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Abstract

The recovering of the primitive variables from the conserved ones is
an important issue in the numerical simulation of flows at relativistic
velocities. In Literature, three different techniques based on the solution
of quartic equations in the Lorentz factor, in the pressure and in the
modulus of the velocity. Aim of the present paper lies in comparing
the main properties of such techniques: the number of roots having a
physical meaning (admissible roots) for given conserved variables and
the efficiency of their practical application, in terms of accuracy and
computational cost. Moreover, a novel approach is proposed, which
leads to a quartic in a quantity related to the modulus of the velocity:
it possesses a unique physical root and leads to the best performances
among all the techniques here investigated.

The number of admissible roots (among which the physical one has
to be selected) is investigated through a numerical application of the
Sturm theorem. The conserved quantities are combined into two pa-
rameters and the roots are counted in a suitable (bounded) region of
the plane of these parameters. The efficiency of the recovering tech-
niques is numerically tested on a grid in the parameter space which
allows ultra-relativistic conditions. The practical uses of both the ana-
lytical solver and a numerical one (Newton method) are compared. In
particular, the numerical solver exhibits better accuracy and smaller
computational cost with respect to the analytical one, for all the recov-
ering techniques here investigated.
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1 Introduction

The aim of the present paper lies in the analysis of the primitive variables
recovering during the numerical integration of the equations of motion, in
the special relativistic hydrodynamics (SRHD) framework. Here, a possible
set of primitive variables is composed by rest mass density ρ, pressure p and
velocity u (in light units, bold symbol indicates a vector and u = |u|). Here-
after, they are collected in the vector: P = (ρ, u1, u2, u3, p). Inside the equa-
tions of motion, these variables appear combined into the following conserved

ones: D = ρw, S = Dwµu and τ = Dwµ − D − p (see [11], for example),
where w = (1 − u2)−1/2 is the Lorentz factor and µ is total specific enthalpy
µ = 1 + h = 1 + e + p/ρ with h and e specific enthalpy and internal energy,
respectively. Hereafter, also τ ′ = τ + D will be used. In the following, the
conserved variables are grouped in the vector: C = (D, S1, S2, S3, τ). Despite
the passage from the primitive to the conserved variables P 7→ C is trivial, the
inverse transformation C 7→ P implies the solution of a fourth degree algebraic
equation (unless the case C = (D, 0, τ), corresponding to P = (D, 0, (γ−1)τ),
γ being the adiabatic index, that will be excluded in the following), which is
performed with iterative (typically Newton-Raphson) or analytical (Cardano’s
formula) solvers. Considered that the passage C 7→ P is needed at least once
for each cell and time step (os substep), it appears to be a key element of any
numerical simulation of the solution of the SRHD equations. As will be dis-
cussed in the paper, the choice of the variable in which such quartic equation
is written needs to be carefully analyzed, as well as the method (iterative or
analytical) for solving it.

In [4] the recovering is performed in terms of the Lorentz factor, by solving
the quartic P1(w) = 0 with:

P1(w) = α2(η2−ξ2) w4−2αη w3 +(2αξ2−α2η2 +1) w2 +2αη w−(ξ2+1) (1)

(R, M and E in [4] are replaced by D, S and τ ′ in the present paper),
α = γ/(γ − 1) > 2, ξ = S/D and η = τ ′/D. Aim of that paper is to mini-
mize the recovering errors in numerical simulations of extreme ultra-relativistic
flows (w up to 106). Bernstein and Hughes discuss the performances of an ap-
proximate solver (Newton-Raphson) and an analytical one. In particular, the
recovering is performed with the approximate solver when it proves to be accu-
rate enough, otherwise the analytical way is adopted: this strategy enables a
faster recovering especially in the 16-byte (double precision) arithmetic. How-
ever, the accuracy of the Newton-Raphson method appears to be quite poor
(relative errors in the recovered quantities are of order 10−4) and it will be es-
sentially improved (up to the machine precision) in the present paper, also in
ultra-relativistic conditions. The quartic equation in the Lorentz factor (1) is
used also in [6] and is numerically solved (not to mention the technique used).
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Nowadays large three-dimensional simulations of SRHD flows are performed
with well-established codes. The main features of one of them (GENESIS) are
described in [1]: it is based on a Godunov integration scheme which imple-
ments an approximate Riemann solver to calculate the inter-cell fluxes (Mar-
quina’s fluxes, see [7], [8]), while high order Runge-Kutta schemes (second or
third tipically) are used for the time integration. Moreover, the computational
domain can be decomposed in such a way that parallel computing becomes
feasible. Here, the recovering of the primitive variables is performed by solv-
ing an algebraic equation in pressure through a Newton-Rapshon method,
with convergence threshold 10−10. Such an equation comes from the equa-
tion of state (EOS) and the specific internal energy definition, which lead to
f(p) = (γ − 1)ρe − p = 0. Given an approximation pn of p, the corresponding
approximation of the velocity is un = S/(τ ′+pn) so that the Lorentz factor wn

and ρn = D/wn are easily evaluated together with the specific internal energy:
en = [τ ′−wnD+(1−w2

n)pn]/(Dwn) (see Appendix C in [1]). This procedure is
equivalent to solve an equation in a rescaled pressure Π′ = p/[(γ − 1)D] given
by P2(Π

′) = 0, P2 being the following fourth degree polynomial:

P2(Π
′) = Π′4 + 2 (α − 2)η Π′3 + [(α2 − 6α + 6)η2 + 2α′ξ2 − 1] Π′2+

−2α′η [(α − 2) (η2 − ξ2) + 1] Π′ + α′2(η2 − ξ2) (η2 − ξ2 − 1) ,
(2)

α′ being α − 1. GENESIS has been widely applied to the study of long-time
evolution of astrophysical jets: in [2] a jet is perturbed in nonaxisymmetric
way and the onset of turbulent region around the core of the jet, as well as
the presence of high-velocity backflow in the vicinity of the hot spot have been
numerically proved.

Other numerical approaches [6], [10] use approximate Riemann solvers of
kind HLL, in which the flux vector at the interface is chosen as a linear combi-
nation of the corresponding leftwards and rightwards flux vectors and velocities
(see equation (18) in [6]). In [10] and [5] the recovering of the primitive vari-
ables is performed in the modulus of the velocity P3(u) = 0, with:

P3(u) = (1 + ξ2) u4 − 2αξη u3 + (α2η2 + 2α′ξ2 − 1) u2 − 2αα′ξη u + α′2ξ2 (3)

(R, M and E in [10] are changed in D, S and τ ′ in the present paper). The
equation is solved through a Newton-Raphson iterative method in [10], while
the analytic solver is preferred in [5].

An outline of the present paper is the following one. In Section 2 the
equations of motion are summarized and some numerical result is discussed.
The recovering techniques that have been proposed in Literature, which are
based on the solution of one of the equations (1, 2) and (3), are discussed
in Section 3. A numerical application of the Sturm theorem enables us to
define the number of physical roots of the above equations, which are solved
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through analytical and numerical approaches. The efficiencies of such methods
are compared, in terms of accuracy and computational cost. The accuracy is
measured as the error in finding a root and also as the error in recovering the
primitive variables (these two different errors are compared in Section 5). In
Section 4 a novel recovering technique is presented, with the aim to improve
the efficiency of the methods used in Literature. A comprehensive discussion
is presented in Section 5, where it is shown that the novel technique leads
the best performances among all the recovering approaches here investigated.
Finally, conclusions are offered in Section 6.

2 Equations of motion

The equations of motion are written on the basis of integral balance laws,
from which conservation of mass, momentum and energy equations follow as
(indices run from 1 to 3):











∂tD + ∂xk
Duk = 0

∂tSj + ∂xk
(Sjuk + p δjk) = 0

∂tτ + ∂xk
(Sk − Duk) = 0 ,

(4)

the fluid being an inviscid one. The above system is closed by introducing the
following EOS (in light units):

µ = 1 + α
p

ρ
, (5)

so that Eqs. (4, 5) form a hyperbolic system [3]: its solutions may be inter-
preted as waves.

