International Mathematical Forum, 3, 2008, no. 36, 1795 - 1802

P-Spaces and the Prime Spectrum
of Commutative Semirings
A. J. Pena

Departamento de Matematicas, Facultad Experimental de Ciencias,
Universidad del Zulia, Maracaibo, Venezuela
apena@luz.edu.ve

L. M. Ruza

Departamento de Matematicas, Nucleo Rafael Rangel
Universidad de los Andes, Trujillo, Venezuela
ruzalula.ve

J.Vielma

Departamento de Matematicas, Facultad de Ciencias
Universidad de los Andes, Mérida, Venezuela
vielma@ula.ve

Abstract

By a semiring we understand a commutative semiring with nonzero
identity. The notions of w-absolutely (semiprime-) irreducible ideals in
a semiring R are introduced and we prove that the prime spectrum
Spec(R) of R is a P-space if and only if every prime ideal of R is
w-absolutely semiprime-irreducible. Also, Spec(R) is an Artin space
totally-ordered by inclusion if and only if every (semiprime) ideal of R
is w-absolutely semiprime-irreducible if and only if the family Spec(R)
is well-ordered by inclusion. Further, we characterize when every ideal
of R is w-absolutely irreducible as well as when every (semiprime) prime
ideal of R is w-absolutely irreducible.
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1 Introduction

In this work we continue the study of the prime spectrum of a semiring ([4]). In
section 2 we include some preliminaries. In section 3, we introduce the notions
of w-absolutely (semiprime-) irreducible ideals in a semiring R, and we prove
that a prime ideal of R is a P-point of the prime spectrum Spec(R) of R if and
only if it is w-absolutely semiprime-irreducible. So, Spec(R) is a P-space if and
only if every prime ideal of R is w-absolutely semiprime-irreducible (Theorems
3.2-3.3). Also, Spec(R) is an Artin space totally-ordered by inclusion if and
only if every (semiprime) ideal of R is w-absolutely semiprime-irreducible if
and only if the family Spec(R) is well-ordered by inclusion (Theorem 3.7).
In section 4 we characterize the w-absolutely irreducible ideals of R (Theorem
4.1) and we prove that every ideal of R is w-absolutely irreducible if and only if
R satisfies the descending chain condition on principal ideals and these ideals
are totally-ordered by inclusion (Theorem 4.2). Finally, every prime (resp.
semiprime) ideal of R is w-absolutely irreducible if and only if Spec(R) is a P-
space (resp. Artin space) and the prime radical function 1 preserves countable
intersections (Theorems 4.3 and 4.4).

2 Preliminaries

On the following, N := {0, 1,2,...} denotes the set of natural numbers, w is
the cardinal of N and for every nonempty family F of subsets of a set X, we
denote by F" the family formed by all the intersections of sets in F. By a
space we understand a topological space and (X, 7) denotes a space.

Recall that a semiring (commutative with nonzero identity) is an algebra
(R,+,-,0,1), where R is a set with 0,1 € R, and + and - are binary operations
on R called sum and multiplication, respectively, which satisfy the following:

(S1) (R,+,0) and (R, -, 1) are commutative monoids with 1 # 0.
(S2) a-(b+¢)=a-b+a-cforevery a,b,c € R.
(S3) a-0=0 for every a € R.

We denote a semiring (R, +,-,0,1) by R, and the multiplication a - b by
ab. Also, Id(R) (resp. Spec(R)) denotes the family of ideals (resp. prime
ideals) of R, and for every ideal I of R, n(I) is the prime radical of I, this is,
the intersection of the prime ideals of R containing /. It is well-known that
n(l)={a € R:3n € N,a" € I} and we say [ is semiprime if I = n(I). So,
the improper ideal R is semiprime (the empty intersection of prime ideals),
and for every x € R, we set Rx := {rx : r € R} and n(z) := n(Rz). See [2]-[3]
for more details about the semiring theory and their applications.
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3 P-points in the prime spectrum of semirings

We recall the construction of the prime spectrum of a semiring R. For every
ideal I of R, we denote by (I)q the set of prime ideals of R containing I and by
Do(I) := Spec(R)\(I)o. Also, (x)g := (Rz)o and Dy(z) := Do(Rz) for every
xr € R. Then, it is easy see that:

(i) (1) =0 and (0)g = Spec(R).
(1) (X jes Li)o = es(L))o for every family {I;} jes of ideals of R.
(1ii) (I)oU (J)o= (IJ)g = (INJ)y for every pair I, J of ideals of R.

