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Introduction

Crossed modules have been used widely, and in various contexts, since their

definition by J.H.C. Whitehead [9, 10] in his investigation of the algebraic

structure of second relative homotopy groups. Areas in which crossed mod-

ules have been applied include the theory of group presentations, algebraic K-

theory, and homological algebra. The commutative algebra version of crossed

modules has been used,in essence rather than in name, by S. Lictenbaum-M.

Schlessinger [4] also the work of Gerstenhaber [3] essentially involves the notion

of crossed modules in associative and commutative algebras, c.f A.S.-T.Lue [5],

etc., and has been shown to be closely related to Koszul complexes, T. Porter

[8].

K.J. Norrie, in [7], developed A.S.-T. Lue’s work [5] and introduced the

notion of an actor of crossed modules of groups where it is shown to be the ana-

logue of the automorphism group of a group. In the category of commutative
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algebras the appropriate replacement for automorphism groups is the multipli-

cation algebra M(R) of an algebra R. We, in [1], determine actor crossed mod-

ule object which plays similar role with M(R). In the group theory, it is well

known that kernel of μ : G −→ Aut(G) is center of a group G. It corresponds

to annihilator of R which is important notion of the commutative algebras.

In this case, kernel of crossed modules morphism (C, R, μ) −→ A (C, R, μ)

gives the annihilator of (C, R, μ) . We see therefore that actor crossed modules

generalize the notion of annihilator.

We use this actor and annihilator notions to define actor tower of crossed

modules and complete crossed modules.

1 Preliminaries on crossed modules

We will recall the definition (due to Porter [8]) of a crossed module of commu-

tative algebras.

Let k be a fixed commutative ring, R a k-algebra with identity. A pre-

crossed module of commutative algebras is an R-algebra C, together with a

commutative action of R on C and an R-algebra morphism μ : C −→ R, such

that for all c ∈ C, r ∈ R

CM1) μ(r · c) = rμ(c)

This is a crossed R-module if in addition,for all c, c′ ∈ C,

CM2) μ(c)c′ = cc′

The last condition is called the Peiffer identity. We denote such a crossed

module by (C, R, μ).

Examples of crossed modules are:

i) Any ideal, I, in R gives an inclusion map I −→ R, which is a crossed

module. Conversely, given any crossed R-module μ : C −→ R, the image

I = μ(C) of C is an ideal in R.

ii) Any R-module M can be considered as an R-algebra with zero multipli-

cation and hence M
0−→ R is a crossed R-module. Conversely, if μ : C −→ R

is a crossed R-module, Kerμ is an R/μ(C)-module.

A morphism of crossed modules from μ : C −→ R to μ′ : C ′ −→ R′ is a

pair of k-algebra morphisms f : C −→ C ′, φ : R −→ R′ such that

f(r · c) = φ(r) · f(c)
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In the case where R = R′ and φ is the identity, we shall say that f is a crossed

R-module morphism. Thus one can obtain the category XMod of crossed

modules of commutative algebras.

We say that (f, φ) is an isomorphism if f and φ are both isomorphisms:

similarly, we define monomorphism, epimorphism of crossed modules. The

kernel of the crossed module morphism (f, φ) is the ideal (ker f, ker φ, μ) of

(C, R, μ), denoted by ker (f, φ) . The image Im (f, φ) of (f, φ) is the subcrossed

module (Im f, Im φ, μ′) of (C, R, μ).

The trivial crossed module (0, 0, 0) will be written simply as 0.

A crossed module (C ′, R′, μ′) is a subcrossed module of a crossed module

(C, R, μ) if

i) C ′ is a subalgebra of C, and R′ of R,

ii) μ′ is the restriction of μ to C ′, and

iii) the action of R′ on C ′ is induced by the action of R on C.
This is denoted by (C ′, R′, μ′) ≤ (C, R, μ).

A subcrossed module (C ′, R′, μ′) of (C, R, μ) is an ideal if

i) R′ is an ideal of R,

ii) r · c′ ∈ C ′, for all r ∈ R, c′ ∈ C ′, and

iii) r′ · c ∈ C ′, for all r′ ∈ R′, c ∈ C.
This is denoted by (C ′, R′, μ′) � (C, R, μ).

