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Abstract
Let {v; b2, b1} denote the class of extended directed triple systems of

the order v in which the number of blocks of the form [a, b, a] is b2 and
the number of blocks of the form [b, a, a] or [a, a, b] is b1. In this paper,
the classes {v; b2, 0} and {v; 0, b1} have been constructed.

Keywords: Extended directed triple system; Decomposition

1 Introduction.

A directed triple system of the order v, DTS(v), is a pair (V, T ), where T
is a collection of transitive triples from a v-set V , such that every ordered pair
of distinct elements of V is contained in exactly one transitive triple of T (The
transitive triple [a, b, c] contains the ordered pairs ab, bc, ac but not ab, bc, ca).
The concept was introduced in [5] by Huang and Mendelsohn, who proved that
a DTS(v) exists if and only if v �≡ 2 (mod 3). Now, We introduced the concept
of a system, similar to a DTS, in which a triple may have repeated elements.
An extended directed triple system of the order v, EDTS(v), is a pair (V, B),
where B is a collection of ordered triples from a v-set V (each ordered triple
may have repeated elements) such that every ordered pair of elements of V ,
not necessarily distinct, is contained in exactly one ordered triple of B. The
elements of B are called blocks. There are five types of blocks: (1)[a, b, c],
(2)[a, b, a], (3)[a, a, b], (4)[b, a, a], (5)[a, a, a] (in which it is the set of ordered
pairs {ab, bc, ac}, {ab, ba, aa}, {aa, ab}, {ba, aa} and {aa}, respectively). In
what follows, let b3, b2, b1, and b0 denote the number of blocks of (V, B) that
are of the type (1), (2), (3) or (4), and (5), respectively. A simple counting
argument shows that if (V, B) is EDTS(v), then

b3 =
1

3
(v(v − 1) − 2b2 − b1) (1)

b0 = v − b2 − b1 (2)
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Evidently b3 and b0 are determined by b2 and b1. Let {v; b2, b1} denote the
class of EDTS(v) with the parameters b2 and b1. We say that {v; b2, b1} exists
if there is a design with the specified parameters. Extended directed triple
systems are the directed sense of extended triple systems. The concept was
introduced in [4] by Huang, who proved that a {v; b2, b1} exists if and only
if b1 �= 1, 0 ≤ b2 + b1 ≤ v and (i) b2 ≡ b1(mod 3) for v �≡ 2(mod 3); (ii)
b2 ≡ b1 + 1(mod 3) for v ≡ 2(mod 3).

An extended triple system of order v (ETS(v)) is a pair (V, B), where B is
a collection of triples from a v-set V (each triple may have repeated elements),
such that every pair of the elements of V (not necessarily distinct) belongs to
exactly one triple. There are three types of triples: (1){x, y, z} (2){x, x, y}
(3){x, x, x}, and we call them triangle, lollipop and idempotent, respectively.
If (V, B) is an extended triple system of order v with a idempotents, we say B
is an ETS(v, a).

Theorem 1.1 [1, 6] There exists an ETS(v, a), if and only if, 0 ≤ a ≤ v and
(i) if v ≡ 0 (mod 3) then a ≡ 0 (mod 3);
(ii) if v �≡ 0 (mod 3) then a ≡ 1 (mod 3);
(iii) if v is even then a ≤ v/2;
(iv) if a = v − 1 then v = 2.

Recently, some papers investigated the structure of generalized triple sys-
tems. M. E. Raines and C. A. Rodger [8, 9, 10] considered this problem for
extended triple systems and V. E. Castellana and M. E. Raines [3] for extended
Mendelsohn triple systems.

Now, we will give another construction of the classes {v; b2, b1} for b1 = 0
in section 2 and b2 = 0 in section 3.

2 Construction of the classes {v; b2, 0}.
Given a system {v; b2, 0}, we have the identity

v(v − 1) − 2b2 ≡ 0(mod 3). (3)

From equation (3), we obtain the following theorem.

Theorem 2.1 Suppose that {v; b2, 0} exists. Then 0 ≤ b2 ≤ v and
(1) if v ≡ 2 (mod 3), b2 ≡ 1 (mod 3);
(2) if v �≡ 2 (mod 3), b2 ≡ 0 (mod 3).

