrum [18] (see also [19] and [23]). More precisely, the spectrum L• is
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the 1-connected cover of the simply connected surgery Ω-spectrum L(1). Note
that πn(L(1)) = Ln(1) for n > 0 and L•0 � G/TOP .

Let ΩSTOP
n (X, w) = ΩSTOP

n (X) be the oriented topological bordism group
of a space X. The surgery obstructions define a natural in π homomorphism
[23, Theorem 13B.3] (see also [18])

Θ : ΩSTOP
n (Bπ × G/TOP, Bπ × {∗}) −→ Ln(π) (4)

which factors through the assembly map A (2). It follows from this that the
image Cn(π) ⊂ Ln(π) of the Assembly map consists of the surgery obstructions
σ∗(f, b) ∈ Ln(π) where (f, b) is a normal map of closed manifolds (1) with a
given orientation map w. For any involution invariant subgroup S ⊂ U ⊂
K1(Z[π]), we shall denote by CU

n (π) ⊂ LU
n (π) the image of the group Cn(π) for

the natural map
Ln(π) = Ls

n(π) → LU
n (π).

Thus we have the Assembly map for decoration U

AU : Hn(Bπ,L•) → LU
n (π), Im AU = CU

n (π). (5)

we shall denote by σU
n (f, b) the image of surgery obstruction of the map (1)

in the group LU
n (π). In particular, the obstruction σ′

n(f, b) = 0 if and only
if the normal map (1) is normally cobordant to a weakly simple homotopy
equivalence [10].

The problem of the computation of the Assembly map is one of the sig-
nificant problems of geometrical topology. For infinite groups without torsion
we have the Novikov Conjecture. For the case of finite groups the significant
results in the oriented case were obtained in [10]. In particular, the following
theorem gives the very explicit result for finite groups with trivial orientations
[10].

Theorem 1.1 Let (1) be a closed manifold surgery problem with π finite
and n odd. Then (f, b) is normally cobordant to a weakly simple homotopy
equivalence if and only if either

i) n ≡ 1(mod4) and σ∗(f, b)′ maps to zero under transfer-projection to all
quaternion subquotients Q(2k) of the group π, or

ii) n ≡ 3(mod4) and σ∗(f, b)′ maps to zero under transfer-projection to all
Z/2 quotients of the group π.

In Theorem 1 a group π′ is a subquotient of a group π if π′ = ρ /ρ′ where
ρ ⊂ π is a subgroup and ρ′ is a normal subgroup of the group ρ, and the group
Q(2k) is the generalized quaternion group [10].

For the cases of nontrivial orientation and infinite groups with torsion there
are only a few results in computing of the Assembly map. The approach is
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based on the conception of Browder-Livesay invariants (see [2], [3], [5], [8], [13],
and [14]) is applicable to any finitely generated group with a subgroup of index
2 and sometimes gives very good results [12], [14]. The computation of the
Assembly map for elementary abelian 2-groups in [12] and [14] is based on the
concept of three possible types element x ∈ L∗(π) [12], [13], [14]. The elements
of the first type are detected by iterated Browder-Livesay invariants and cannot
be realized by normal maps of closed manifolds. All iterated Browder-Livesay
invariants of the elements of the second type are trivial but these elements
give an infinite nontrivial number of nontrivial obstructions going down along
the system of one-dimensional submanifolds (see definition in section 2). The
theorem about non realization of the elements of the second type was proved
by Kharshiladze [13], [14]. We note that in all known cases the elements of the
second type, in fact, come from an elementary abelian 2-group [15], [16].

In the present paper, joining methods of surgery on filtered manifolds to-
gether with Theorem 1, we prove several nonrealization theorems of general
type. As an application, we obtain that the results of Theorem 1 provide the
nonrealization of the elements of the second type of any elementary abelian
2-group with arbitrary orientation. Then we describe the relation of the given
approach to Browder-Quinn surgery obstruction groups for filtered manifolds
(see [7], [17], and [24]) and give several examples of applications of obtained
results. In particular, we obtain several theorems about elements of Browder-
Quinn surgery obstruction groups that cannot be realized by a normal map to
a filtered manifold.

2 Preliminaries

The algebraic surgery exact sequence is defined for any space X equipped
with an orientation map w : π1(X) → {±1}. Algebraic surgery sequence is
the homotopy long exact sequence of the cofibration

X+ ∧ L• → L(π1(X)). (6)

where L(π) is the four-periodic surgery Ω-spectrum of the group π constructed
by Ranicki with πn(L(π)) = Ln(π), n ≥ 0 [18], [19].