Given an ideal, it is possible to define the quotient crossed module

(C, R, μ)/(C ′, R′, μ′) as the crossed module (C/C ′, R/R′,
−
μ), with induced bound-

ary map
−
μ and action.

2 The actor of a crossed module

Let C be an associative R-algebra. We recall Mac Lane’s construction of the

R-algebra Bim(C) of bimultipliers of C [6].

An element of Bim(C) is a pair (γ, δ) of R-linear mappings from C to C

such that

γ(cc′) = γ(c) · c′, δ(cc′) = c · δ (c′)

and c · γ (c′) = δ(c) · c′
Bim(C) has an obvious R-module structure and a product

(γ, δ) · (γ, δ) = (γ ◦ γ′, δ ◦ δ′)

the value of which is still in Bim(C). If C is a commutative, Bim(C) may be

identified with the R-algebra M(C) of multipliers of C. Recall that a multiplier
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of C is a linear mapping λ : C −→ C such that for all c, c′ ∈ C

λ(cc′) = λ(c)c′.

Definition 2.1 Let (C, R, μ) be a crossed module. A multiplier of (C, R, μ)

is a pair of (f, φ) : (C, R, μ) −→ (C, R, μ) satisfying the following conditions:

i) f ∈ M(C), φ ∈ M(R)

ii) φμ = μf

iii) f(r · c) = r · f(c) = φ(r) · c, for all c ∈ C and r ∈ R

The set of multipliers of the crossed module (C, R, μ) is denoted by M(C, R, μ).

This set is endowed with a k-algebra structure with operations:
+) (f1, φ1) + (f2, φ2) = (f1 + f2, φ1 + φ2)

·) k(f, φ) = (kf, kφ)

◦) (f1, φ1) ◦ (f2, φ2) = (f1f2, φ1φ2)

Given a crossed module (C, R, μ), we denote by U(R, C) the set of all k-

linear functions d : R −→ C such that for all r1, r2 ∈ R, d(r1r2) = r1 · d(r2).

Each such k-linear function d : R −→ C defines multipliers σ (= σd) and

θ (= θd) of R, C respectively, given by

σ(r) = μd(r), r ∈ R and θ(c) = dμ(c), c ∈ C

Proposition 1 σd and θd satisfy the following conditions:

i) θdd = dσd

ii) σdμ = μθd

iii) (θd, σd) ∈ M(C, R, μ)

For the set U(R, C) the following operations are defined:

+) (d1 + d2)(r) = d1(r) + d2(r)

·) (kd)(r) = kd(r)

◦) (d1 ◦ d2) = d1μd2 = d1σd2 = θd1d2

where σdi
, θdi

(i = 1, 2) are the multipliers associated to di ∈ U(R, C).

Proposition 2 Let σdi
∈ M(R) and θdi

∈ M(C) (i = 1, 2) be the multipliers

associated to the di ∈ U(R, C)

i) If d = d1 + d2 then σd = σd1 + σd2 and θd = θd1 + θd2 ,

ii) If d = kd1 then σd = kσd1 and θd = kθd1 ,

iii) If d = (d1 ◦ d2) then σd = (σd1 ◦ σd2) and θd = (θd1 ◦ θd2)

Proposition 3 (U(R, C), +, ·, ◦) is a k-algebra.
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Corollary 2.2 The functions

Γ : U(R, C) −→ M(R) and Φ : U(R, C) −→ M(C)

d �−→ σd = μd d �−→ θd = dμ

are homomorphisms of commutative algebras.

Theorem 2.3 Δ : U(R, C) −→ M(C, R, μ) defined by Δ (d) = (θd, σd) =

(dμ, μd) is a homomorphism of algebras and there is an action of M(C, R, μ)

on U(R, C) given by (α, φ) · d = αd, which makes (U(R, C),M(C, R, μ), Δ) a

crossed module.

