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Abstract

The relative densities of rational primes q, such that a given ratio-
nal prime p is a square of either a principal or a non-principal ideal in
the quadratic number field Q(

√
pq), essentially depend on the residue

classes of both p and q modulo 4. The computation of these densities
is complete when at least one residue of p or q is not equal to 1 mod-
ulo 4. When both residues are equal to 1 modulo 4, it is shown that
the densities are related to a problem of Legendre’s, and are evaluated
taking as true an old conjecture on the solvability of the Pell equation
x2 − Ny2 = −1. The proofs use elementary properties from algebraic
number theory, and the conclusions on densities are a direct consequence
of Dirichlet’s density theorem.
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1 Introduction

The separation of a composite integer into prime factors is of fundamental im-

portance in modern cryptography. This problem had an illustrious formulation

in Gauss’ ”Disquisitiones Arithmeticae” [8, p.396-406]:

1A preliminary version of this paper has been presented at the conference ”Interdisci-
plinary Mathematical and Statistical Technique 2007” - May 20-23, 2007 - Shanghai, China.
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The problem of distinguishing prime numbers from composite

numbers and of resolving the latter into their prime factors is known

to be one of the most important and useful in arithmetic ...

Many of the factorization methods for a composite squarefree integer N con-

sidered thus far, in particular Shank’s algorithm, directly or indirectly exploit

properties of binary quadratic forms and units in the quadratic number field

Q(
√

N ) [3, 16, 1, 23]. Units and ramified primes in real quadratic number

fields, besides their relevance to factorization, have interesting connections

coming from Hilbert’s Theorem 90. Let {1, ω} be a basis of the maximal order

O(
√

N) = {a + bω : a, b ∈ Z} in Q(
√

N ), with ω = 1+
√

N
2

if N = 1 mod 4,

or ω =
√

N if N = 2, 3 mod 4. The field norm of z = a + bω is either

N(z) = a2+ab−N−1
4

b2 if N = 1 mod 4, or N(z) = a2−Nb2 if N = 2, 3 mod 4.

The elements of norm ±1 are called units; they form a multiplicative cyclic

group U of infinite order whose generator is called a fundamental unit. If the

norm of a fundamental unit u ∈ O(
√

N) is 1, then Theorem 90 of Hilbert’s

establishes that u can be written as a ratio γ/σ(γ) where γ is a convenient

element of O(
√

N), and σ is the non-trivial automorphism of Q(
√

N), that is

σ(
√

N) = −√
N . Since γσ(γ) = Nγ ∈ Z, the field norm of γ, the equalities

u = γ
σ(γ)

= γ2

Nγ
show that Nγ is a product of rational primes that ramify,

that is rational primes which are squares of principal or non-principal ideals in

O(
√

N). An ideal is a subset of O(
√

N) whose elements share a common factor

a. If a is a proper element of O(
√

N), the ideal is principal and is written as

(a); if a is not a proper element of O(
√

N), the ideal is non-principal and is

written as the greatest common divisor (a, b+ω) of a ∈ Z and b+ω ∈ O(
√

N),

where a is a factor of the norm N(b + ω).

When N = pq is a product of two different odd primes p and q congruent 3

modulo 4, it is well known [4, Theorem 7, p.188] that p and q are squares of

principal ideals in O(
√

pq). When either p or q is not congruent 3 modulo

4, the more complex situation may be analyzed by considering, for a given p,

the set P of rational primes q partitioned into subsets Pi depending on the

ramification of 2 or p or 2p into principal or non-principal ideals in O(
√

pq).

Section 2 addresses the cases when either p or q is congruent 3 modulo 4.

When both p and q are congruent 1 modulo 4, the relative densities of Pis are

only conjectured [22] as they depend on Diophantine problems concerning the

negative Pell equation, dating back to Euler and Legendre, which are still open

[12, 13, 14]. Section 3 collects remarks and comments concerning factorization,

statistics of numerical investigations, and open problems.
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2 Main Propositions

In O(
√

pq) the only rational primes that ramify into principal or non-principal

ideals are p, q, and possibly 2. Let us recall for easy reference the well known

splitting of 2 [5, 9, 16, 11]:

i) If pq is congruent 5 modulo 8, then 2 is inert, which means that 2 is a prime

in any order of Q(
√

pq), and correspondingly the equation x2 − pqy2 = ±8 is

not solvable in integers.

ii) If pq is congruent 1 modulo 8, then 2 splits into the product of either prin-

cipal or non-principal ideals, which means that 2 is a product of two conjugate

ideals I2 and σ(I2). If 2 splits into the product of principal ideals, the equation

x2 − pqy2 = ±2 is solvable in integers.

iii) If pq is congruent 3 or 7 modulo 8, then 2 ramifies, which means that 2 is

a square of a principal or a non-principal ideal.