The numerical solution of that system is here performed through a Godunov
approach (at the first order in space and time) and an approximate HLL solver
[6]; the recovering technique is a novel one and uses a quantity related to the
velocity modulus (see Section 4). As sample case, a simulation of a relativistic
mixing layer has been carried out on a square grid with 0 ≤ x1 ≤ 2 and
−1 ≤ x2 ≤ 1. Periodic boundary conditions are enforced at x1 = 0 and 1, while
non-reflecting conditions are used for x2 = ±1. More details can be found in
Section 9 of [9], together with the analysis of an efficient exact Riemann solver
accounting for tangent velocities in the integration of rarefaction waves. In the
present simulation, the mixing layer is perturbed on the longitudinal mode 2:
two vortices form that eventually merge. Two snapshots of the density and
pressure fields just before and after the merging are shown in Fig. 1.
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Figure 1: HLL simulation of a mixing layer on a 1000× 1000 grid with a time
step 10−4: density (left) and pressure (right) fields are shown at times t = 15
(upper row) and t = 20 (lower). The contour levels 0.9 for the density and 4.4
for the pressure are also plotted with a solid red line.

3 Analysis of the recovering techniques used

in Literature

In order to discuss the methods for recovering the primitive variables P from
the conserved ones C, the first issue to be addressed is the definition of the ad-

missible region of the (ξ, η) plane, i.e. the set of the parameters (ξ, η) for which
the recovering problem has a physical meaning. By indicating the rescaled
pressure p/D with Π (the rescaled pressure Π′ introduced in Section 1 is re-
lated to Π by the formula Π′ = α′Π), from the definitions of the parameters ξ,
η the relation:

[α(α − 2)w2 + 1] Π2 + 2α′wΠ − η2 + (ξ2 + 1) = 0

follows. The first two terms in the left hand side of the above equation are
positive, so that the inequality:

η > (ξ2 + 1)1/2 , (6)

must be verified, irrespectively of the value of Π. The inequality (6) specifies
the admissible region of the plane of the parameters. The present result agrees
with the one in [4] (see Section 5 in that paper).
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The next three sections are devoted to the discussion of the principal recov-
ering techniques used in Literature, briefly described just above (see Section
1). In particular, the number of roots and the performances of analytical and
numerical solvers will be investigated.

3.1 Recovering in the Lorentz factor

The first method for recovering the primitive variables P from the conserved
ones C uses the Lorentz factor. As it will be shown below via a numerical
application of the Sturm theorem, the fourth degree polynomial (1) possesses
in the admissible region, i.e. where the bound (6) is verified, two non-real and
conjugate roots and two real ones. Between these latter, only one is greater
than the unity, so that the physical solution can be easily identified. The
behaviour of w vs. the parameters (ξ, η) is shown in Fig. 2: at a fixed η, it
holds 1 for ξ = 0 (u = 0) and grows for increasing ξ, up to reach the value η
on the curve η = (ξ2 + 1)1/2, i.e. the bound of the admissible region (6).
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Figure 2: Lorentz factor w vs. the parameters ξ = µwu and η = µw − Π.

In order to investigate the number of real solutions of the equation P1(w) =
0 greather than the unity in the parameter space (ξ, η), the Sturm theorem will
be numerically used. It states that the number of real roots of the algebraic
equation pn(x) = 0 (pn being a real polynomial in x of degree n > 0) inside
the interval (a, b) (with pn(a) 6= 0 and pn(b) 6= 0) is given by the difference
between the sign changes in a suitable sequence of polynomials, e.g. Σ(x) :=
{q0(x), q1(x), . . . , qn}, evaluated in x = a and in x = b. The sequence Σ is built
by taking q0 = pn and q1 = p′n. The successive element q2 is the opposite of the
remainder of the division q0/q1, as well as q3 is the opposite of the remainder of
the division q1/q2 and so on. The degree of the remainder decays of one unity
at each division, up to vanish for the polynomial qn, which indeed results to
be constant in x. The sequence Σ terminates just at this element.

In our cases, it is worth considering that the elements of the Sturm se-
quences Σ(a) and Σ(b) depend on the two parameters ξ and η, introduced in
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Figure 3: Signs of Q1
1 (a) and Q1

2 (b) vs. ξ and η − ξ. On the red curves these
elements of the Sturm sequence (7) vanish. The bound η = (ξ2 + 1)1/2 (6) is
drawn with a blue dashed line, while the bisecting line η = ξ and the ξ axis
are drawn with dotted black lines.

Section 1. As a consequence, their changes of sign must be evaluated on the
admissible region (6) of the plane (ξ, η). The curves on which such functions
of the parameters (ξ, η) vanish are calculated numerically through Newton
methods along ξ and/or along η. In these algorithms, rescaling techniques are
needed in order to avoid losses of accuracy, due to the presence of high powers
of the parameters. The numerical evaluations of the zeros being performed in-
side the square [0, 40]× [0, 40] of the (ξ, η) plane, the present results hold only
in that bounded region and not in the whole admissible one. Nevertheless, our
numerical tests indicate that they could remain valid everywhere.

Coming back to the equation P1(w) = 0, where P1(w) is the fourth degree
polynomial in w (1), the Sturm sequence (the complete form of the sequence
is given in Eq. (22) in Appendix B) in the point w = 1 is written as:

Q1
1 = (H1 − 1)2 − 2αα′Ξ1

Q1
2 = π1 + H1π2 + π3

Q1
3 = δ1 + H1δ2 (7)

Q4 ≡ −π3δ
2
1 + H2

1π2δ1δ2 − H2
1π1δ

2
2 ,

where the symbols Ξ1 and H1 are used in place of ξ2 and αη, respectively. The
quantities π1, π2, π3, δ1 and δ2 in the above formulae are listed in Appendix B.
The first element of the Sturm sequence in w = 1 (Q1

0) is not included, being
negative everywhere and, as stated above, the element Q4 does not depend on
w. Note that it vanishes on the axis η (ξ = 0). Moreover, for ξ = η (i.e.,
α2Ξ1 = H2

1 ) δ1 = δ2 ≡ 0, which implies that Q1
3, Q4, ∂ξQ4 and ∂ηQ4 vanish

(the same will be true also for the function Q∞

3 , below).

The signs of the functions Q1
1, Q1

2, Q1
3 and Q4 (7) are shown in Figg. 3, 4,

5 as functions of the two parameters ξ and η. For the sake of clearness of the
graphycal representation (in particular, in a neighbourhood of the bisecting
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line η = ξ), the quantity η− ξ will be used instead of η. The physical region of
the plane (in which the inequality (6) holds) is the one above the blue dashed
line and the curves on which Q1

1, Q1
2, Q1

3 or Q4 vanish are drawn with red solid
lines. Moreover, on the green dashed lines both functions Q4 and ∂ηQ4 are
zero, i.e. Q4 vanishes without changing its sign. The function Q1

1 vanishes
on a curve which lies just above the physical limit curve almost everywhere
in ξ, unless in a small neighbourhood of the origin. Q1

1 results to be positive
above and negative below that curve, but the analysis of the field Q1

2 will
easily prove that the shape of that curve is not important in order to apply
the Sturm theorem. The function Q1

2 results to be negative inside the wedge-
shaped region bounded by the red line in figure. This region lies outside the
physical part of the plane, so that in passing from the function Q1

0 to Q1
2 one

change of sign is measured in all the physical region. This behaviour does not
depend on the shape of the red line in the Q1

1 field. Much more complicated
appears to be the function Q1

3, as shown in Fig. 4-a. It is negative inside a
wedge-shaped region and between two lines, one of them being the bisecting
line η = ξ. Due to the scale in which the curves of Fig. 4-a are drawn, this
behaviour cannot be easily understood from that figure, but it appears from
the enlargments shown in Fig. 4-b and c. However, in order to apply the Sturm
theorem, it is important to notice that Q1

3 > 0 in the whole admissible part of
the plane (ξ, η). The signs of the function Q4 are shown in Fig. 5-a: it vanishes
on the red line which is almost parallel to the bisecting line η = ξ and it lies
outside the physical part of the plane (ξ, η). The behaviour of that function
in neighbourhood of the origin is clearified by the enlargments shown in Fig.
5-b: the function Q4 is negative above and positive below that red curve and
in particular it is negative in the admissible region. As a consequence, two
changes of sign are uniformly measured in the Sturm sequence (7), evaluated
on the point w = 1.

The values assumed by the same sequence in correspondence to the limit
w → ∞ are Q∞

2 = π1 and Q∞

3 = δ1, while the elements Q∞

0 and Q∞

1 are positive
everywhere and then their forms are not considered. The signs of the two above
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Figure 4: Signs of Q1
3 (a) and details (b, c) vs. ξ and η − ξ.
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Figure 5: Signs of Q4 (a) and details around the origin (b) vs. ξ and η − ξ.
On the green lines Q4 and ∂ηQ4 are both zero.

functions are shown in Fig. 6: they are negative only in wedge-shaped regions
that lie outside the admissible part of the plane (ξ, η). By accounting for the
behaviour of the function Q4 in Fig. 5-a, only one change of sign is uniformly
measured in the Sturm sequence at infinity, so that equation P1(w) = 0 has
only one root in the admissible part of the square [0, 40] × [0, 40] in the plane
of the parameters.
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Figure 6: Signs of the elements Q∞

2 and Q∞

3 for the Sturm sequence evaluated
at infinity vs. ξ and η − ξ.