Let X be a closed n-dimensional topological manifold. An orientation
preserving simple homotopy equivalence f M → X is called a homotopical
triangulation of the manifold X. Two homotopical triangulations fi : Mi →
X(i = 1, 2) are equivalent if there exists an homeomorphism h : M1 → M2

fitting in the homotopy commutative diagram [18], [19], [23]

M1
h→ M2

f1 ↘
⏐�

f2

X

(7)
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The set of equivalence classes STOP
n+1 (X) fits into the surgery exact sequence

[18], [19], [23]

· · · → [ΣX,G/TOP ] → Ln+1(π) → STOP
n+1 (X) → [X, G/TOP ] → Ln(π). (8)

For a closed n-dimensional topological manifold X the surgery exact sequence

(8) is isomorphic to the left part (from the group Ln(π)) of the algebraic
surgery exact sequence of the space X with Hn(X;L•) ∼= [X, G/TOP ] and
Si(X) = STOP

i (X) [18], [19], [23].

Now let Xn be a closed topological n-manifold with a fundamental group
π with the orientation homomorphism w and n ≥ 6. Consider a map

φ : Xn → RP N (9)

to a real projective space of high dimension which induces an epimorphism of
fundamental groups π → Z/2 that coincides with w and has a kernel ρ. Let
i : ρ ↪→ π be the inclusion of this kernel. Without loss of generality we can
suppose that the map φ is transversal to RP N−1 ⊂ RP N . Let

Y n−1 = (φn)−1(RP N−1) ⊂ Xn (10)

be a transversal preimage of RP N−1 and U be a tubular neighborhood of Y
in X with boundary ∂U . For (n − 1) ≥ 5 we can suppose that the induced
map π1(Y ) → π1(X) is an isomorphism [23, §11]. The obtained pair of man-
ifolds (X, Y ) is called a Browder-Livesay pair and the submanifold Y ⊂ X is
called a characteristic submanifold with respect to the inclusion i. Note that
i defines the orientation homomorphism w : π → {±1} and Y is the one-sided
submanifold in X. The map (9) is called a characteristic map of the inclusion
i : ρ → π. Let

F =

⎛
⎜⎝ π1(∂U) → π1(X \ Y )

↓ ↓
π1(U) → π1(X)

⎞
⎟⎠ (11)

be the push-out square of fundamental groups in which horizontal maps are
isomorphisms and vertical maps are inclusions of index 2.

By definition, a simple homotopy equivalence f : M → X splits along Y if
it is homotopic to a map g : M → X which is transversal to the submanifold Y
with N = g−1(Y ), and whose restrictions g|N and g|(M\N) are simple homotopy
equivalences [18, §7], [23, §11]. The splitting obstruction groups

LNn−1(π1(X \ Y ) → π1(X)) = LNn−1(ρ → π)

for a Browder-Livesay manifold pair (X, Y ) are defined [3], [5], [8], [18, §7],
[23, §11]. The algebraic definition of the LN∗-groups is given in [20]. These
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groups depend functorially on the oriented inclusion ρ → π and the dimension
n − q mod 4. Note that in the square F (11) the upper horizontal map and
vertical maps agree with orientations. The bottom horizontal maps preserve
the orientations on the images of the vertical maps and reverse these orienta-
tions outside these images. We shall denote the group with orientation π1(X)
by π+ and the group π1(Y ) by π−. We shall omit ”+” if this doesn’t lead to
misunderstanding.

An inclusion i : ρ → π of index 2 defines the induced map

i∗ : L∗(ρ) → L∗(π), (12)

and the transfer map
i! : L∗(π) → L∗(ρ), (13)

of surgery obstruction groups. The maps (12) and (13) are realized on the spec-
tra level (see [2], [6], [9], [15], [18], and [19]) by the maps fitting in cofibrations
of spectra

L(ρ) → L(π) → L(i∗) (14)

and
L(π) → L(ρ) → L(i!), (15)

and we have isomorphisms

πn(L(i∗)) = Ln(i∗) and πn(L(i!)) = Ln(i!).