Definition 2.4 The actor of the crossed module (C, R, μ) is defined as the

crossed module (U(R, C),M(C, R, μ), Δ). This is denoted by A(C, R, μ).

Proposition 4 There is a morphism of crossed modules

(η, γ) : (C, R, μ) −→ A(C, R, μ)

where η : C −→ U(R, C) is given by η(c) = ηc : R −→ C, ηc(r) = r · c and

γ : R −→ M(C, R, μ) is given by γ(r) = (αr, φr) where αr : C −→ C, αr(c) =

r · c and φr : R −→ R, φr(r
′) = rr′ for r, r′ ∈ R, c ∈ C .

The image of η and γ is denoted by E(R,C) and R, respectively.

The action of M(C, R, μ) on U(R, C) yields an action of M(C, R, μ) on

E(R,C) given by

(α, φ) · ηc = ηα(c)

It is routinely verified that E(R,C) is an ideal of U(R, C) and R is an ideal of

M(C, R, μ).

Proposition 5 Im(η, γ) =
(
E(R, C), R, Δ

)
is an ideal of (U(R, C),M(C, R, μ), Δ) .

Definition 2.5 The inner actor of the crossed module (C, R, μ), denoted

I(C, R, μ), is defined to be the crossed module
(
E(R, C), R, Δ

)
.

It is important to notice that I(C, R, μ) is precisely the image of (η, γ)

and that this object plays an analogous role to the inner multipliers in the

commutative algebras category. Since I(C, R, μ) is an ideal of A(C, R, μ), we
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can form the quotient crossed module A(C, R, μ)/I(C, R, μ), that is called the

outer actor of the crossed module (C, R, μ), denoted by O(C, R, μ).

Examples of actor crossed modules

1) If I is an ideal in R with inclusion i : I −→ R then A(I, R, μ) is the

crossed module (U(R, C), X, Δ) where X is isomorphic to the subalgebra from

M(C) consisting of those multipliers that restrict to multipliers of I.

2) Specializing Example 1) are that A(0, R, i) is isomorphic to (0,M (R) , i)

and that A(R, R, Id) is isomorphic to (M (R) ,M (R) , Id).

3 The Annihilator of a Crossed Module

We define the annihilator of the crossed module (C, R, μ) as the kernel of the

homomorphism (η, γ) : (C, R, μ) −→ A(C, R, μ) and we denote by Ann(C, R, μ).

Ann(C, R, μ) =Ker(η, γ) = (AnnC(R),AnnR(C)∩AnnR(R), μ) where

Ker η = {c ∈ C | ηc(r) = 0, r ∈ R} = {c ∈ C | r · c = 0, r ∈ R}
= AnnC(R)

Ker γ = {r ∈ R | γ(r) = (αr, φr) = 0}
= {r ∈ R | αr(c) = r · c = 0, c ∈ C and φr(r

′
) = rr

′
= 0, r

′ ∈ R}
= AnnR(C)∩AnnR(R)

Since Ann(C, R, μ) is the kernel of a crossed module morphism, it is an ideal

of the crossed module (C, R, μ).

Examples of the annihilator of a crossed module

1) The crossed module (I, R, i), where I is an ideal of R and i is the inclusion

map, has the crossed module (I∩ AnnR(R),AnnR(R), i) as annihilator.

In particular,

Ann(R,R, Id) = (R ∩ AnnR(R), AnnR(R), Id) = (Ann(R), Ann(R), Id)

and

Ann(0, R, i) = (0 ∩ AnnR(R), AnnR(R), i) = (0, Ann(R), i)

2) (C, R, 0), with C a R-modül, has annihilator

Ann(C, R, 0) = (H0(R, C), AnnR(C) ∩ AnnR(R), 0)
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3) (R,M(R), μ) has annihilator

Ann(R,M(R), μ)

= (AnnR(R), AnnR(R) ∩ AnnM(R)(M(R)), μ) = (AnnR(R), 0, μ)

4) If μ : C −→ R is a crossed module with surjective boundary map then its

annihilator is Ann(C, R, μ) = (AnnC(C), μ(Ann(C)), μ)

4 The Actor Tower and Complete Crossed Mod-

ules

If the annihilator of a crossed module (C, R, μ) is trivial then, (C, R, μ) embeds

in its actor A(C, R, μ).