In order to numerically verify the above properties of the algebraic equation
P1(w) = 0, the polynomial P1(w) being defined in Eq. (1), its solution is
addressed in the following way. Introduced the short notations: a4 = α2(η2 −
ξ2), a3 = −2αη, a2 = 2αξ2 − α2η2 + 1, a1 = 2αη and a0 = −(ξ2 + 1) for the
coefficients in that equation, the two quantities: m1 = (|a3| + |a2| + |a1| +
|a0|)/|a4| and m2 = (|a4| + |a3| + |a2| + |a1|)/|a0| are evaluated. If m1 < m2,
the normal form of the equation P1(w) = 0 is quickly obtained, while on the
contrary (m1 ≥ m2) both sides of the equation are divided times a0w

4, leading
to an equation (in normal form) in the new unknown 1/w. This procedure is
needed in order to keep the coefficients of the order of the unity (or smaller)
on the whole admissible part of the plane of the parameters (ξ, η), even for ξ
going to the physical bound (η2 − 1)1/2 (6).
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These equations are solved through analytical and numerical (Newton, in
the present paper) methods and the corresponding efficiencies are then com-
pared. In particular, Newton method needs an initial guess of w. It is chosen
by considering that wµ = η + Π and u = ξ/(η + Π): as a consequence,
w = 1/{1 − [ξ/(η + Π)]2}1/2 < η/(η2 − ξ2)1/2 =: w0 and w0 is just used as a
first approximation of w. Once the physical root w̃ of the equation P1(w) = 0
is calculated on a fixed grid in the admissible part of the (ξ, η) plane, in the
first column of Table 1 maximum and mean values of the error E = |P1(w̃)|
and of the recovering error ∆ are considered. The quantity ∆ is defined in
the following way. One of the two parameters (e.g., η) is fixed and the other
one is calculated by using the root w̃: a new value of the parameter (ξ̃) is
obtained. This value is then compared with the current one (ξ): ∆ indicates
just the modulus of their difference (|ξ − ξ̃|). In order to avoid spurious error
amplifications due to divisions by u for small velocities, ∆ is calculated by
fixing η and then evaluating ξ̃ for u < 1/2 and viceversa for u > 1/2. In the
first case, µ is calculated as (αwη− 1)/(αw2 − 1) and then ξ̃ = µwu, while for
u > 1/2 the total specific enthalpy µ is evaluated as ξ/(wu) and the parameter
η is rebuilt as η̃ = µw − (µ − 1)/(aw).

The numerical evaluation of the recovering errors results to be quite difficult
for ξ → 0, i.e. w → 1, because the calculation of the modulus of the velocity u
from the Lorentz factor w becomes inaccurate. In these conditions, the use of
the approximation 1 w = 1+w2ξ

2 +w4ξ
4 +O(ξ6) results to be more opportune

than the calculation of w (analytical or numerical) and the direct computation
of (w2 − 1)1/2/w. The following form of the modulus of the velocity:

u =
√

2w2 ξ
(

1 +
2w4 − 3w2

2

4w2
ξ2

)

+ O(ξ5) , (8)

is used for ξ < 5 · 10−3.

3.2 Recovering in pressure

The equation P2(Π
′) = 0, the polynomial P2(Π

′) being the one in Eq. (2),
for the recovering of the rescaled pressure Π′ = α′Π is investigated. As it
will be numerically proved below through the analysis of the Sturm sequences
in Π′ = 0 and Π′ → ∞, in the whole admissible region of the plane of the
parameters (ξ, η) two real and positive roots exist: the physical one must be
selected by minimizing the recovering error ∆ = |ξ − ξ̃|. The behaviour of

1The coefficients are given by the following formulae:

w2 :=
α′2

2

1

(αη − 1)2
, w4 :=

α′3

8

α(3α + 5)η − (7α + 1)

(αη − 1)5
.
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Figure 7: From the left to the right, the rescaled pressure Π = p/D (a) and the
difference (b) between the unphysical (but admissible) root Πun of the equation
P2(Π

′) = 0 and the physical one (Π) are drawn vs. the parameters ξ = µwu
and η = µw − Π.

Π vs. the parameters (ξ, η) is shown in Fig. 7-a: it vanishes on the bound
η = (ξ2 + 1)1/2 (6), while for a fixed η it grows for decreasing ξ, up to the
value (η − 1)/α′ reached for ξ = 0. The difference between the two real roots
(the unphysical Πun minus the physical Π) is drawn in Fig. 7-b: note that it
is quite small, if compared with the values of Π, being almost constant in the
whole admissible region of the plane (ξ, η).

Once a positive root Π̃ has been calculated, the Lorentz factor w is evalu-
ated by solving the quadratic equation αΠ̃w2 + w − (η + Π̃) = 0 which follows
just from the definition of η:

w =
[1 + 4αΠ̃ (η + Π̃)]1/2 − 1

2αΠ̃
. (9)

Equation (9) has to be used carefully for Π̃ → 0. In this condition, a McLaurin
expansion of the right hand side enables us to avoid the numerical calculation
of a undetermined form of kind 0/0:

w = η − (αη2 − 1)Π̃
[

1 − 2αηΠ̃ + α(5αη2 − 1)Π̃2
]

+ O(Π̃4) ,

in practice to be used for Π̃ of the order 10−3. Once w is known, µ is given by
(η + Π̃)/w and ξ̃ follows by the definition of ξ as µwu.

In order to investigate the number of roots of equation P2(Π
′) = 0 that are

real and positive, we evaluate the changes of sign in the corresponding Sturm
sequences at Π′ = 0 and at Π′ → ∞. In terms of the quantities P2 = η2 + ξ2

and M2 = η2 − ξ2, the Sturm sequence (the complete form of the sequence is
given in Eq. (23) in Appendix B) in the point Π′ = 0 is the following one:

Q0
0 = M2(M2 − 1)
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Figure 8: Signs of Q0
0 (a), Q0

1 (b), Q0
2 (c), Q0

3 (d), Q4 (e) (10) and an enlargment
(f) near the origin of (e) vs. ξ and η − ξ.

Q0
1 = −[(α − 2)M2 + 1]

Q0
2 = ζ3 (10)

Q0
3 = β2

Q4 ≡ −ζ3β
2
1 + (P2 + M2)(ζ2β1β2 − 2α′ζ1β

2
2) ,

where the quantities ζ1, ζ2, ζ3, β1 and β2 are listed in Appendix B.
The signs in the plane (ξ, η) of the elements Q0

0, Q0
1, Q0

2, Q0
3 and Q4 of

the sequence (10) are shown in Fig. 8. Q0
0 is positive almost everywhere: it

becomes negative only in the part of the plane bounded by the curves η = ξ
and the physical bound η = (ξ2 + 1)1/2 (6). Q0

1, Q0
2 and Q4 are negative in the

admissible part of the plane, while Q0
3 reults to be positive. Moreover, Q0

2 and
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Figure 9: Signs of Q∞

2 (a) and Q∞

3 (b) vs. ξ and η − ξ.
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Q4 exhibit complicated behaviours near the bisecting line η = ξ and the origin,
respectively. The behaviour of Q4 in a neighbourhood of the origin is shown
in Fig. 8-f . By accounting for the signs in that figure, the Sturm sequence
at Π′ = 0 has three changes of sign in the admissible region of the plane. At
infinity the elements Q0 and Q1 are positive on the whole admissible region of
the space of the parameters, while the signs of Q∞

2 = ζ1 and Q∞

3 = β1 are shown
in Fig. 9. Once also the signs of Q4 (see Fig. 8-e) is considered, the Sturm
sequence for Π′ → ∞ exhibits only one change of sign in the admissible region
(6). As a consequence, the equation P2(Π

′) = 0, P2(Π
′) being the polynomial

(2), possesses two real and positive solutions in the whole admissible region
here investigated.