When we take an ETS(v, a), and replace triangle {x, y, z}, lollipop {x, x, y}
and idempotent {x, x, x} by [x, y, z]∪ [z, y, x],[x, y, x] and [x, x, x], respectively,
the system {v; v − a, 0} can be obtained. Using Theorem 1.1, {v; b2, 0} exist
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for all v and b2 satisfying (1) and (2) in Theorem 2.1 except 0 ≤ b2 < v/2
for even v and b2 = 1 for v ≡ 5(mod 6). The existence of DTS(v) for all
integers v �≡ 2(mod 3) has been shown in a previous paper [5]. It follows that
{v; 0, 0} exists for all those integers v. Now, we list some small case systems
in {v; b2, 0}. For large v, we give the following theorems.

Example 2.2 C3 ∈ {3; 3, 0}, where C3 = {[1, 2, 1], [2, 3, 2], [3, 1, 3]}.
D3 ∈ {3; 0, 0}, where D3 = {[1, 1, 1], [2, 2, 2], [3, 3, 3], [1, 2, 3], [3, 2, 1]}.
C4 ∈ {4; 3, 0}, where C4 = {[1, 1, 1], [2, 1, 2], [3, 1, 3], [4, 1, 4], [2, 3, 4], [4, 3, 2]}.
D4 ∈ {4; 0, 0}, where D4 = {[1, 1, 1], [2, 2, 2], [3, 3, 3], [4, 4, 4], [1, 2, 3], [2, 4, 1],
[3, 1, 4], [4, 3, 2]}.
C5 ∈ {5; 4, 0}, where C5 = {[1, 1, 1], [2, 1, 2], [3, 1, 3], [4, 1, 4], [5, 1, 5], [2, 3, 4],
[3, 5, 2], [4, 2, 5], [5, 4, 3]}.
D5 ∈ {5; 1, 0}, where D5 = {[1, 1, 1], [2, 1, 2], [3, 3, 3], [4, 4, 4], [5, 5, 5], [1, 3, 5],
[2, 4, 5], [3, 1, 4], [4, 2, 3], [5, 3, 2], [5, 4, 1]}.
E8 ∈ {8; 1, 0}, where E8 = {[1, 1, 1], [2, 1, 2], [3, 3, 3], [4, 4, 4], [5, 5, 5], [6, 6, 6],
[7, 7, 7], [8, 8, 8], [1, 3, 7], [1, 4, 8], [2, 5, 4], [2, 7, 6], [2, 8, 3], [3, 4, 6], [3, 8, 5], [4, 3,
2], [4, 5, 7], [5, 3, 1], [5, 6, 8], [6, 4, 1], [6, 5, 2], [6, 7, 3], [7, 1, 5], [7, 8, 4], [8, 1, 6],
[8, 7, 2]}.

Theorem 2.3 For every non-negative interger t, {6t + 4; b2, 0} exists where
0 ≤ b2 ≤ 3t and b2 ≡ 0 (mod 3).

Proof. Let V = {a, x0, x1, · · · , x2t, y0, y1, · · · , y2t, z0, z1, · · · , z2t}. Let T be the
following collection of blocks:
[a, xi, yi], [yi, a, zi], [xi, zi, a], [zi, yi, xi],
[xi, yi−r, yi+r], [yi+r, yi−r, xi],
[yi, zi−r, zi+r], [zi+r, zi−r, yi],
[zi, xi−r, xi+r], [xi+r, xi−r, zi], where i = 0, 1, · · · , 2t and r = 1, 2, · · · , t.

Let L = {[x, x, x] | x ∈ V } and B = T ∪ L. Then B ∈ {6t + 4; 0, 0} and
B contains a collection J of 2t + 1 pairwise disjoint copies of D4 on the sets
{a, xi, yi, zi}, i = 0, 1, · · · , 2t. These copies of D4 pairwise intersect in [a, a, a].
For every integer s ∈ {1, 2, · · · , t}, we can obtain a system Bs ∈ {6t + 4; 3s, 0}
by removing s of the disjoint copies of D4 from J and replacing them with s
disjoint copies of C4 which pairwise intersect in [a, a, a]. This completes the
proof of the theorem.

Theorem 2.4 For every non-negative interger t, {6t + 5; 1, 0} exists.

Proof. Let V = {a, b, x0, x1, · · · , x2t, y0, y1, · · · , y2t, z0, z1, · · · , z2t}. Let T be
the following collection of blocks:
[a, xi, zi], [xi, a, yi], [zi, yi, a],
[b, yi, zi], [yi, b, xi], [zi, xi, b],
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[xi, yi−r, yi+r], [yi+r, yi−r, xi],
[yi, zi−r, zi+r], [zi+r, zi−r, yi],
[zi, xi−r, xi+r], [xi+r, xi−r, zi], where i = 0, 1, · · · , 2t and r = 1, 2, · · · , t.