For a Browder-Livesay pair (X, Y ) we have the cofibration ∂U → Y . The
geometrically defined transfer map and the square F (11) provide a homotopy
commutative diagram of spectra

L(π1(Y )) → Ω1L(π1(∂U) → π1(U)) → Ω1L(π1(X \ Y ) → π1(X))
↘ ↓ ↓

L(π1(∂U)) → L(π1(X \ Y )),
(16)

where the left maps are the transfer maps on the spectra level and the right
square is induced from the square F [2], [8], [11], [18], [19], [23]. The spectrum
LN(ρ → π) for the Browder-Livesay groups fits in the cofibration

ΩL(π1(Y )) → Ω2L(π1(X \ Y ) → π1(X)) → LN(ρ → π) (17)

where the left map is the loop map of the composition from (16).
For a manifold pair (X, Y ) the obstruction group LP∗(F ) is defined to

obtain a split simple homotopy equivalence in the class of a normal cobordism
of a normal map (1.1) [19], [23]. The spectrum LP(F ) for these groups fits
the cofibration

ΩL(π1(Y )) → ΩL(π1(X \ Y )) → LP(F ) (18)
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where the left map is the looping map of the composition from (16). The
homotopy commutativity of diagram (16) induces a map

LN(ρ → π) → LP(F )

of spectra fitting into the homotopy commutative diagram of spectra [2], [11],
[19]

ΩL(π1(Y )) → Ω2L(π1(X \ Y ) → π1(X)) → LN(ρ → π)
↓= ↓ ↓

ΩL(π1(Y )) → ΩL(π1(X \ Y )) → LP(F ).
(19)

The right square in diagram (19) is a pullback since the fibers of horizontal
maps are naturally homotopy equivalent. The homotopy long exact sequences
of the maps of the right square from diagram (19) provides a commutative
braid of exact sequences

→ Ln(ρ)
i∗−→ Ln(π)

∂→ LNn−2(ρ → π) →
↗ ↘ s ↗ ↘ ↗ ↘

LPn−1(F ) Γ ↓ Ln(i∗)
↘ ↗ q ↘ ↗ ↘ ↗

→ LNn−1(ρ → π)
c−→ Ln−1(π

−)
i!−−→ Ln−1(ρ) →

(20)
where LPn−1(F ) ∼= Ln(i!−) [2], [8], [19], [20]. The upper and bottom rows of
diagram (20) are chain complexes. The map Γ denotes the following isomor-
phism of the corresponding homology groups. Take an element x ∈ Ln(π) with
∂x = 0. This element represents a homology class

[x] ∈ Ker ∂/Im i∗.

We represent the class Γ([x]) by an element q(y) where y ∈ LPn−1(F ) and
s(y) = x. Note that the class Γ([x]) consists of the elements {qs−1(z)|z ∈ [x]}.
Diagram (20) has period 4 hence we can consider all subscripts in this diagram
mod4.

Now we give a new definition of the elements of the second type in the
group Ln(π). Our definition is a natural generalization of the approach [7], [8],
[13], [14], [17]. Let us consider the commutative diagram Dk of groups

ρ2 ρ1 ρ0

· · · ↘ ↙ ↘ ↙ ↘ ↙ ↘
π3

∼=→ π2

∼=→ π1

∼=→ π0

(21)

where all the maps ρi → πi and ρi → πi+1 are index 2 inclusions. The subscript
k is the largest subscript of the groups π∗ for finite diagram (21) and k = ∞ for
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the infinite diagram. We shall suppose that all the groups from diagram (21)
are equipped with orientation homomorphism in the following way that the
horizontal maps preserve the orientations on the images of ρi and reverse the
orientations outside these images. All the sloping maps preserve orientations.
Denote by

Fj =

⎛
⎜⎝ ρj

=→ ρj

↓ ↓
πj+1 → πj

⎞
⎟⎠

the square that is defined by the triangle with the upper group ρj from di-
agram (21). The square Fj defines diagram (20) for the inclusion ρj → πj .
Putting together central squares from these diagrams we obtain the following
commutative diagram

i∗−→ Ln(π0)
∂0−→

s ↗ ↘
LPn−1(F0) Γ ↓ Ln(ρ0 → π0)

q ↘ ↗
−→ Ln−1(π1)

∂1−→
s ↗ ↘

LPn−2(F1) Γ ↓ Ln−1(ρ1 → π1)
q ↘ ↗

−→ Ln−2(π2)
∂2−→

s ↗ ↘
LPn−3(F2) Γ ↓ Ln−2(ρ2 → π2)

q ↘ ↗
−→ Ln−3(π3) −→

...

(22)

In this diagram we denote by s and q all similar maps. But, in what follows,
it will be clear from the context what map is under consideration. Note that
the groups and the maps in diagram (22) are defined by the subscripts taken
mod 4 since L∗-groups and diagram (20) are four periodic. But for our purposes
we can consider arbitrary integer numbers as possible subscripts in diagram
(22). Diagram (22) is infinite in bottom direction if and only if diagram (21)
is infinite.

Now we can give an inductive definition of the sets

Γj(x) ⊂ Ln−j(πj) for (j ≥ 0)

and iterated Browder-Livesay invariants with respect to diagram (21) Dk [7],
[13], [14], [17]. For a finite k we suppose that j ≤ k.
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Definition 2.1 Consider diagram (22) for a diagram Dk. Let x ∈ Ln(π0).
By definition,

Γ0(x) = {x} ⊂ Ln(π0).