The effective solution of the equation P2(Π
′) = 0 cannot be accurately

performed for too small or too large (close to the physical bound ξ = (η2−1)1/2)
values of ξ. The following preliminary considerations are needed. First of all,
in order to avoid accuracy losses also for moderate values of the parameters,
the equation is rewritten in the new variable π′ := Π′/η (the corresponding
quantity π := π′/α′ = Π/η will be also used below) by dividing by η4 its
left and right hand sides. Moreover, the following expansions are needed for
τ := ξ/η very small (τ < τ ′

t = 10−2):

π =
1 − 1/η

α′
− 1

2

2α − (α + 1)/η

(α − 1/η)2
τ 2 + O(τ 4) (11)

and for τ ≃ τmax := (η2 − 1)1/2/η (τmax − τ < τ ′′

t = 10−6):

π =
τmax

η2

η2(τmax − τ)

α′
+

1

η2

(

α2 − 2α2

η2
+

α′′

η4

) [η2(τmax − τ)]2

2α′3
+

−τmax

η2

[

3α3(α − 2) +
q1(α)

η2
− q2(α)

η4
+

3α′′2

η6

] [η2(τmax − τ)]3

6α′5
+

+O{[η2(τmax − τ)]4} , (12)

where q1(α) := 2α3 + 15α2 − 12α + 4 and q2(α) := 8α3 + 9α2 − 12α + 4,
both positive for any physical value of γ. Finally, in the intermediate region,
i.e. for τ ′

t < τ < τmax − τ ′′

t , the physical roots of the equation P2(Π
′) = 0

are evaluated through the analytical solver as well as by using the Newton
method. 2 The global efficiency of these two approaches are compared, both

2The separation of the two physical roots in the numerical approach has been obtained
through a preliminar search for the extremal point Π′

⋆
, i.e. the value of Π′ such that

P ′

2
(Π′

⋆
) = 0 (the apex indicates a derivative in Π′). It is found by using the Newton method,

with initial guess Π′ = η − 1. Once Π′

⋆
is known, the two initial guesses are evaluated by

preliminary dichotomic searches inside the ranges (0, Π′

⋆
) and (Π′

⋆
, η − 1), up to localize

the two real roots into intervals of amplitude 10−3. With these guesses, Newton method
converges up to the machine precision in three or four iterations.
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in terms of accuracy and of computational cost. The maximum and the mean
values of the errors of the analytical (Ea) and of the numerical (En) solvers
as well as the corresponding recovering errors (∆a and ∆n) on a grid in the
plane of the parameters are shown in the second column of Table 1. They will
be discussed and compared with the ones associated to the other recovering
techniques in Section 5.

3.3 Recovering in velocity

Finally, the recovering in the modulus of the velocity proposed in the paper
[10], via the solution of the algebraic equation P3(u) = 0, P3(u) being the
polynomial (3), is briefly analyzed. As will be shown below via a numerical
application of the Sturm theorem, that equation possesses two real solutions
belonging to the interval (0, 1), i.e. two admissible roots, and the physical one
must be chosen by minimizing the recovering error ∆. Once a root ũ has been
evaluated, the corresponding Lorentz factor w is calculated and the error ∆ is
measured in two different ways, depending on the value of ũ. This procedure
enables us to avoid the division by ũ (performed in evaluating µ = ξ/(wũ)
from the given ξ) when it is small. For ũ ≤ 1/2, the total specific enthalpy
µ = (αwη − 1)/(αw2 − 1) is calculated from the current value of η and the
error on ξ̃ = µwũ is measured as ∆ = |ξ̃ − ξ|. In the other case (ũ > 1/2),
µ follows from the current value of ξ as µ = ξ/(wũ), so that the error on the
recovered η̃ = µw − (µ − 1)/(αw) is evaluated as ∆ = |η̃ − η|. The behaviour
of u vs. the parameters (ξ, η) is shown in Fig. 10-a: for η fixed, it vanishes
at ξ = 0 and grows for increasing ξ, up to reach the value ξ/η on the physical
bound (η2−1)1/2. In Fig. 10-b the difference between the physical (u) and the
unphysical (uun) roots of the equation P3(u) = 0 is drawn vs. the parameters
(ξ, η): note that it is quite small and vanishes for ξ → 0.

A numerical application of the Sturm theorem enables us to check the
number of admissible roots in the present formulation. We investigate the
signs of the elements of the Sturm sequence inside the square [0, 40] × [0, 40]
on the plane of the parameters (ξ, η). The Sturm sequence (the complete form
of the sequence is given in equation (24) in Appendix B) is evaluated in the
point u = 0 as (α′′ = 2α − 1, Ξ3 = ξ2 + 1 and H3 = α2η2):

Q0
2 = −4α′Ξ3 + H3

Q0
3 = θ2 (13)

Q4 ≡ α′(Ξ3 − 1)(4α′Ξ3 − H3)θ
2
1 + αξη(4α′Ξ3 − H3 + α′′)θ1θ2 +

+[4α′Ξ2
3 − 2α′′Ξ3 + H3(3 − Ξ3)]θ

2
2 ,

in which Q0
0 and Q0

1 are positive and negative everywhere, respectively. The
quantities θ1 and θ2 depend on the parameters (ξ, η) and are given in Appendix
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Figure 10: From the left to the right, the modulus of the velocity u (a) and
the difference (b) between the physical root (u) of the equation P3(u) = 0
(u) and the unphysical one uun are drawn vs. the parameters ξ = µwu and
η = µw − Π.

B. The signs of the elements of this sequence are shown in Fig. 11. The element
Q0

2 vanishes just below the physical bound (6), while Q0
3 on a wedge-shaped

curve which lies outside the admissible part of the square, in which both these
elements are positive. Much more complicated is the behaviour of Q4, which
vanishes on two curves: a wedge-shaped one, near the bound η = (ξ2 + 1)1/2

in the unphysical part of the plane, and another curve just below the first one.
It results to be negative in the physical part of the square. As a consequence,
by accounting for that Q0

0 is positive and Q0
1 is negative, three changes of sign

appear in the admissible region of the square.
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Figure 11: Signs of the elements Q0
2 (a), Q0

3 (b) and Q4 (c) (13) vs. ξ and η−ξ.

In the point u = 1 the Sturm sequence is the following one:

Q1
0 = α2Ξ3 + H3 − 2α2ξη − α2

Q1
1 = 2αΞ3 + H3 − α(α + 2)ξη − α′′
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Q1
2 = −4αα′Ξ2

3 + 2(2α2 − 2α + 1)Ξ3 + αΞ3H3 + (14)

−(α + 2)H3 + αξη (4α′Ξ3 − H3 + α′′)

Q1
3 = θ1 + θ2 .

The signs of the elements of the above sequence are shown in Fig. 12. Q1
0 is

positive everywhere, unless on the bisecting line η = ξ, where it vanishes. Q1
1 is

zero on a wedge-shaped curve below the bound (6), inside which this element is
negative. The same behaviour is found for Q1

2, but with the signs exchanged.
The element Q1

3 vanishes on two curves, both belonging to the unphysical
part of the square, and is negative in the physical one. By accounting for the
behaviour of Q4 (shown in Fig. 11-c), only one change of sign is measured on
the whole admissible part of the plane of the parameters. As a consequence, the
equation P3(u) = 0 possesses two admissible roots, belonging to the interval
(0, 1).
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Figure 12: Signs of the elements Q1
1 (a), Q1

2 (b) and Q1
3 (c) (14) vs. ξ and η−ξ.

The physical root of the equation P3(u) = 0 is calculated through analytical
and numerical 3 solvers and they efficiencies are compared, in terms of accuracy
and computational cost. The accuracy properties of the analytical and of
the numerical solvers are shown in the third column of Table 1 in terms of
maximum and mean errors and will be analyzed in Section 5, as well as the
computational costs.

In the next section a novel technique for the recovering will be proposed:
it comes from a rereading of the present one, improving its accuracy and min-
imizing its computational cost.

3About the numerical calculations, a preliminar solution of the equation P ′

3
(u) = 0 (the

apex indicates the derivative in u) is needed, in order to separate the two roots. To this aim,
the initial guess is chosen as u0 = ξ(α − 1)/(αη − 1), which is deduced by the definitions
of ξ and η by setting w = 1. Once the velocity u⋆ such that P ′

3
(u⋆) = 0 is known, Newton

iterations are performed by using the initial guesses 0.9u⋆ and u⋆ + 0.1(1 − u⋆).



Primitive variable recovering 2097

-5

 0

 5

 10

 0  10  20  30  40

ξ

η
−

ξ
+

+

−
−

-5

 0

 5

 10

 0  10  20  30  40

ξ

η
−

ξ ++

−−
-5

 0

 5

 10

 0  10  20  30  40

ξ

η
−

ξ

++

−−

(a) (b) (c)

Figure 13: Signs of the elements Q0
2 (a), Q0

3 (b) and Q4 (c) of the Sturm
sequence (16) vs. ξ and η − ξ.