The following theorem is reported from [4, p.188] together with its proof,

because it started this investigation and plays a fundamental part in the results.

Theorem 1 ([4]). For two different rational primes p ≡ q ≡ −1 mod 4, the

field Q(
√

pq) has the property that the factors p, q of (p) = p2, (q) = q2 are

principal.

Proof. Since pq ≡ 1 mod 4, the only ramified primes are p and q. Therefore

the candidates for γ are the factor ideals p, q, and their product pq which is

certainly a principal ideal because pq =
√

pqv, with v a unit. However γ =
√

pqv does not give a fundamental unit, since we have u =
(
√

pq�)2

pq
= v2 and a

square is not fundamental. Then, from Hilbert’s Theorem 90, the fundamental

unit is

u =
p2

p

therefore γ = p, and p is a principal ideal. It follows that also q is principal

because the product pq is principal.

�

Theorem 2. Let p be a rational prime congruent 5 modulo 8; the set of ra-

tional primes q > p congruent 3 modulo 4 is partitioned into two subsets of

relative density 1/2, such that either p or 2p is a square of a principal ideal in

Q(
√

pq).

Proof. Since pq ≡ 3 mod 4, the ramified primes are 2, p, and q; however, the

ideal I2 = (2, 1 −√
pq) is non-principal, since 2 cannot be represented by the
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form x2 − pqy2 because it is a quadratic non-residue modulo p.

If p is a quadratic residue modulo q, then x2 − pqy2 = p admits of an integer

solution, x = a, y = b, thus πp = a + b
√

pq is a factor of p in Q(
√

pq). Clearly,

π2
p = pu, and u is a fundamental unit, with γ = πp.

If p is a quadratic non-residue modulo q, then either x2 − pqy2 = 2p or

x2 − pqy2 = −2p admits of an integer solution because either (2p|q) = 1

or (−2p|q) = 1, and I2p is a principal ideal, although I2 and p separately are

not.

The densities of prime p that are or are not quadratic residues modulo q are

clearly equal, by Dirichlet’s density theorem, and the conclusion on densi-

ties of the partition of P is a consequence of the reciprocity theorem since

(q|p) = (p|q).
�

Theorem 3. Let p be a rational prime congruent 1 modulo 8; the set of ra-

tional primes q > p congruent 3 modulo 4 that are quadratic residues modulo

p can be partitioned into four subsets of relative density 1/4, such that either

2, or p, or 2p, or all three together are squares of principal ideals in Q(
√

pq).

Proof. Since pq ≡ 3 mod 4, the ramified primes are 2, p, and q. We consider

separately q ≡ 7 mod 8 and q ≡ 3 mod 8. If q ≡ 7 mod 8, the ideal I2 =

(2, 1 − √
pq) is principal, since (2|p) = (2|q) = 1; moreover, if (p|q) = 1, p is

a principal ideal, thus 2, p, and 2p are squares of principal ideals, whereas if

(p|q) = −1, p is a non-principal ideal, thus also 2p is non-principal.

If q ≡ 3 mod 8 the ideal I2 = (2, 1 −√
pq) is non-principal, since (2|q) = −1;

moreover, if (p|q) = 1, p is a principal ideal, whereas if (p|q) = −1, p is a non-

principal ideal; in the latter case, the product I2p is a principal ideal. The

conclusions on the densities of the partition sets of P are a direct consequence

of Dirichlet’s density theorem.

�

When p and q are primes congruent 1 modulo 4, it is useful to consider the

following property, dating back to works by Euler and Legendre, [12, 13, 14],

which essentially is Theorem 9.5, p.163 in Buell’s book [2]. The reported proof

is a slight modification of the classical one.