Let the set
Γj(x) ⊂ Ln−j(πj) (j ≥ 0)

be defined. It is called trivial if 0 ∈ Γj(x).
If Γj(x) is defined and nontrivial then the (j + 1) − th Browder-Livesay

invariant with respect to Dk (21) is the set

∂j(Γ
j(x)) ⊂ LNn−j−2(ρj → πj).

The (j + 1) − th invariant is nontrivial if 0 /∈ ∂j(Γ
j(x)).

If the (j +1)− th Browder-Livesay invariant is defined and trivial then the
set Γj+1(x) is defined as

Γj+1(x)
def
= {qs−1(z)|z ∈ Γj(x), ∂j(z) = 0} ⊂ Ln−j−1(πj+1). (23)

Definition 2.2 Let Dk be diagram (21) finite or infinite. An element x ∈
Ln(π) has the second type with respect to Dk if the sets Γj(x) are defined and
nontrivial for 0 ≤ j ≤ k.

Note, that diagram (22) and Definitions 2.1 and 2.2 can be given for an
arbitrary decoration U [6], [9], [15], [19]. The results of Kharshiladze about
nonrealization of elements of the second type are based on consideration of
infinite diagrams (22) of a special type, when all the inclusions have the form
ρ → π±. Already in this very special case the algebraic properties of the
elements of the second type are very interesting [1], [15]. Using diagram Dk

we can algebraically define second type elements of the group LU
n (π0). In the

case of finite k, using four-periodicity of diagram (20), we can suppose that n
is sufficiently large and n − k ≥ 5.

3 Main Theorems

In this section we state and prove the main theorems of the paper. We give
several sufficient conditions for nonrealization of the elements of the second
type. These results jointly with Theorem 1.1 provide very effective methods of
computations for finite 2-groups with decoration ”prime”. We use notations
from the previous sections.

Theorem 3.1 Let x ∈ LU
n (π0) be an element of the second type with respect

to diagram Dk for the group of decorations U . If for l ≤ k, l ∈ N there exists
a number m ≥ 5, m ≡ n − l (mod 4) such that

CU
m(πm)

⋂
Γl(x) = ∅ (24)
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then the element x does not belong to the image of the Assembly map

AU : Hn(Bπ0,L•) → LU
n (π0).

In the case of finite 2-groups with decoration ”prime” the results of Theorem
1.1 sometimes give us the possibility to avoid infinite diagrams Dk and consider
only finite diagrams.

Theorem 3.2 Let Dk consist of finite 2-groups and consider diagram (22)
of the groups equipped with decoration ”prime”. Let x ∈ L′

n(π0) be an element
of the second type with respect to diagram Dk.

i) If for l ≡ n mod 4 the set of numbers {l, l − 1, . . . , l − k} contains a
number of type 4m + 1 such that the group πl−4m−1 has the trivial orientation,
and the subset

Γl−4m−1(x) ⊂ L′
4m+1(πl−4m−1)

maps to zero under transfer-projection to all quaternion subquotients Q(2k)
of the group πl−4m−1 then the element x does not belong to the image of the
Assembly map

A′ : Hn(Bπ0,L•) → L′
n(π0).

ii) If for l ≡ n mod 4 the set of numbers {l, l − 1, . . . , l − k} contains a
number of type 4m + 3 such that the group πl−4m−3 has the trivial orientation,
and the subset

Γl−4m−3(x) ⊂ L′
4m+3(πl−4m−3)

maps to zero under projection to all Z/2 quotients of the group πl−4m−3 then
the element x does not belong to the image of the Assembly map

A′ : Hn(Bπ0,L•) → L′
n(π0).

Theorem 3.3 Let Dk consist of finite abelian 2-groups and consider dia-
gram (22) of the groups equipped with decoration ”prime”. Let x ∈ L′

n(π0) be
an element of the second type with respect to Dk. If for l ≡ n mod 4 the set of
numbers {l, l − 1, . . . , l − k} contains a number of type 4m + 1 and the group
πn−4m−1 has the trivial orientation then the element x does not belong to the
image of the Assembly map

A′ : Hn(Bπ0,L•) → L′
n(π0).

Note that using the development approach in many cases we can avoid
difficult computations to obtain explicit results about the Assembly map not
only in the oriented case. The following theorem illustrates this for elementary
abelian 2-groups. This result is known [12], [14]. But we give here a very simple
proof using only diagrams D1 and very easy computations (compare with [12],
[14], and [16]). We recall that for an elementary 2-group π there exist only
two possible orientations up to isomorphism of oriented groups. As usual let
π denote the group with trivial orientation and π− with nontrivial.