4 A new formulation for the recovering

The last (and more efficient) technique for recovering the primitive variables
from the conserved ones is derived from a rereading of the recovering in velocity
(see Section 3.3). Assume u = sin θ, with θ ∈ (0, π/2). The Lorentz factor
is w = 1/ cos θ, while the rescaled pressure Π = p/D follows as: Π = (η −
w)/(αw2−1). By inserting this relation in the definition of ξ, i.e. ξ = µw, the
equation ξ(α − cos2 θ) = (αη − cos θ) sin θ follows, which can be rewritten as:

ξ

η

α − cos2 θ

α − (cos θ)/η
= sin θ .

In order to solve the above equation in θ, it is more convenient to change
variable from θ to ω := tan(θ/2): in this way the algebraic equation P4(ω) = 0
is obtained, where P4(ω) is the following fourth degree polynomial in ω:

P4(ω) = α′ξω4 − 2H4ω
3 + 2 (α + 1) ξω2 − 2 (H4 − 2) ω + α′ξ , (15)

H4 being αη +1. It is worth noticing that in the coefficients of the polynomial
(15) do not appear squares of the parameter ξ or η, or the products ξη. On
the contrary, such terms are present in all the previous equations, see the
definitions of the polynomials (1, 2) and (3) (they also appear in the recovering
technique working in µw, see Eq. (19) in Appendix A). From a numerical point
of view, this lack leads to the relevant advantage that the coefficients in the
polynomial (15) are smaller (in modulus) than the other ones. For this reason
they are numerically evaluated with the best possible accuracy and the roots of
the equation P4(ω) = 0 can be calculated at the top of the machine precision.
Another key property of the polynomial (15) is that it possesses only one real
root inside the physical interval (0, 1).

The number of roots of equation P4(ω) = 0 which have a physical meaning,
i.e. belong to the interval (0, 1), is found below as the difference of the sign
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changes in the Sturm sequences evaluated in the two extrema ω = 0 and ω = 1,
respectively. In the physical range, i.e. for η > (ξ2 + 1)1/2, it is found that
such an equation possesses only one root. By omitting multiplicative terms
which are positive everywhere, the Sturm sequence for the polynomial P4(ω)
(15) (the complete form of the sequence is given in Eq. (25) in Appendix B)
in the point ω = 0 is written as:

Q0
2 = H4(H4 − 2) − 4α′2Ξ4

Q0
3 = χ1 (16)

Q4 ≡ [4α′(α + 1)Ξ4 − 3H2
4 ] χ2

1 + 4ξ [3α′ − (α − 2)H4] χ1χ2 +

+[4α′2Ξ4 + H4(2 − H4)] χ2
2 ,

Ξ4 being ξ2. In the sequence the first two terms, i.e. Q0
0 and Q0

1, are omitted,
being positive and negative, respectively, in the whole plane of the parameters.
Moreover, the two functions χ1 and χ2 are given in Appendix A. The signs of
the elements of the Sturm sequence in ω = 0 (16) as functions of the parameters
ξ and η are shown in Fig. 13. By accounting for the behaviour of Q0

0 and Q0
1,

three changes of sign are measured in the whole admissible region of the plane.
Actually, the element Q0

1 being negative in the admissible region, two changes
of sign is measured in passing from Q0

0 to Q0
3, despite Q0

2 changes its sign inside
the admissible region. The same Sturm sequence in the point ω = 1 becomes:

Q1
0 = αξ − H4 + 1

Q1
1 = 2αξ − 2H4 + 1 (17)

Q1
2 = H4(2H4 − 1) − 4ξ [αα′ξ + (3α − 2)] + 4(α − 2)ξH4

Q1
3 = χ1 − χ2 ,

while the field Q4 is not changed, being independent of ω. The first element
(Q1

0) of the sequence (17) is negative on the whole admissible region of the plane
of the parameters, as well as the second one (Q1

1). The signs of the remaining
elements (Q1

2 and Q1
3) of the sequence are shown in Fig. 14. Q1

2 vanishes on a
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Figure 14: Signs of the elements Q1
2 (a) and Q1

3 (b) (17) vs. ξ and η − ξ.
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curve below the physical bound (6), being positive in the admissible region of
the square. The element Q1

3 vanishes on two curves that lie below the bound
η = (ξ2 + 1)1/2 and is positive in the region between them. By accounting for
the signs of the element Q4 (see Fig. 13-c), two changes of sign are measured
in the Sturm sequence evaluated in the point ω = 1. As a consequence, the
equation P4(ω) = 0 possesses only one root inside the physical interval (0, 1).

This property has been also verified through analytical and numerical so-
lutions of the above equation and their efficiencies are compared, in terms of
accuracy and computational cost. It is worth noticing that the analytical solu-
tion of the equation P4(ω) = 0 cannot be easily evaluated only for very small
ξ, the coefficients of the corresponding normal form of that equation becoming
quite large. As a consequence, for ξ < 5 · 10−3 the Cardano procedure must be
applied carefully (an algebraic treatment of the resolvent cubic is needed), or
the following approximation by series of ω:

ω =
α′

2(H4 − 2)
ξ +

α′2

8(H4 − 2)4
[(α + 3)H4 − 4(α + 1)] ξ3 + O(ξ5) (18)

has to be used. Once the value of the root ω̃ has been calculated, the mod-
ulus of the velocity follows as u = 2ω̃/(1 + ω̃2) and the recovering error ∆
is calculated as in Section 3.3. The maximum and the mean values of the
error E = |P4(ω̃)| and of the recovering error ∆ on a grid in the (ξ, η) plane
have been evaluated (see Section 5): they are shown in the fourth column
of the Table 1. In the following section the behaviour of such errors as well
as the computational cost of the recovering approaches will be discussed and
compared.

5 Discussion

The techniques just described for the recovering of the primitive varables P

from the conserved ones C are extensively tested on a grid in the plane of the
parameters ξ = µwu and η = µw − Π. In order to reach ultra-relativistic
conditions, the grid is built in the following way. Fixed a threshold δ = 10−5,
the interval (1 + δ, ηmax) (with ηmax = 103 in the present calculations) along
the η axis is divided in nη − 1 (with nη = 100) equal parts, by defining the
nodes ηi for i = 1, 2, . . ., nη. For each i, the ξ coordinate of the bound
ξ(i)
max = (η2

i − 1)1/2 is introduced and the interval (δ, ξ(i)
max − δ) on the straight

line at η = ηi is divided in nξ − 1 (with nξ = 100) equal parts, by collocating
in this way the grid points (ξj , ηi) for j = 1, 2, . . ., nξ. The choice of a
so small threshold δ enables us to have grid points very close to the bound
η = (ξ2 + 1)1/2, on which ultra-relativistic conditions are reached. Indeed, the
maximum Lorentz factor on that grid is about 984.
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On each point of the above grid, i.e. for a given couple of parameters
ξ = ξj and η = ηi, the accuracy of a recovering procedure is measured in
terms of the error E on the calculated root. It is obtained as the modulus of
the value of the normal form of the quartic polynomial in the calculated root:
errors of the analytical solver (Ea) will be distinguished from the ones (En)
of the Newton method, in order to accounting for the adopted technique in
solving the equation. However, in evaluating the accuracy of a given approach,
another error plays a more important role: the recovering error ∆, which is
defined as follows. The primitive variables are recovered, then one of the two
parameters, e.g. ξ (or η), is kept fixed and the other one η̃ (ξ̃) is re-calculated
by using the primitive variables and ξ (η). The recovering error is then defined
as ∆ = |η̃ − η| (∆ = |ξ̃ − ξ|). Details on the calculation of ∆ for the different
techniques have been given in Sections 3, 4 and in the Appendix A. Also in this
case, the recovering error for the analytical solver (∆a) will be distinguished
from the analogous one for the Newton method (∆n). Once the error E and
the recovering error ∆ have been evaluated on each grid point, their mean
(over all the nξ × nη grid points) and maximum values are considered. They
are shown in Table 1.