Let L = {[x, x, x] | x ∈ V \ {b}} ∪ {[b, a, b]}. Then T ∪ L ∈ {6t + 5; 1, 0}.

Theorem 2.5 For every positive interger t, {6t + 6; b2, 0} exists where 0 ≤
b2 ≤ 3t and b2 ≡ 0 (mod 3).

Proof. Let V = {a, b, c, x0, x1, · · · , x2t, y0, y1, · · · , y2t, z0, z1, · · · , z2t}. Let T be
the following collection of blocks:
[a, b, c], [c, b, a], [xi, yi, zi], [zi, yi, xi],
[xi+1, a, zi], [yi+1, a, xi], [zi+1, a, yi],
[xi−1, b, zi], [yi−1, b, xi], [zi−1, b, yi],
[xi+1, c, xi−1], [yi+1, c, yi−1], [zi+1, c, zi−1],
[xi, yi−1, yi+1], [yi, zi−1, zi+1], [zi, xi−1, xi+1],
[xi, yi−r, yi+r], [yi+r, yi−r, xi],
[yi, zi−r, zi+r], [zi+r, zi−r, yi],
[zi, xi−r, xi+r], [xi+r, xi−r, zi], where i = 0, 1, · · · , 2t and r = 2, 3, · · · , t.

Let L = {[x, x, x] | x ∈ V } and B = T ∪ L. Then B ∈ {6t + 6; 0, 0} and
B contains a collection J of 2t + 2 pairwise disjoint copies of D3 on the sets
{a, b, c} and {xi, yi, zi}, i = 0, 1, · · · , 2t. For every integer s ∈ {1, 2, · · · , t}, we
can obtain a system Bs ∈ {6t + 6; 3s, 0} by removing s of the disjoint copies
of D3 from J and replacing them with s disjoint copies of C3. This completes
the proof of the theorem.

Theorem 2.6 For every positive interger t, {6t + 8; b2, 0} exists where 1 ≤
b2 ≤ 3t + 1 and b2 ≡ 1 (mod 3).

Proof. Let V = {a, b, c, d, e, x0, x1, · · · , x2t, y0, y1, · · · , y2t, z0, z1, · · · , z2t}. Let
T be the following collection of blocks:
[a, e, b], [b, d, a], [c, a, d], [c, b, e], [d, b, c], [e, a, c],
[d, xi, yi], [xi, d, zi], [yi, zi, d],
[e, zi, yi], [zi, e, xi], [yi, xi, e],
[xi+1, a, zi], [yi+1, a, xi], [zi+1, a, yi],
[xi−1, b, zi], [yi−1, b, xi], [zi−1, b, yi],
[xi+1, c, xi−1], [yi+1, c, yi−1], [zi+1, c, zi−1],
[xi, yi−1, yi+1], [yi, zi−1, zi+1], [zi, xi−1, xi+1],
[xi, yi−r, yi+r], [yi+r, yi−r, xi],

[yi, zi−r, zi+r], [zi+r, zi−r, yi],
[zi, xi−r, xi+r], [xi+r, xi−r, zi], where i = 0, 1, · · · , 2t and r = 2, 3, · · · , t.

Let L = {[x, x, x] | x ∈ V \ {d}} ∪ {[d, e, d]} and B = T ∪ L. Then B ∈
{6t+8; 1, 0} and B contains a collection J of 2t+2 pairwise disjoint copies of D5

on the sets {a, b, c, d, e} and {d, e, xi, yi, zi}, i = 0, 1, · · · , 2t. These copies of D5
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pairwise intersect in {[e, e, e], [d, e, d]}. For every integer s ∈ {1, 2, · · · , t}, we
can obtain a system Bs ∈ {6t+8; 1+3s, 0} by removing s of the disjoint copies
of D5 from J and replacing them with s disjoint copies of C5 which pairwise
intersect in {[e, e, e], [d, e, d]}. This completes the proof of the theorem.

3 Construction of the classes {v; 0, b1}.

Given a system {v; 0, b1}, we have the identity

v(v − 1) − b1 ≡ 0(mod 3). (4)

From equation (4), we obtain the following theorem.

Theorem 3.1 Suppose that {v; 0, b1} exists. Then 0 ≤ b1 ≤ v and
(1) if v ≡ 2 (mod 3), b1 ≡ 2 (mod 3);
(2) if v �≡ 2 (mod 3), b1 ≡ 0 (mod 3).