On the surgery assembly map 219

Theorem 3.4 Let π be an elementary abelian 2-group of rank r ≥ 1.
i) For the groups

L1(π) = (Z/2)2r−r−1− r(r−1)
2 , and L2k+1(π

−) = (Z/2)2r−1−r

the Assembly map is trivial.
ii) For the groups

L2(π) = Z/2, and L2k(π) = (Z/2)2r−1−r+1

the image of the Assembly map is Z/2. The nontrivial element is given by the
Arf -invariant.

iii) For the group

L0(π) = Z2r ⊕ (Z/2)2r−r−1− r(r−1)
2

the image of the Assembly map is Z and it coincides with the image

Z = L0(1)
mono−→ L0(π)

of the map induced by the inclusion 1 → π.
iv) Let

A = (Z/2)r ⊂ L3(π)

be a subgroup of the group L3(π) generated by all images

Z/2 = L3(1) → L3(π)

of all maps that induced by inclusions of Z/2 on the direct summand. For the
group

L3(π) = (Z/2)2r−1

the image of the Assembly map coincides with the subgroup A.

Now we prove the Theorems stated above.
Proof of Theorem 3.1. The multiplication of the closed manifold surgery

problem (1) with the complex projective plain CP 2 provides an inclusion
CU

n (π) → CU
n+4(π) [23]. Thus, using the multiplication on CP 2 and the four-

periodicity of diagram (20) we can suppose that n − l = m ≥ 5 with n, l, m
being natural numbers. Let the element x ∈ LU

n (π0) be realized by a normal
map (1) of closed manifolds. Taking a characteristic submanifold X1 ⊂ X
with respect to inclusion ρ0 → π0 and taking the restriction of the map f to
the transversal preimage M1 = f−1(X1) we obtain a closed manifold surgery
problem

(f1, b1) = (f |M1, b|M1
) : (Mn−1

1 , νM

∣∣∣M1) → (Xn−1
1 , νX

∣∣∣
X1

) (25)
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with an obstruction
x1 = σU

n−1(f1, b1) ∈ Ln−1(π1).

The maps s and q in diagram (20) are the natural forgetful maps, and the pair
of maps (f, f1) gives a normal map of manifold pairs with an obstruction in
the group LPU

n−1(F0) [19], [23]. Thus the element x1 lies in the class Γ1(x) and
it is represented by the normal maps of closed manifolds (25) (see also, [7],
[13], [14], and [17]). Iterating this construction we obtain a closed manifold
surgery problem

(fl, bl) : (Mm
l , νM |Ml

) → (Xm
l , νX |Xl

) (26)

with an obstruction

xl = σU
m(fl, bl) ∈ Ln−l(πl) = Lm(πl).

Definition 2.1 of the sets Γj(x0) implies that xl ∈ Γl(x0) and it is represented
by a normal map of closed manifolds (26), that is xl ∈ CU

m(πl). We obtain the
contradiction with (24) and Theorem 3.1 is proved.

Proofs of the other theorems are based on Theorem 1.1 and Theorem 3.1.
Proof of Theorem 3.2. Consider case i) of the theorem. Let

4m + 1 ∈ {l, l − 1, . . . , l − k}.

As in the prove of Theorem 3.1, using multiplication with CP 2, we can suppose
that l− k ≥ 5 and hence l ≥ 4m + 1 ≥ 5. Let nontrivial element x ∈ Ll(π0) =
Ln(π0) be realized by a normal map of closed manifolds. By Theorem 3.1 this
implies that

CU
4m+1(πl−4m−1)

⋂
Γl−4m−1(x) �= ∅

and hence contains a nontrivial element that is realized by a normal map of
closed manifolds. By Theorem 1.1 this element maps to a nonzero element
under transfer-projection with respect to a quaternion subquotient Q(2k). We
obtain a contradiction. Case ii) is similar and Theorem 3.2 is proved.

Proof of Theorem 3.3. Since π0 is a finite abelian 2-group, the group πl−4m−1

is the finite abelian 2-group with trivial orientation, and it does not have the
quaternion subquotients. As before we can suppose that 4m+1 ≥ 5. Hence, as
follows from Theorem 1.1, any nontrivial element of the group L′

4m+1(πl−4m−1)
cannot be realized by a normal map of closed manifolds. By Definitions 2.1
and 2.2 the subset

Γl−4m−1(x) ⊂ L′
4m+1(πl−4m−1)

contains only nontrivial elements. Let an element x be realized by a normal
map of closed manifolds. Using the same line of arguments as in the proofs of
Theorems 3.1 and 3.2 we obtain a nontrivial element in L′

4m+1(πl−4m−1) that
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belongs to the image of the Assembly map. We obtain a contradiction and
Theorem 3.3 is proved.