Lemma 1 ([2, Theorem 9.5, p.163]). Let p and q be primes congruent 1 mod

4. The equation x2−pqy2 = −1 is solvable if and only if neither qu2−pv2 = +1

nor qu2 − pv2 = −1 is solvable in integers.
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Proof. Let (x1, y1) be the minimal solution of x2−pqy2 = 1, which considered

modulo 4 shows that x1 = 2x0 + 1 and y1 = 2y0. Thus we have

x0(x0 + 1) = pqy2
0

which is equivalent to four possible pairs of equations, since x0 and x0 + 1 are

relatively prime:

{
x0 = pqu2

0

x0 + 1 = v2
0

{
x0 = v2

0

x0 + 1 = pqu2
0

{
x0 = pu2

0

x0 + 1 = qv2
0

{
x0 = qu2

0

x0 + 1 = pv2
0

The first system implies v2
0−pqu2

0 = 1 which is impossible because the inequal-

ity |u0| < |x1| contradicts the minimality of x1. The second system implies

v2
0 − pqu2

0 = −1, and the third and fourth systems imply qv2
0 − pu2

0 = ±1.

If (p|q) = −1 the equation qv2
0 − pu2

0 = ±1 is impossible, thus necessarily

x2 −pqy2 = −1 has the solution (v0, u0). If (p|q) = 1, one of the two equations

qv2
0−pu2

0 = ±1 may have a solution, in which case we have q = (qv0)
2−pqu2

0, or

−q = (qv0)
2−pqu2

0; in any case, N = pq is split by the unit, which means that

the period of the continued fraction representing
√

pq is even and the norm of

the fundamental unit is +1, thus equation x2 − pqy2 = −1 is impossible.

�

Corollary 1. Let p and q be two primes congruent 1 modulo 4, then of the

three Diophantine equations

X2 − pqY 2 = −1

X2 − pqY 2 = −p

X2 − pqY 2 = p

(1)

only one is solvable in integers.

Corollary 2. Let p and q be primes congruent 1 modulo 4, and let u be a

fundamental unit in Q(
√

pq) assumed to be of norm −1. Then p and q ramify

in Q(
√

pq) into primes which are non-principal ideals.

Proof. Assuming, contrary to the theorem statement, that p ramifies into a

principal ideal p, we may write p2 = pv, with v a unit. Taking the field norm

of both sides we have (Np)2 = NpNv, which implies Nv = 1. It follows that

v is an even power, say u2k, of the fundamental unit. From p2 = pv we obtain

p = (σ(u)kp)2, which is clearly impossible because
√

p is not in Q(
√

pq), thus

the Corollary is proved.
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�

Corollary 3. Let p and q be primes congruent 1 modulo 4; if (p|q) = −1 then

X2 − pqY 2 = −1 is solvable in integers.

The description of the set of relative densities concerning ramified primes is

completed by the following theorem, whose conjectural proof, given here (also

supported by extensive numerical computations) is a direct consequence of a

conjecture formulated by Stevenhagen [22, p.127].

Theorem 4. Let p be a prime congruent 1 modulo 4; the set P of primes q

congruent 1 modulo 4 that are quadratic residues modulo p, is partitioned into

three subsets P1, P2, and P3 of relative density 1/3, depending on which of the

equations (1) is solvable in integers. The set P of primes congruent 1 modulo

4 is partitioned into two subsets of relative densities 2/3 and 1/3, such that p

is, or is not, a square of a principal ideal.

Proof. Since pq ≡ 1 mod 4, p and q are the only primes that ramify in Q(ω).

If (p|q) = −1, then both p and q are non-principal, and the fundamental unit

has norm −1. If (p|q) = 1 and the fundamental unit has norm −1, necessarily

both p and q are non-principal. If the fundamental unit has norm 1, then p

and q are principal ideals. If it is true (and this is an open problem) that for

every pair of primes congruent 1 modulo 4 the fundamental unit norm takes

the values +1 and −1 with the same frequency, then the conclusion on the

density follows directly.

�

3 Comments and Applications

The conclusions of the theorems on densities are summarized in the following

table, where di denotes the density of the subset Pi ⊆ P , and specifically P1

denotes the set of primes q such that p is a square of a principal ideal, P2

denotes the set of primes q such that p is a square of a non-principal ideal,

lastly P3 and P4 have the meanings specified in Theorem 3

p q d1 d2 d3 d4

3 mod 4 3 mod 4 1 0 0 0

1 mod 8 3 mod 4 1/4 1/4 1/4 1/4

5 mod 8 3 mod 4 1/2 1/2 0 0

1 mod 4 1 mod 4 1/3 2/3 0 0
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The ramification of primes in Q(
√

N) has a direct consequence on the factor-

ization of N through the fundamental unit u = u0 +
√

Nu1 when its norm is

+1. We say that u is split (for N) whenever u0 + 1 and u0 − 1 are divisible by

some proper factors m1 and m2 of N = m1m2.