So, the collection {(I)y : I € Id(R)} satisfies the axioms of closed sets for a
topology tz on Spec(R), called the Zariski topology, and the space (Spec(R),tz)
is the prime spectrum of R. Recall that, in a space (X, 7), a Gs-subset of X is
a countable intersection of 7-open subsets of X and a point x € X is a P-point
if every Gg-subset G of X containing z is a neighborhood of = in (X, ), this
is, there exists U € 7 such that x € U C G ([1], [9]). We denote by 7(x) is the
set of T7-open subsets of X containing x. For every subset Y of X, we denote
by Y the 7-closure of Y. So, F % = (N F)o for every subset F of Spec(R).

Lemma 3.1 A point x of a space (X, T) is a P-point if and only if whenever
x 18 a closure point of subset F' of X and G is a Gs-subset of X containing x

we have GNE # Q.

Proof. The necessary condition is clear. Suppose the sufficiency condition and
let G be a Gs-subset of X containing x. If GG is not a neighborhood of = then
every T-open subset of X containing z intersects F' = X\G and so, x € F’
and G N F' # ) which is a contradiction. O

Let I be an ideal of a semiring R and F a nonempty family of ideals of R.
Following [4], we say that [ is w-absolutely F-irreducible if for every sequence
{1} in F such that (), In € I, there exists n € N such that /,, C I. In the
case F = Spec(R)" we say that I is w-absolutely semiprime-irreducible, and if
F =1d(R) then we say that I is w-absolutely irreducible.

Theorem 3.2 Let R be a semiring and P a prime ideal of R. Then, the
following conditions are equivalent:

(1) P is a P-point of Spec(R).
(i) P is an w-absolutely semiprime-irreducible ideal.

(1ii) If P is a tz-closure point of subset F of Spec(R) and G is a Gg-subset
of Spec(R) containing P then GNF # O.
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Proof. (i) < (i1i) by Lemma 3.1. We see (iii) = (i). Suppose (iii) and
let F = {I,}nen be a sequence of proper semipime ideals of R such that
Npen In © P. Also, let F* = (J,cn(Un)o. Then, (NF = (F* and P is a
closure point of F*. Now, if every I, € P then G = (), oy Do(I,) is a Gs-
subset of Spec(R) containing P and by hypothesis, G intersects F* which is
a contradiction. We see (i) = (7). Suppose (ii) and let G be a Gs-subset of
Spec(R) such that P € G. Then, there exists a sequence {1} ,en of proper
semiprime ideals of R such that G = (,,.y Do([,) and so, every I, € P and

by hypothesis, there exists a € ((,,cn In)\P- It follows P € Dy(a) C G. O

Theorem 3.3 Let R be a semiring. Then, are equivalent:
(1) Spec(R) is a P-space.
(i) Every prime ideal of R is w-absolutely semiprime-irreducible.

(i13) If P is a prime ideal R in the tz-closure of a subset F of Spec(R) and
G is a Gg-subset of Spec(R) containing P then GNF # O.

Proof. 1t is an immediate consequence of Theorem 3.2. 0J

A set is countable if its cardinal is at most w, this is, it is finite or w. A pre-
ordered set (X, <) is countably well-ordered if every nonempty countable subset
of X have a first element respect to <. Also, (X, <) satisfies the descending
chain condition (in short, dcc) if for every descending chain g > z1 > 29 > - - -
in X, there exists m > 1 such that x,, = x,, for every n > m.

Lemma 3.4 Let (X, <) be a pre-ordered set. Then, (X, <) is (countably)
well-ordered if and only if (X, <) is totally-ordered and satisfies dcc.

Proof. The necesary condition is clear. Suppose the sufficiency condition and
that S is a nonempty subset of X without first element respect to <. Then,
there exists 1 € S and since x; is not a first element of S, there exists x5 € S
such that x; > xo, this is, z9 < z7 and z; # x3. Analoguously, there exists
x3 € S such that xo > x3 and so, we can construct a strictly descending chain
x1 > X9 > x3 > -+ in S (and hence, in X') which is a contradiction. O

We see that the condition “every (semiprime) ideal of a semiring R is w-
absolutely semiprime-irreducible” characterize the artinianity of Spec(R) when
it is totally-ordered by inclusion. Recall that (X, 7) is Artin space if the poset
(1, C) satisfies dcc.