Proof of Theorem 3.4. At first we recall that for any elementary 2-group
π, Wh(π) = 0 and L′

∗(π) = Ls
∗(π).

Now the case L1(π) follows directly from Theorem 1.1 and the Arf -invariant
is realized in the group L2(π) [23].

Let i : ρ → π− be an inclusion of index 2 where ρ has the trivial orientation.
Note that this inclusion gives a diagram D1 with π0 = π− and π1 = π. Consider
the following part of diagram (20) for the inclusion i:

Z/2 = L2(ρ)
mono−→ L2(π

−)
0−→ LN0(ρ → π−)

↘ ↗ ↘
LP1(F0) Γ ↓ L2(ρ → π−)

↗ ↘ ↗
LN1(ρ → π−)

mono−→ L1(π)
0−→ L1(ρ)

(27)

in which all the maps follow by diagram chasing. It follows immediately from
diagram (27) that Γ1(x) is defined and nontrivial for all x ∈ L2(π

−) except the
direct summand Z/2 which coincides with the image L2(1) by functoriality.
Now the statement of the theorem for the group L2(π

−) follows from Theorem
3.3.

Let
i− : ρ− → ρ− ⊕ Z/2− = π−

be an inclusion of index 2 of elementary 2-groups. Consider the following part
of diagram (20) for i−:

L3(ρ
−)

mono−→ L3(π
−)

0−→ LN1(ρ
− → π−)

↘ ↗ ↘
LP2(F0) Γ ↓ L3(ρ

− → π−)
↗ ↘ ↗

LN2(ρ
− → π−)

mono−→ L2(π
−)

0−→ L2(ρ
−).

If
x /∈ Im{L3(ρ

−) → L3(π
−)}

then Γ1(x) is defined and nontrivial, and hence

Γ1(x)
⋂

Im{LN2(ρ
− → π−) → L2(π

−)} = ∅.
The image Im{LN2(ρ

− → π−) → L2(π
−)} contains the direct summand Z/2

coming from L2(1). Thus, using the statement of the theorem for L2(π
−) and

Theorem 3.1 we obtain that all the elements of the group L3(π
−) which do not

belong to the image
Im{i∗ : L3(ρ

−) → L3(π
−)}
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cannot be realized by a normal map of closed manifolds. Let a nontrivial
element

x ∈ Im{i∗ : L3(ρ
−) → L3(π

−)}
be in the image of the Assembly map and x = i∗(y), y ∈ L3(ρ

−). The map i∗
has the right inverse map

p∗ : L3(π
−) → L3(ρ

−)

since i− is isomorphic to an inclusion of the direct summand. Thus p∗i∗(y) = y
and a nontrivial element y belongs to the image of the Assembly map for
the group ρ− of the rang (r − 1). Similar to the above this implies that y
must belong to the image of the map L3(ρ

−
1 ) → L3(ρ

−) induced by inclusion
ρ−

1 → ρ−, and rang(ρ1) = r − 2. Iterating this process we obtain that the
nontrivial element of the group L3(Z/2 ⊕ Z/2 ⊕ Z/2−) = Z/2 must belong to
the image of the natural map

L3(Z/2 ⊕ Z/2−) → L3(Z/2 ⊕ Z/2 ⊕ Z/2−) = Z/2

which is trivial, since the first group is trivial. We obtain a contradiction, and
hence the statement of the theorem for the group L3(π

−).
Now consider the following part of diagram (20) for an inclusion i : ρ → π

of index 2 with rang(π) = r:

L0(ρ)
mono−→ L0(π)

∂−→ LN2(ρ → π)
↘ ↗ ↘

LP3(F0) Γ ↓ L0(ρ → π)
↗ ↘ ↗

LN3(ρ → π−)
mono−→ L3(π

−)
0−→ L3(ρ).

(28)

The map ∂ in diagram (28) is the first Browder-Livesay invariant and the
elements that do not belong to the kernel of this map cannot be realized by
normal maps of closed manifolds [5]. If an element x ∈ Ker∂ and

x /∈ Im{L0(ρ) → L0(π)}
then Γ1(x) is defined and nontrivial. Thus

0 /∈ Γ1(x) ⊂ L3(π
−)

and we already proved that all the nontrivial elements of L3(π
−) cannot be

realized. By Theorem 3.1 we obtain that the element x does not belong to
the image of the Assembly map. From now on going to the subgroup ρ, as in
the case L3(π

−), we obtain that the image of the Assembly map for the group
L0(π) coincides with the image

Z = L0(1)
mono−→ L0(π).
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In the case L3(π), the subgroup A ⊂ L3(π) belongs to the image of the
Assembly map by functoriality and by realization of the nontrivial element of
the group L3(Z/2) [23]. Consider the diagram

L3(ρ)
mono−→ L3(π)

Im=(Z/2)r−1−→ LN1(ρ → π)
↘ ↗ ↘

LP2(F0) Γ ↓ L3(ρ → π)
↗ ↘ ↗

LN2(ρ → π)
0−→ L2(π

−)
0−→ L3(ρ).