A first obvious observation about these errors is that the values of Ea, i.e.

the error of the analytical solver (in the first row of the table), are always
larger than the corresponding errors of the numerical solver En (in the third
row). This expected behaviour is due to the Cardano solving procedure, which
needs operations that can strongly deteriorate the accuracy of the solution.
First of all, the writing of the quartic equation in the normal form (p4(x) =
x4+a1x

3+a2x
2+a3x+a4 = 0) implies a division by the coefficient of the fourth

power, which can be very small. This is true in particular for the recovering
approach in ω (15) for very small velocities, leading to corresponding small
values of ξ. The successive reduction of the quartic equation into the so-
called depressed form 4 needs the calculation of third and fourth powers of the
coefficient a1, as well as of the products a2

1a2 and a1a3. If these coefficients
(and in particular a1) are quite large, the coefficients of the depressed form
are calculated with very low accuracy. Moreover, an analogous procedure of
reduction into a depressed form is then applied to the resolvent cubic, which
is deduced from the depressed quartic. The depressed cubic is then solved
through the Cardano rules, which imply the calculation of its discriminant

4It is performed by changing variable from x to y = x + a1/4, so that the equation
becomes: y4 + b2y

2 + b4 = b3y, in which the coefficient of the third power vanishes. The
coefficients of the depressed equation are related to the ones of the original form of the
quartic by the formulae:

b2 = −3

8
a2

1
+ a2 , b3 = −a3

1

8
+

1

2
a1a2 − a3 , b4 = − 3

256
a4

1
+

1

16
a2

1
a2 −

1

4
a1a3 + a4 .
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w Π′ u ω µw

Ea
max 6.2 · 10−7 2.2 · 10−10 4.0 · 10−7 1.4 · 10−7 5.1 · 10−8

mean 7.6 · 10−11 4.6 · 10−13 1.5 · 10−9 7.9 · 10−10 1.3 · 10−11

∆a
max 1.3 · 10−5 1.0 · 10−5 1.6 · 10−3 1.1 · 10−6 1.6 · 10−3

mean 2.1 · 10−9 6.4 · 10−8 3.2 · 10−6 3.0 · 10−9 2.8 · 10−6

En
max 1.0 · 10−14 2.2 · 10−10 1.0 · 10−15 9.9 · 10−16 6.6 · 10−15

mean 5.7 · 10−16 4.5 · 10−13 1.9 · 10−16 3.4 · 10−17 4.0 · 10−16

∆n
max 6.3 · 10−10 1.0 · 10−5 2.6 · 10−7 4.0 · 10−13 5.1 · 10−5

mean 3.9 · 10−12 6.3 · 10−8 3.5 · 10−10 2.3 · 10−14 4.8 · 10−8

Table 1: Errors in analytical (Ea) and numerical (En) solvers and recovering
errors (∆a, ∆n) for different recovering techniques working in w, Π′, u, ω and
µw (see Appendix B) on a suitable grid in the plane (ξ, η).

and of square and cubic roots. All these steps lead to important losses of
accuracy. Obviously, the Newton method does not need similar operations
and then its accuracy level results to be the best possible one.

Let us describe the principal features of the errors of the different tech-
niques, shown in Table 2. The recovering in the Lorentz factor exhibits (see
the first column) quite good accuracy on the grid in the plane (ξ, η). The
coefficients of the equations in w or in 1/w are always of the order of the unity,
so that the numerical solver finds the root with errors En of the order of the
machine precision, while the analytical one exhibits locally large errors, even if
they appear to be satisfactory in the mean. Recovering errors for the numerical
solver are induced by the calculation of u from w, when this latter is near the
unity. They are amplified for growing η (which implies growing µ). Despite
these losses of accuracy, the recovering errors are compatible with the machine
precision. In fact, consider that the parameters reach values of order 103 on
the grid and that in the quartic (1) their squares appear. As a consequence,
the coefficients in the equation are affected by truncation errors of the order
10−10, i.e. of the same order of magnitude of the recovering errors in Table 1.
The same errors are quite larger for the analytical solver: in particular they
reach maximum values which are not satisfactory.

The recovering in the modified pressure Π′ exhibits a quite poor accuracy,
independently on the adopted solver. Both the analytical and the numerical
solvers lead to the same errors E and ∆. They work in inaccurate way in the
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ranges of small ξ, as well as near the physical bound (η2−1)1/2. Indeed, without
using series expansions in these ranges of values of ξ the maxium recovering
error grows up to 3.0 ·10−2 for the analytical solver and up to 4.4 ·10−4 for the
numerical one. Moreover, the numerical solver needs a dichotomic procedure
in order to assign initial guesses of the roots, increasing its computational cost,
as it will be shown below.

The technique working in the modulus of the velocity enables a satisfac-
tory accuracy only if a numerical solver is used. Indeed, the Newton method
solves the equation with an error of the order of the machine precision: the
corresponding recovering errors are small in the mean, but a relevant loss of
accuracy is measured just below the physical bound (η2 −1)1/2. Moreover, the
coefficients in the normal form of the polynomial P3(u) (3) assume quite large
values (of order 106), leading to difficulties in the use of the analytical solver.
As a matter of fact, the accuracy of the analytical roots is quite poor and the
resulting recovering errors are unsatisfactory.

The recovering in ω appears to exhibit the best performances in terms of
accuracy, among the techniques here investigated. Despite the coefficients in
the normal form of the polynomial P4(ω) (15) reach values of order of several
hundreds for small ξ, the the numerical solver finds the root with an error
of the order of the machine precision and the corresponding recovering errors
are satisfactory. The analytical solver does not have the same accuracy, in
particular the cases with ξ < 5 ·10−3 must be handled by using the series (18).
The mean values of the error Ea and of the recovering error ∆a are satisfactory,
but not their maxima, which occurs for moderate ξ (ξ ∼ 1) and large η. As
before, this behaviour is induced by losses of accuracy in the calculation of
the Lorentz factor (which is approximatively unitary), that are amplified in
evaluating ξ̃ by the multiplication times µ.

The last technique evaluated in Table 1 is the one described in Appendix B:
it works in the product µw. Due to the fact that the coefficients in the quartic
equation (rewritten in terms of ν/H5) are kept of the order of the unity on
the whole computational grid, the accuracy in calculating the physical root is
quite good, with respect to the ones reached by the other techniques. But such
coefficients contain the square of ξ, so they are affected by truncation errors
of the order of 10−10: the physical root ν/H5 is calculated with the same
accuracy. As a consequence, the truncation error on the corresponding value
of ν can reach the order 10−7, at least for large η (H5). This rough estimate
appears to be verified by the errors in recovering shown in Table 1, which on
the whole are unsatisfactory. Finally, this recovering technique does not work
for ξ small or close to the bound (η2 − 1)1/2, where the series approximations
(8) or (21) have to be used.

Computational times are measured on a cpu unit Intel core DUO 2 (2 GHz).
All the previous recovering techniques, in w (see Section 3.1), Π′ (Section 3.2),
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w Π′ u ω µw

analytical 7.2 6.4 6.7 6.6 5.4

numerical 0.6 1.3 1.8 0.5 2.2

Table 2: Mean time for call (in µs) of the analytical and the numerical solvers
for the different recovering techniques working in w, Π′, u, ω and µw (see
Appendix B) on a suitable grid in the plane (ξ, η).

u (Section 3.3), ω (Section 4) and µw (Appendix A), are tested by using
both the analytical solver and a numerical (Newton method, in the present
calculations) one. For a fixed technique, on each point of the grid in the plane
(ξ, η) the cpu time for 500 calls is measured, then its mean value on the grid
is evaluated.

The first row in Table 2 shows the mean computational times required by
the analytical solver: a comparison among these times can be easily explained.
First of all, notice that the only two techniques which are able to solve the
corresponding quartic equation with the Cardano formula on every grid point

are the ones in u and in w. The technique in w, in particular, needs a prelim-
inary check on the coefficients of the polynomial P1(w) (1), in order to decide
if the equation in 1/w has to be considered, in place of the original one. For
this reason, it results to be the most expensive one, while the recovering in u
employs quite shorter times. The technique in ω uses the McLaurin approxi-
mation (18) for small ξ, then it is just a little less expensive than the one in u.
Finally, the analytical recovering techniques in Π′ and in µw do not solve the
corresponding quartic equations when ξ is small or lies near the physical bound
(η2−1)1/2. They employ the approximations (11, 8) in the first range of values
of ξ and the ones (12, 21) near the bound (6). Moreover, the technique in µw
solves a cubic or directly a quadratic equation for very small ξ, the coefficients
of ν0 and of ν1 becoming negligible, without significant losses of accuracy. As
a consequence, the technique in the rescaled pressure Π′ exhibits quite good
performances, but the one in µw is the most convenient, at least in terms of
the computational cost. For this reason, it has been investigated.