Proposition 3.5 Every Artin space is a P-space. Further, if (X,7) is an
Artin Ty-space then the poset (X, <.) satisfies dcc.
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Proof. Let (X,7) be an Artin space and G = [,y Un a Gs-subset of X
where every U, € 7. For every n € N, we set V,, = ﬂ?:o U;. Then, {V,} is
a descending chain in (7, C) and so, there exists m € N such that V,, =V,
for every n > m. Hence, G = ﬂneNV =V, € 7 and (X, 7) is a P-space.
On the other hand, suppose (X, 7) is an Artin Ty-space and that {z,}%°_; is
a strictly descending chain in (X, <), thisis, 21 S, 22 S, 23 S, ---. Then,
x1 € T3 and xo ¢ T 7 (by Tg). Let Vi € 7(x1). Then, xo € Vi and there
exists Uy € 7(x3) such that x; ¢ U,. Let Vo = V3 N U,. Then, x5 € V5 and
Vi ; Vs (since 1 € V1\Vs). Analogously, x5 € 737 and x3 ¢ T37. So, x5 € V5
and there exist Us € 7(x3) such that x5 ¢ Us. Let V3 = VoNUs. Then, V4 2 74
and continuing of this way, we can construct a strictly descending sequence
{V,} in 7 which is a contradiction. O

An infinite discrete space is a P-space which is not Artin. Also, in [5] is
proved that if (X, 7) is a strongly irreducible space such that (X, <) satisfies
dcc then (X, 7) is an Artin space. Recall that a space is strongly irreducible if
the intersection of any family of nonempty open subsets is nonempty ([8]).

Lemma 3.6 Let R be a semiring. Then, are equivalent:
(i) The poset (Spec(R)", C) is (countably) well-ordered.
(i) Every semiprime ideal of R is w-absolutely semiprime-irreducible.
(i1) The poset (Spec(R), C) is (countably) well-ordered.
Further, in such a case, every proper semiprime ideal of R is prime.

Proof. We see (i) < (ii). Suppose (i) and that (), H, C I where I and
every H, is a semiprime ideal of R. Then, exists the first element H,, of the
family {H,} and so, H,, C I. Conversely, suppose (ii). By Lemma 3.4, we
need prove only that (Spec(R)", C) is countably well-ordered. Let F = {H,}
be a sequence of semiprime ideals of R. Then, I = (1, o H, is a semiprime
ideal of R and by hypothesis, there exists m € N such that I = H,, and so, it is
the fierst element of F. Finally, (i7) = (¢ii) is as in (i4) = (i) and (i13) = (i)
as in (i) = (ii). The last part is clear. O

Theorem 3.7 Let R be a semiring. Then, are equivalent:

(1) Spec(R) is an Artin space totally-ordered by inclusion.

(13) Every semiprime ideal of R is w-absolutely semiprime-irreducible.
(i13) The poset (Spec(R)™, C) is (countably) well-ordered.
)

(iv) Ewvery ideal of R is w-absolutely semiprime-irreducible.
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(v) The poset (Spec(R)", C) satisfies dcc and (Spec(R), C) is totally-ordered.

(vi) The poset (Spec(R), C) is (countably) well-ordered.

)
(vii) The poset (Spec(R), C) is totally-ordered and satisfies dcc.
)

(viii) For every nonempty (countable) subset S of R, there exists a € S such
that a € n(b) for every b € S.

Proof. 1t is clear that (iii) = (viii) and by Lemmas 3.4 and 3.6, (i) <
(v) & (vi) & (vit) & (i) < (i) < (w). We see (viii) = (iii). Suppose
(viit) and that F is a nonempty countable family of semiprime ideals of R
without first element and let Iy € F. Then, there exist I, € F such that
I € I and a; € I}\I,. Analogously, there exist I3 € F and ay € I)\I5. So,
we can construct two sequences {I,} in Spec(R)" and {a,} in R such that
a, € I,\I,41 for every n € N. But then, by hypothesis, there exists m € N
such that a,, € n(a,) for every n € N and so, a,, € n(am1) C 1,1 which is a
contradiction. O

The argument in (vii) = (4i7) of Theorem 3.7 is a version of the proof of
Theorem 2.3 in [4]. Also, if we set a <,, bin R if a € n(b) then <, is a pre-order
on R such that 0 <, a <, 1 for every a € R. Further, <, is antisymmetric
(and hence, a partial order on R) if and only if R is multiplicatively idempotent
and 1 is the unique invertible element of R (Theorem 2.1 in [6]). Further, is
clear that the condition (vii) in Theorem 3.7 is equivalent to (R, <,) is a
well-ordered pre-ordered set.