(29)

The natural retraction R of the inclusion ρ → π± to the inclusion 1 → Z/2±

induces the retraction R∗ of diagram (29) to the similar diagram for the inclu-
sion 1 → Z/2± which has the following form

0 = L3(1)
0−→ {L3(Z/2) = Z/2} 0−→ 0

↘ ↗ ↘
Z/2 Γ ↓ Z/2

↗ ↘ ↗
Z = LN2(1 → Z/2)

0−→ {L2(Z/2−) = Z/2} 0−→ Z/2.

(30)

The map of diagrams R∗ has the right inverse which is an inclusion on each
group. Note that the nontrivial element of L2(Z/2−) has nontrivial Arf -
invariant and belongs to the image of the Assembly map. Hence as before,
using the retraction R we obtain that only the elements belonging to the
images of the map i∗ : L3(ρ) → L3(π) and of the map L3(Z/2) → L3(π) can
be in the image of the Assembly map. As before iterating this we obtain case
iv) of the theorem.

The consideration in the case L0(π
−) is similar. Consider the diagram

L0(ρ)
0−→ L0(π

−)
0−→ LN2(ρ → π−)

↘ ↗ ↘
LP3(F0) Γ ↓ L0(ρ → π−)

↗ ↘ ↗
LN3(ρ → π−)

mono−→ L3(π)
Im=(Z/2)r−1−→ L3(ρ).

(31)

The natural retraction R of the inclusions induces the retraction R∗ of dia-
gram (31) to the diagram for the inclusion 1 → Z/2± which has the following
form

Z = L0(1)
0−→ Z/2

0−→ Z/2
↘ ↗ ↘

Z/2 Γ ↓ Z/2
↗ ↘ ↗

0 = LN3(1 → Z/2−)
0−→ Z/2

0−→ 0.

(32)
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The nontrivial element of L0(Z/2−) is the Arf -invariant and belongs to
the image of the Assembly map. The image of the group LN3(ρ → π−) in
the group L3(π) coincides with the image of the map i∗ : L3(ρ) → L3(π) [16,
§2]. Thus the image A of the Assembly map to the group L3(π) belongs to the
subgroup generated by the image of the map L3(Z/2) → L3(π) that is induced
by inclusion on the direct summand. It is given by the right inverse to the
map R and by the image of the map {LN3(ρ → π−) −→ L3(π)} from diagram
(31). Now we obtain the statement of the theorem for the group L0(π

−) using
the same line of arguments as above.

Now the consideration of the case L1(π
−) is similar to the case L3(π

−).
Theorem 3.4 is proved.

4 Examples and Applications

In this section we consider several examples and applications of the obtained
results. At first, we discuss an application to the problem of realization of
elements of Browder-Quinn surgery obstruction groups by normal maps of
closed manifolds. Consider a filtration X

Xk ⊂ Xk−1 ⊂ · · · ⊂ X2 ⊂ X1 ⊂ X0 = X (33)

of Xn by locally flat embedded submanifolds. Let dimXk ≥ 5. We suppose
that every pair of manifolds Xj+1 ⊂ Xj is a Browder-Livesay pair with respect
to the inclusion

ij : π1(Xj \ Xj+1) → π1(Xj) (34)

and that every pair of manifolds from the given filtration is a topological
manifold pair in the sense of Ranicki (see [19, §7.2]). Under these conditions,
we shall call the filtration (5.1) a Browder-Livesay filtration [7], [13], [17]. Note
that the filtration X provides a finite commutative diagram Dk with

πj = π1(Xj) and ρj = π1(Xj \ Xj+1)

and the maps from (34).
The Browder-Livesay filtration X is a stratified manifold in the sense of

Browder-Quinn [4], [7], [17], [24]. The Browder-Quinn surgery obstruction
groups are denoted by LBQ

n−k(X ). Forgetting all manifolds of the filtration
except a manifold Xj (0 ≤ j ≤ k) gives natural maps [7], [17], [24]

pj : LBQ
n−k(X ) → Ln−j(π1(Xj)) = Ln−j(πj). (35)