Now, we list some small case systems in {v; 0, b1}.
Example 3.2 F1 ∈ {1; 0, 0}, where F1 = {[1, 1, 1]}.
F2 ∈ {2; 0, 2}, where F2 = {[1, 1, 2], [2, 2, 1]}.
F3 ∈ {3; 0, 0}, where F3 = {[1, 1, 1], [2, 2, 2], [3, 3, 3], [1, 2, 3], [3, 2, 1]}.
G3 ∈ {3; 0, 3}, where G3 = {[1, 1, 2], [2, 2, 3], [1, 3, 3], [3, 2, 1]}.
F4 ∈ {4; 0, 0}, where F4 = {[1, 1, 1], [2, 2, 2], [3, 3, 3], [4, 4, 4], [1, 2, 3], [2, 4, 1],
[3, 1, 4], [4, 3, 2]}.
G4 ∈ {4; 0, 3}, where G4 = {[1, 1, 2], [2, 2, 3], [1, 3, 3], [4, 4, 4], [2, 4, 1], [3, 1, 4],
[4, 3, 2]}.
F5 ∈ {5; 0, 2}, where F5 = {[1, 1, 2], [2, 2, 1], [3, 3, 3], [4, 4, 4], [5, 5, 5], [1, 3, 5],
[2, 4, 5], [3, 1, 4], [4, 2, 3], [5, 3, 2], [5, 4, 1]}.
G5 ∈ {5; 0, 5}, where G5 = {[1, 1, 2], [2, 2, 3], [3, 3, 4], [4, 4, 5], [5, 5, 1], [1, 5, 3],
[2, 1, 4], [3, 2, 5], [4, 3, 1], [5, 4, 2]}.
F6 ∈ {6; 0, 0}, where F6 = {[1, 1, 1], [2, 2, 2], [3, 3, 3], [4, 4, 4], [5, 5, 5], [6, 6, 6],
[1, 2, 3], [1, 6, 5], [3, 1, 4], [3, 2, 5], [4, 2, 6], [4, 5, 1], [5, 2, 4], [5, 3, 6], [6, 2, 1], [6, 4,
3]}.
G6 ∈ {6; 0, 3}, where G6 = {[1, 1, 2], [2, 2, 3], [1, 3, 3], [4, 4, 4], [5, 5, 5], [6, 6, 6],
[1, 6, 5], [3, 1, 4], [3, 2, 5], [4, 2, 6], [4, 5, 1], [5, 2, 4], [5, 3, 6], [6, 2, 1], [6, 4, 3]}.
H6 ∈ {6; 0, 6}, where H6 = {[1, 1, 6], [3, 2, 2], [4, 4, 1], [4, 5, 5], [5, 3, 3], [6, 6, 2],
[1, 2, 3], [2, 1, 4], [2, 6, 5], [3, 1, 5], [4, 3, 6], [5, 4, 2], [5, 6, 1], [6, 3, 4]}.
F7 ∈ {7; 0, 0}, where F7 = {[1, 1, 1], [2, 2, 2], [3, 3, 3], [4, 4, 4], [5, 5, 5], [6, 6, 6],
[7, 7, 7], [1, 2, 3], [1, 4, 5], [2, 5, 4], [2, 6, 1], [3, 1, 7], [3, 4, 2], [3, 6, 5], [4, 6, 3], [5, 1,
6], [5, 2, 7], [6, 4, 7], [7, 4, 1], [7, 5, 3], [7, 6, 2]}.
G7 ∈ {7; 0, 3}, where G7 = {[1, 1, 2], [2, 2, 3], [1, 3, 3], [4, 4, 4], [5, 5, 5], [6, 6, 6],
[7, 7, 7], [1, 4, 5], [2, 5, 4], [2, 6, 1], [3, 1, 7], [3, 4, 2], [3, 6, 5], [4, 6, 3], [5, 1, 6], [5, 2,
7], [6, 4, 7], [7, 4, 1], [7, 5, 3], [7, 6, 2]}.