The second row in Table 2 shows the computational times needed by the
above recovering techniques when a numerical solver is used, in place of the
analytical one. Notice that these times are at least one order of magnitude
smaller than the corresponding analytical ones: the use of the analytical solver
appears to be totally unjustified. Moreover, the techniques having only one
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physical root (w and ω) lead numerical solvers with the best performances,
while the other recovering approaches have computational costs two or three
times larger.

6 Concluding remarks

The recovering of the primitive variables (P) from the conserved ones (C) in
SRHD has been discussed. Five different approaches, which lead to quartic
equations in the quantities: w, Π′ (a rescaled pressure), u, ω (implicitely de-
fined by the relation: u = 2ω/(1+ ω2)) and µw, have been analyzed. For each
technique, the number of roots having a physical meaning (admissible roots)
has been deduced in a square [0, 40] × [0, 40] of the space of the parameters
ξ = S/D = µwu and η = τ ′/D = µw − Π, through a numerical application of
the Sturm theorem. Despite only a bounded region of the plane of the param-
eters has been investigated, our numerical tests confirm the same behaviour
independently of the values of the parameters, so that we expect that the same
number of roots will be found everywhere. Two of the five techniques (in the
Lorentz factor and in ω) exhibit only one admissible root, while the quartic
equations for the remaining ones possess two admissible roots. In that cases,
the physical root is found as the one between the admissible ones that mini-
mize the recovering error ∆. The global efficiency of the above approaches (in
terms of accuracy and computational cost) coupled with the analytical or with
a numerical solver has been compared.

This analysis has shown that the novel recovering technique in ω, together
with a Newton solver, exhibits the best efficiency. Its accuracy, measured
in terms of both the error in evaluating the root and the recovering error,
reaches the machine precision. Moreover, it requires the shortest computa-
tional time. For these reasons, its use in the standard SRHD codes is strongly
recommended.
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A Another recovering technique working in

µw

In the present appendix another possible recovering technique will be discussed.
It is intemediate between the one in the Lorentz factor (w, see Eq. (1) and
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Figure 15: From the left to the right: the physical root ν = µw of the equation
P5(ν) = 0 (a) and the difference νun − ν between the unphysical (but admis-
sible) root and physical one (b) are drawn vs. the parameters ξ = µwu and
η = µw − Π.

its discussion in Section 3.1) and the one in the rescaled pressure (Π = p/D,
see Eq. (2) and the related discussion in Section 3.2): it works in the product
µw =: ν ≥ 1. From the definition of S, the velocity modulus is given by the
relation: u = S/(Dν) and the following non-linear system is obtained:

{

1/w = [−α′ν2 + αην − ξ2]/ν

w = ν [−α′ν2 + αην − ξ2]/(ν2 − ξ2) .

By multiplying side by side the two above relations, the quartic equation
P5(ν) = 0 is obtained, P5(ν) being the polynomial in ν:

P5(ν) = α′2ν4 − 2α′H5ν
3 +(2α′Ξ5 +H2

5 − 1)ν2 − 2Ξ5H5ν +Ξ5(1+Ξ5) , (19)

where Ξ5 = ξ2 and H5 = αη. Solved Eq. (19), velocity, total specific enthalpy
and rest mass density are given by u = S/(Dν), µ = ν/w and ρ = D/w,
respectively.

As it will be discussed below through a numerical application of the Sturm
theorem, the equation P5(ν) = 0 possesses two solutions belonging to the
interval (1, +∞): the physical one is selected by minimizing the recovering
error ∆. In Fig. 15-a the physical root of Eq. (19) is drawn as a function of the
two parameters ξ and η. For a fixed η, it reaches its maximum ν = γη−(γ−1)
on the axis ξ = 0, while it decreases for growing ξ, up to reach its minimum
ν = η on the physical bound ξ = (η2 − 1)1/2 (6). In Fig. 15-b the difference
between the unphysical root and the physical one is drawn vs. (ξ, η): note
that it is very small, if compared with the values of the roots.

As before, in order to investigate the number of roots of the above equation
in the plane of the parameters (ξ, η), the Sturm theorem is applied. By omit-
ting multiplicative terms which are positive everywhere, the Sturm sequence



2106 G. Riccardi and D. Durante

-10

-5

 0

 5

 10

 0  10  20  30  40

ξ

η
−

ξ

+

+

+

+

-10

-5

 0

 5

 10

 0  10  20  30  40

ξ

η
−

ξ

+

−

−

−

−

-10

-5

 0

 5

 10

 0  10  20  30  40

ξ

η
−

ξ ++
−

−−

(a) (b) (c)

-10

-5

 0

 5

 10

 0  10  20  30  40

ξ

η
−

ξ

+

+

++

−−
-10

-5

 0

 5

 10

 0  10  20  30  40

ξ

η
−

ξ
++

−−

(d) (e)

Figure 16: Signs of the elements Q1
0 (a), Q1

1 (b), Q1
2 (c), Q1

3 (d) and Q4 (e) in
the sequence (20) vs. ξ and η − ξ.

(the complete form of the sequence is given in Eq. (26) in Appendix B) in the
point ν = 1 is the following one:

Q1
0 = Ξ5 (Ξ5 − 2H5 + α′′) + H2

5 − 2α′H5 + α(α − 2)

Q1
1 = 2α′Ξ5 − Ξ5H5 + H2

5 − 3α′H5 + (2α′2 − 1)

Q1
2 = z1 + z2 + z3 (20)

Q1
3 = σ1 + σ2

Q4 ≡ z2σ1σ2 − z3σ
2
1 − z1σ

2
2 .

The quantities z1, z2, z3, σ1 and σ2 are listed in Appendix A. On the other
hand, for ν → +∞ the Sturm sequence has the first two elements that are
positive everywhere, while Q∞

2 = z1 and Q∞

3 = σ1.
The analysis of the signs in the sequence for ν = 1 follows by an inspection

to Fig. 16, where the signs of the elements of the Sturm sequence (19) are
shown in the square [0, 40] × [0, 40]. Q1

0 (Fig. 16-a) is almost everywhere
positive, unless a small region near the origin. On the contrary, the element
Q1

1 (Fig. 16-b) vanishes on two curves: one above and the other one below the
physical bound ξ = (η2−1)1/2 and is negative in the region between them. Q1

2

(Fig. 16-c) vanishes on a wedge-shaped curve lying accross the bound (6) and
on a curve belonging to a small neighbourhood of the origin: it is negative in
the region between them. The element Q1

3 (Fig. 16-d) has the same behaviour,
but with the wedge-shaped curve outside the admissible region and the signs
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exchanged. Finally, the element Q4 (Fig. 16-e) vanishes on a curve just below
the bound (η2 − 1)1/2 and it is negative in the admisible part of the square.
Three changes of sign occur in the admissible region (above the dashed blue
line). Indeed, the red curve in the admissible region of Fig. 16-b lies just
on the left of the red curve in 16-c. The same analysis at infinity, based on
Figg. 17 and 16-e, leads to the conclusion that only one change of sign appears
in the Sturm sequence. As a consequence, two roots of equation P5(ν) = 0
belong to the interval (1, +∞), when the parameters (ξ, η) belong to the square
[0, 40] × [0, 40].
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Figure 17: Signs of the elements Q∞

2 (a) and Q∞

3 vs. ξ and η − ξ.

This behaviour is confirmed by the analytical and numerical 5 solutions of
equation P5(ν) = 0. Due to the fact that such an equation has large coeffi-
cients, it is changed by dividing both sides by H4

5 and introducing the new
unknown ν/H5. In this new form, the coefficients are of order of the unity, in
the whole admissible region in the plane of the parameters. As stated above,
the physical root is selected by minimizing the recovering error ∆ = |η̃ − η|.
Here ν̃ is the calculated root and the parameter η is rebuilt through the formula
ν̃ − [ν̃2 − ξ2 − (ν̃2 − ξ2)1/2]/(αν̃2) =: η̃.

About the analytical solver, in order to avoid significant losses of accuracy
two different approximations are used for small ξ (ξ < 5 · 10−3) and for values
of ξ near the physical bound η = (ξ2 + 1)1/2. In the first case the series (8)
enable us to calculate u and then µ as ξ/(wu). In the second case, i.e. for
ζ := η[(η2 − 1)1/2 − ξ] < 5 · 10−2, the following series expansion:

ν = η +
(1 − 1/η2)1/2

α′η
ζ +

α2(1 − 1/η2)2 − α′2/η4

2α′3η
ζ2 +

−(1 − 1/η2)1/2

2α′5η

[

α3(α − 2) +
α2(2α + 1)

η2
− α2(4α − 1)

η4
+

α′′2

η6

]

ζ3 +

5From a numerical point of view, the solver needs the preliminar calculation of the ex-
tremal value ν⋆, which satisfies the equation P ′

5
(ν⋆) = 0 (the apex indicates derivative in ν),

in order to separate the two roots. Once ν⋆ is known, the two roots are found by using the
initial guesses 0.9ν⋆ and 1.1ν⋆.