4 w-Absolutely irreducible ideals

We set a <g b in R if a € Rb. Then, <p is a pre-order on R such that
0 <gr a <g 1 for every a € R. This pre-order is considered in [7]. We denote
by Id;(R) the family of principal ideals of R, and for every subset S of R, we
set I := () ,eg Ra. Also, extending the notion of i-system in [2], we say that a
nonempty subset A of R is an w-system if for every sequence S in A, we have
IsN A # . So, a nonempty subset of R is an w-system (resp. i-system) if
and only if (R, <g) is well-ordered (resp. totally-ordered) set.

Theorem 4.1 FEquivalent conditions for an ideal I of a semiring R:
(1) I is w-absolutely irreducible.
(13) I is w-absolutely 1d; (R)-irreducible.

(13i) R\I is an w-system.
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Proof. 1t is clear that (i) = (i7). We see (i1) = (iii). Suppose (ii) and let
S be a sequence in A = R\[ such that IsN A = . Then, Ig C I and there
exists © € S such that Rx C [ which is a contradiction (since z € A). We
see (ii7) = (¢). Suppose (7ii) and let {I,} be a sequence of proper ideals of R
such that ﬂneN I, CI. If every I, Q I there exists x,, € I,\I for every index
n € N and so, S = {x, }nen is a sequence in R\I such that Is N (R\]) = O,
which is a contradiction (since Ig € (),,cn In € 1). O

Theorem 4.2 FEquivalent conditions for a semiring R:

(1) FEvery ideal of R is w-absolutely irreducible.
(i) For every countable subset S of R, we have Is NS # Q.
(1ii) (R,<g) is a (countably) well-ordered pre-ordered set.

R), Q) is (countably) well-ordered.

—
o
=

(v

(vi

)
)
)

(tv) The poset
) R), Q) is totally-ordered and satisfies dcc.
)

Further, in such a case, Spec(R) is an Artin space totally-ordered by inclusion.

Proof. 1t is clear that (iii) < (iv), and the equivalences (i) — (4i7) and (iv) —
(vii) follows from Theorem 4.1 and Lemma 3.4. The last part is clear. O

Note that the notions of prime ideal and w-absolutely irreducible ideal are
independent (consider the ring of integers). We consider the prime radical
function n : 1d(R) — Id(R) defined by: I +— n(I) for every ideal I of R. So,
n(R) = R and, in general, 1 is monotone and preserves finite intersections.

Theorem 4.3 FEvery prime ideal of a semiring R is w-absolutely irreducible
if and only if Spec(R) is a P-space and n preserves countable intersections.

Proof. Suppose that every prime ideal of R is w-absolutely irreducible. Then,
Spec(R) is a P-space (Theorem 3.3). Now, let {I,},en be a sequence of ideals
of R. Is clear that n((,cn In) € Nhen 7(In) and if P is a prime ideal of R
containing (), cy [» then by hypothesis, there exists m € N such that I, C P
and so, n(I,,) C P and we have the requiered equality. Conversely, suppose
Spec(R) is a P-space and 7 preserves countable intersections. Let P be a prime
ideal of R and {I,} a sequence of ideals of R such that (), _y I, € P. Then,

neN TN

N(MNnen In) = Nnen?(Ln) € P and there exists m € N such that n(Z,,) € P
(Theorem 3.3). Hence, P is w-absolutely irreducible. O
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Theorem 4.4 Fvery semiprime ideal of a semiring R is w-absolutely ir-
reducible if and only if Spec(R) is an Artin space and n preserves countable
intersections.

Proof. The necessary condition it follows of Theorems 3.7 and 4.3. Conversely,
suppose Spec(R) is an artinian space and 1 preserves countable intersections.
Let I be a semiprime ideal of R and {H,} a sequence of ideals of R such that
H = (N,enHn € I. Then, n(H) = (), enn(H,) € I and by Theorem 3.7,
there exists m € N such that n(H,,) C I. O
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