Let [a0, a1, a2, . . . , a2, a1, 2a0] be the periodic continued fraction representation

of
√

N , where the overbar denotes the period of length τ :

√
N = a0 +

1

a1 + 1

. ..+ 1

2a0 +
1

a1 + 1

. ..

Let
Aj

Bj
be the j-th convergent and set Δj = A2

j −NB2
j ; the following properties

are well known

1. |Δj| < 2
√

N for every j > 1

2. For a given |a| <
√

N , the Diophantine equation X2 − NY 2 = a is

solvable if and only if a = Δj for some j, [10, 18].

3. The sequence Δj = A2
j −NB2

j is periodic with a symmetric part around

the term (τ − 2)/2, thus Δj = Δτ−j−2.

4. Δτ−1 = (−1)τ , thus Aτ−1 +
√

NBτ−1 is a unit in Q(
√

N ) and the matrix

Mτ−1 =

[
Aτ−1 −NBτ−1

Bτ−1 − Aτ−1

]

is involutory, that is M2
τ−1 = I , with eigenvalues 1 and −1 if Δτ−1 = 1,

otherwise M2
τ−1 = −I and the eigenvalues are i and −i.

When Δτ−1 = 1, let (Aτ−1 + 1, Bτ−1)
T/d be the eigenvector of Mτ−1

corresponding to the eigenvalue 1, with d = gcd{Aτ−1 − 1, Bτ−1}. It is

immediately seen that the (τ/2 − 1)-th convergent is
Aτ/2−1

Bτ/2−1
= Aτ−1−1

Bτ−1
.

The following can now be proved

Theorem 5. If the norm of the fundamental unit u ∈ Q(
√

N) is 1, and some

factor of N is a square of a principal integral ideal in Q(
√

N), then u is split

for N .

Proof. If u is split, then A2
τ−1 − NB2

τ−1 = 1 implies m1λ1 = Aτ−1 − 1 and

m2λ2 = Aτ−1 + 1. Now we know that

A2
m −NB2

m = 2(−1)mAτ−1 + (−1)m−1

θ2
= 2(−1)mAm

θ
(2)
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where m = τ−2
2

, and θ = gcd{Aτ−1+(−1)m−1, Bτ−1}. Therefore, either θ = Am

or Am

θ
is a proper divisor of N . The assumption that u is split implies the

second instance, thus either Am

θ
or 2Am

θ
is a square of a principal ideal.

Conversely, let d be a divisor of N and a square of a principal ideal; it is not

restrictive to assume that d is less than
√

N , thus it occurs in the sequence Δn

with appropriate sign. It follows that d = 2Am

θ
> 1, thus u is split.

�

Corollary 4. Under the same assumptions as Theorem 5, the smaller of the

two factors of N = pq is a factor of Δ τ−2
2

= A2
τ−2
2

− NB2
τ−2

2

. In particular, if

p and q are congruent 3 mod 4, with p < q, then Δ τ−2
2

= (q|p)p.

Proof. The hypotheses imply that the period τ of the continued fraction

representation of
√

N is even. Moreover, the period τ is equal to 4k or to

4k + 2 if Δm is positive or negative, respectively.

As a consequence of Theorem 5, Δm is a proper multiple of p or q smaller than

2
√

N , therefore the only possibilities are (−1)m−1p, 2(−1)m−1p, and q(−1)m−1.

The value q(−1)m−1 is excluded by Theorem 8.2 in Hua’s book [10, p.263].

Lastly, if p and q are congruent 3 mod 4, Theorem 1 excludes 2(−1)m−1p.

�

In conclusion, the unit of a quadratic field Q(
√

pq) splits N = pq if and only if

either p, or 2p, or both are squares of principal ideals. The ”splitting” pairs are

partitioned in the proportions 1/8, 1/2, and 3/8 depending on whether they

are the product of two primes congruent 1, of one prime congruent 1 and one

congruent 3, or of two primes congruent 3 modulo 4. The ”non-splitting” pairs

are equally distributed between products of pairs of primes congruent 1, and

products of primes one congruent 3 and the other congruent 1 modulo 4. These

observations, which follow from the previous theorems on prime ramification,

are summarized in the following table:

(1)(1) (1)(3) (3)(3)

splitting pairs 2/3 1/8 1/2 3/8

non-splitting pairs 1/3 1/2 1/2 0

Systematic computations performed on every pair p and q of primes less than

5, 000 have confirmed that about 2/3 of the fields Q(
√

pq) have split units, and

about 1/3 of fields do not have split units. These numerical results support

Theorem 4, whose proof is based on a conjecture of Stevenhagen’s [22].
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