2108 G. Riccardi and D. Durante

+O(ζ4) (21)

is used. It is obtained by considering that the equation P5(ν) = 0 defines
implicitely the function ν = ν(ξ, η). Indeed, the coefficients of that equa-
tion depend on both parameters ξ and η. The derivatives in ξ of ν are then
calculated by deriving the identity P5[ν(ξ, η)] ≡ 0.

Maximum and mean values of the recovering errors, as well as of the er-
rors in satisfying the equation P5(ν) = 0, on the grid in the parameter plane
introduced in Section 5, are shown in the last column of Table 1. They are
compared with the ones of the other recovering techniques in Section 5.

B Sturm sequences

In the present appendix polynomials of the Sturm sequences are given, for
the recovering procedures discussed in the paper. For the sake of simplicity,
multiplicative factors which are positive everywhere have been canceled.

For the recovering technique working in the Lorentz factor w (see Section
3.1), the Sturm sequence is the following one (Ξ1 = ξ2, H1 = αη):

Q1(w) = 2(H2
1 − α2Ξ1)w

4 − 3H1w
3 + (2αΞ1 − H2

1 + 1)w + H1

Q2(w) = π1w
2 + H1π2w + π3 (22)

Q3(w) = δ1w + δ2 ,

while the element Q4, which is constant with respect to w, is still given in the
sequence (7). In the above formulae the quantities π1, π2 and π3 are introduced
for the sake of shortness, they are listed below:

π1 = 2H4
1 + H2

1 + 2α2(2αΞ1 + 1)Ξ1 − 2α(α + 2)Ξ1H
2
1

π2 = 2α(3α − 1)Ξ1 − 5H2
1 − 1

π3 = 3H2
1 + 4Ξ1H

2
1 − 4α2(Ξ1 + 1)Ξ1 .

For the same reasons, the quantities δ1 and δ2:

δ1 = 2H2
1π

2
2(α

2Ξ1 − H2
1 ) + H2

1π1(π1 + 2π3 − 3π2) − 2αΞ1π1(π1 + απ3) − π2
1

δ2 = 2(α2Ξ1 − H2
1 )π2π3 − π1(π1 + 3π3)

have been also introduced. The Sturm sequence for the recovering in pressure
Π′ (see Section 3.2) is the following one (M2 = η2 − ξ2, P2 = η2 + ξ2):

Q1(Π
′) = 4Π′3 + 6(α − 2)ηΠ′2 + [(α2 − 8α + 8)M2 + (α − 2)2P2 − 2] Π′ +

−2α′η [(α − 2)M2 + 1] (23)

Q2(Π
′) = ζ1Π

′2 + ηζ2Π
′ + α′ζ3

Q3(Π
′) = β1Π

′ + 2α′ηβ2 ,
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while the element Q4, which is constant with respect to Π′ is given in the
sequence (10). The quantities ζ1, ζ2 and ζ3 have the following forms:

ζ1 = (α2 + 4α − 4)M2 + (α − 2)2P2 + 4

ζ2 = (α3 + 2α2 − 12α + 8)M2 + (α − 2)3P2 + 2(5α − 4)

ζ3 = −(α2 + 4α − 4)M2
2 + (7α − 6)M2 − (α − 2)P2 − (α − 2)2M2P2 .

Moreover, the quantities β1 and β2 have the following forms:

β1 = [3(α − 2)ζ1ζ2 − 2ζ2
2 − (α2 − 8α + 8)ζ2

1 ]M2 +

+[3(α − 2)ζ1ζ2 − 2ζ2
2 − (α2 − 4α + 4)ζ2

1 ]P2 + 2ζ1(ζ1 + 2α′ζ3)

β2 = (α − 2)M2ζ
2
1 + ζ2

1 + 3(α − 2)ζ1ζ3 − 2ζ2ζ3 .

The Sturm sequence for the recovering in the modulus of the velocity u (see
Section 3.3) is given by (Ξ3 = ξ2 + 1, H3 = α2η2):

Q1(u) = 4Ξ3u
3 − 6αξηu2 + 2(2α′Ξ3 + H3 − α′′)u − 2αα′ξη

Q2(u) = [−4α′Ξ2
3 + 2α′′Ξ3 + H3(Ξ3 − 3)]u2 + αξη(4α′Ξ3 − H3 + α′′)u +

+α′(Ξ3 − 1)(−4α′Ξ3 + H3) (24)

Q3(u) = θ1u + θ2 .

The element Q4, which does not depend on u, is given in the sequence (13).
The quantities θ1 and θ2 depend on the parameters (ξ, η) and they are given
by the following formulae:

θ1 = 4Ξ3{8αα′2Ξ3
3 − 2α′α′′(4α − 1) Ξ2

3 + α′′2Ξ3 +

+[−6α′(3α − 2) Ξ2
3 + 2 (11α2 − 17α + 5) Ξ3 − α′′2] H3 +

+[(8α − 7) Ξ3 − 2 (4α − 5)] H2
3 − H3

3}
θ2 = 4αα′ξηΞ3 { 4α′(3α − 2) Ξ2

3 − α′′(6α − 7) Ξ3 +

+[−(7α − 6) Ξ3 + (7α − 8)] H3 + H2
3} .

The Sturm sequence for the recovering in ω = tan(θ/2) (see Section 4) is
composed by the following elements (Ξ4 = ξ2, H4 = αη + 1):

Q1(ω) = 4α′ξω3 − 6H4ω
2 + 4(α + 1)ξω − 2(αη − 1)

Q2(ω) = (3H2
4 − 4α′(α + 1)Ξ4ω

2 + 4ξ [(α − 2)H4 − 3α′] ω +

+(H2
4 − 2H4 − 4α′2ξ2)

Q3(ω) = −ξ [ 3H4
4 − 6H3

4 − 2(α2 + 7α − 6)Ξ4H
2
4 + (25)

−4α′(α − 8)Ξ4H4 + 8αα′(α + 1)Ξ2
4 + 18α′2ξ2] ω +

+{ (α − 2)ξ2H3
4 + 2α′′ξ2H2

4 − α′Ξ4[4(α − 2)Ξ4 + 3]H4 +

−8α′(α2 − α + 1)Ξ2
4} .
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The two functions χ1 and χ2 are given by the following formulae:

χ1 = Ξ4H4 [ (α − 2)H2
4 + 2α′′H4 − 4α′(α − 2)Ξ4 − 3α′] +

−8α′(α2 − α + 1)Ξ2
4

χ2 = ξ { 3H3
4 (H4 − 2) +

+2Ξ4 [ 4αα′(α + 1)Ξ4 − (α2 + 7α − 6)H2
4 + 2α′(8 − α)H4 + 9α′2 ]} .

Finally, the Sturm sequence for the recovering in µw (see Appendix B) is the
following one (Ξ5 = ξ2, H5 = αη):

Q1(ν) = 4α′2ν3 − 6α′H5ν
2 + 2(2α′Ξ5 + H2

5 − 1)ν − 2Ξ5H5

Q2(ν) = z1ν
2 + z2ν + z3 (26)

Q3(ν) = σ1ν + σ2 ,

while the element Q4, which is constant with respect to µw, is given in the
sequence (20). In the sequence (25) the quantities z1, z2 and z3 are the following
functions of the parameters (ξ, η):

z1 = α′(H2
5 − 4α′Ξ5 + 2)

z2 = H5(4α
′Ξ5 − H2

5 + 1)

z3 = Ξ5(H
2
5 − 4α′Ξ5 − 4α′) ,

as well as the quantities σ1 and σ2, which are given by the following formulae:

σ1 = z2
1 (1 − 2α′Ξ5 − H2

5 ) − 2α′2z2
2 + α′z1 (2α′z3 − 3z2H5)

σ2 = z2
1Ξ5H5 − α′z3 (2α′z2 + 3z1H5) .
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[1] M.A. Aloy, J.M. Ibáñez, J.M. Mart̀ı and E. Müller, GENESIS: a high-
resolution code for three-dimensional relativistic hydrodynamics, The As-

troph. J. Suppl. Series 122 (1999), 151 − 166.
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