The following theorem is important to be constructed actor tower.

Theorem 4.1 If (C, R, μ), has trivial annihilator then its actor A(C, R, μ) =

(U(R, C),M(C, R, μ),�) also has trivial annihilator.

Proof. Let us assume that Ann(C, R, μ) = (AnnC(R),AnnR(C)∩AnnR(R)) =

0, so that AnnC(R) = 0 and AnnR(C)∩AnnR(R) = 0. Assume that

d ∈AnnU(R,C)(M(C, R, μ)). Then for all (α, φ) ∈ M(C, R, μ) we have (α, φ) ·
d = 0 In particular, for all (αr, φr) ∈ M(C, R, μ) where r ∈ R, we have

(αr, φr) · d = 0, for all r′ ∈ R

((αr, φr) · d)(r′) = 0(r′) αrd(r′) = 0 r · d(r′) = 0

Now since AnnC(R) = 0, d is trivial and so AnnU(R,C)(M(C, R, μ)) = 0

Now suppose that (α, φ) ∈AnnM(C,R,μ)(U(R, C))∩AnnM(C,R,μ)(M(C, R, μ)).

Then (α, φ) · d = 0 for all d ∈ U(R, C). In particular, (α, φ) · ηc = 0 for all

ηc ∈ E(R, C). That is,

αηc(r) = 0(r) α(r · c) = 0 r · α(c) = 0

which implies that α(c) ∈AnnC(R) = 0 for all c ∈ C. Thus α = 0.

Now (α, φ) ∈AnnM(C,R,μ)M(C, R, μ) and hence for all

(α′, φ′) ∈ M(C, R, μ), (α, φ)◦(α′, φ′) = 0 In particular, (α, φ)◦(αr, φr) = 0 and

so, for all (αr, φr) ∈ R, (ααr, φφr) = 0 implying that ααr = 0 and φφr = 0.

φφr = 0. Consequently,

φφr(r
′) = φ(rr′) = r′φ(r) = 0,
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then φ(r) ∈AnnR(R). On the other hand, (α, φ) ∈ M(C, R, μ) then

α(r · c) = r · α(c) = φ(r) · c

for all c ∈ C, but α = 0 implies that φ(r) · c = 0, for all c ∈ C, then

φ(r) ∈AnnR(C). So,φ(r) ∈ AnnR(R)∩AnnR(C) = 0 then φ = 0. Thus we ob-

tain AnnM(C,R,μ)(U(R, C))∩AnnM(C,R,μ)(M(C, R, μ)) = 0 and so annihilator

of actor crossed module;

(AnnU(R,C)(M(C, R, μ)), AnnM(C,R,μ)(U(R, C)) ∩ AnnM(C,R,μ)(M(C, R, μ))) = 0

In view of the above result we see that given a crossed module (C, R, μ)

with trivial annihilator, then a sequence of crossed modules can be constructed:

(C, R, μ),A(C, R, μ),A(A(C, R, μ)), . . .

in which each term embeds in its successor. We call this sequence the actor

tower of (C, R, μ). It is therefore natural to define the crossed module (C, R, μ)

to be complete if Ann(C, R, μ) = 0 and (C, R, μ) −→ A(C, R, μ) is an epimor-

phism. Thus an actor tower stops when it reaches a complete crossed module.

Examples of complete crossed modules

1. If I is an ideal of R, then the crossed module i : I −→ R is complete if

and only if trivial annihilator R and the only multipliers of R which restrict

to multipliers of I are inner multipliers of R. Therefore if R is complete the

crossed module I −→ R is complete for any ideal I of R. So putting I = 0 or

I = R we see that a complete algebra regarded as a crossed module in either

canonical way is a complete crossed module.

2. Let (C, R, μ) be a crossed module with μ surjective. Then (C, R, μ) is

complete if and only if C is isomorphic to R and is a complete algebra.
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