Note that the decorated Browder-Quinn surgery obstruction groups are defined
[6], [7], [17], [24]. We shall denote by

CBQ
n−k(X ) ⊂ LBQ

n−k(X )
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the subgroup of obstructions generated by normal maps to a filtration of closed

manifolds. The decorated group CBQU

n−k (X ) is defined in a natural way.
It follows from the geometrical definition of this map that if an element

x ∈ LBQ
n−k(X ) is realized as an obstruction of a normal map to the closed

filtered manifold X then for 0 ≤ j ≤ k the element pj(x) ∈ Ln−j(πj) belongs
to the image of the corresponding Assembly map. In fact, this statement is a
geometrical interpretation of Theorem 2. The next results are easy corollaries
from other theorems of section 3. In our consideration we fix a Browder-Livesay
filtration X (33).

Corollary 4.1 Let π0 = π1(X0) be a finite 2-group. Let 0 �= x ∈ LBQ′
n−k(X ).

i) If for l ≡ n mod 4 the set of numbers {l, l − 1, . . . , l − k} contains a
number of type 4m + 1, the group πl−4m−1 has the trivial orientation, and the
element

pl−4m−1(x) ∈ L′
4m+1(πl−4m−1)

is nontrivial and maps to zero under transfer-projection to all quaternion sub-
quotients Q(2k) of the group πl−4m−1 then the element x does not belong to the

subgroup CBQ′
n−k(X ).

i) If for l ≡ n mod 4 the set of numbers {l, l − 1, . . . , l − k} contains a
number of type 4m + 3, the group πl−4m−3 has the trivial orientation, and the
element

pl−4m−3(x) ∈ L′
4m+3(πl−4m−3)

is nontrivial and maps to zero under projection to all Z/2 quotients of the

group πl−4m−3 then the element x does not belong to the subgroup CBQ′
n−k(X ).

Corollary 4.2 Let π0 = π1(X0) be a finite abelian 2-group. Let 0 �= x ∈
LBQ′

n−k(X ). If for l ≡ n mod 4 the set of numbers {l, l− 1, . . . , l− k} contains a
number of type 4m + 1, the group πn−4m−1 has the trivial orientation, and

pl−4m−1(x) ∈ L′
4m+1(πl−4m−1)

is a nontrivial element then x does not belong to the subgroup CBQ′
n−k (X ).

Corollary 4.3 Let π0 = π1(X0) be an elementary 2-group. Let 0 �= x ∈
LBQ

n−k(X ).
If for l ≡ n mod 4 the set of numbers {l, l−1, . . . , l−k} contains a number

of type 4m + 1, and

pl−4m−1(x) ∈ L4m+1(πl−4m−1)

is a nontrivial element, or the set of numbers {l, l − 1, . . . , l − k} contains a
number 4m + 3, the group πl−4m−3 has the nontrivial orientation, and

pl−4m−3(x) ∈ L4m+3(πl−4m−3)

is a nontrivial element then x does not belong to the subgroup CBQ
n−k(X ).
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It is fairly easy to generalize the results given above in this section to the
case of an arbitrary filtration.

Now we give two examples of computations.

Example 4.4 Let π− be a finite abelian 2-group of the rank r and with
s ≥ 1 direct summands Z/2 with the nontrivial homomorphism orientation on
a direct summand Z/2 (exceptional case [22]). Then [22, page 37]

L′
2(π

−) = (Z/2)2r−1−s+1.

But C ′
2(π

−) = Z/2, in fact it coincides with the image

α : Z/2 = L2(1) → L′
2(π

−).

To see this, we consider diagram that is similar to diagram (27) for the inclu-
sion

i : ρ+ → ρ+ ⊕ Z/2− = π−.

The diagram chasing implies that the induced map i∗ : L2(ρ) → �L2(π
−) has the

image Z/2 that coincides with the image of α [16]. The elements of this image
are in C ′

2(π
−) by functoriality. The map Γ is nontrivial for other elements.

Now it is sufficient to apply Theorem 3.3.

Example 4.5 Let F = (Z)r be a free abelian group of rank r ≥ 1 and
π = (Z/2)r be an elementary abelian 2-group with the same rank. Consider the
canonical projection p : F → π. Then comparing the results about the groups
C∗(F ) = L∗(F ) [22] and C∗(π) from Theorem 3.4 and using functoriality [23]
we obtain the full description of the induced map

p∗n : Ln(F ) → Ln(π).

The map p∗n has image Z, 0, Z/2, (Z/2)r for n = 0, 1, 2, 3 mod 4, respectively.
Such types of computations are very helpful for computations using diagram
(20).
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