1756 Wen-Chung Huang and Yu-Ju Yaon

H7 ∈ {7; 0, 6}, where H7 = {[1, 1, 2], [2, 2, 3], [1, 3, 3], [4, 4, 7], [6, 6, 4], [6, 7, 7],
[5, 5, 5], [1, 4, 5], [2, 5, 4], [2, 6, 1], [3, 1, 7], [3, 4, 2], [3, 6, 5], [4, 6, 3], [5, 1, 6], [5, 2,
7], [7, 4, 1], [7, 5, 3], [7, 6, 2]}.
F8 ∈ {8; 0, 2}, where F8 = {[1, 1, 2], [2, 2, 1], [3, 3, 3], [4, 4, 4], [5, 5, 5], [6, 6, 6],
[7, 7, 7], [8, 8, 8], [1, 3, 8], [1, 4, 6], [1, 5, 7], [2, 4, 7], [2, 5, 3], [3, 2, 6], [3, 4, 5], [4, 2,
8], [5, 8, 2], [6, 4, 3], [6, 5, 1], [6, 7, 8], [7, 3, 1], [7, 6, 2], [7, 5, 4], [8, 3, 7], [8, 4, 1],
[8, 5, 6]}.
G8 ∈ {8; 0, 5}, where G8 = {[1, 1, 2], [2, 2, 1], [3, 3, 4], [4, 4, 5], [3, 5, 5], [6, 6, 6],
[7, 7, 7], [8, 8, 8], [1, 3, 8], [1, 4, 6], [1, 5, 7], [2, 4, 7], [2, 5, 3], [3, 2, 6], [4, 2, 8], [5, 8,
2], [6, 4, 3], [6, 5, 1], [6, 7, 8], [7, 3, 1], [7, 6, 2], [7, 5, 4], [8, 3, 7], [8, 4, 1], [8, 5, 6]}.
H8 ∈ {8; 0, 8}, where H8 = {[1, 1, 2], [2, 2, 1], [3, 3, 4], [4, 4, 5], [3, 5, 5], [6, 6, 7],
[7, 7, 8], [6, 8, 8], [1, 3, 8], [1, 4, 6], [1, 5, 7], [2, 4, 7], [2, 5, 3], [3, 2, 6], [4, 2, 8], [5, 8,
2], [6, 4, 3], [6, 5, 1], [7, 3, 1], [7, 6, 2], [7, 5, 4], [8, 3, 7], [8, 4, 1], [8, 5, 6]}.

We will prove the following theorem by replacing the partial extended di-
rected triple system A = {[1, 2, 3], [1, 1, 1], [2, 2, 2], [3, 3, 3]} with A′ = {[1, 1, 2],
[2, 2, 3], [1, 3, 3]}.
Theorem 3.3 For every non-negative interger t, {6t + 3; 0, b1} exists where
0 ≤ b1 ≤ 6t + 3 and b1 ≡ 0(mod 3).

Proof. Let V = {x0, x1, · · · , x2t, y0, y1, · · · , y2t, z0, z1, · · · , z2t}. Let T be the
following collection of blocks:
[xi, yi, zi], [zi, yi, xi],
[xi, yi−r, yi+r], [yi+r, yi−r, xi],
[yi, zi−r, zi+r], [zi+r, zi−r, yi],
[zi, xi−r, xi+r], [xi+r, xi−r, zi], where i = 0, 1, · · · , 2t and r = 1, 2, · · · , t.

Let L = {[x, x, x] | x ∈ V } and B = T ∪ L. Then B ∈ {6t + 3; 0, 0}.
The system B contains a collection J of 2t + 1 pairwise disjoint copies of
partial extended directed triple system A on the sets {xi, yi, zi}, where i =
0, 1, · · · , 2t. For every integer s ∈ {1, 2, · · · , 2t + 1}, we can obtain a system
Bs ∈ {6t + 3; 0, 3s} by removing s of the disjoint copies of A from J and
replacing them with s disjoint copies of A′. This completes the proof of the
theorem.

Theorem 3.4 For every non-negative interger t, {6t + 4; 0, b1} exists where
0 ≤ b1 ≤ 6t + 3 and b1 ≡ 0(mod 3).

Proof. Let V = {a, x0, x1, · · · , x2t, y0, y1, · · · , y2t, z0, z1, · · · , z2t}. Let T be the
following collection of blocks:
[a, xi, yi], [yi, a, zi], [xi, zi, a], [zi, yi, xi],
[xi, yi−r, yi+r], [yi+r, yi−r, xi],
[yi, zi−r, zi+r], [zi+r, zi−r, yi],
[zi, xi−r, xi+r], [xi+r, xi−r, zi], where i = 0, 1, · · · , 2t and r = 1, 2, · · · , t.
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Let L = {[x, x, x] | x ∈ V } and B = T ∪ L. Then B ∈ {6t + 4; 0, 0}.
The system B contains a collection J of 2t + 1 pairwise disjoint copies of
partial extended directed triple system A on the sets {zi, yi, xi}, where i =
0, 1, · · · , 2t. For every integer s ∈ {1, 2, · · · , 2t + 1}, we can obtain a system
Bs ∈ {6t + 4; 0, 3s} by removing s of the disjoint copies of A from J and
replacing them with s disjoint copies of A′. This completes the proof of the
theorem.

Theorem 3.5 For every non-negative interger t, {6t + 5; 0, b1} exists where
2 ≤ b1 ≤ 6t + 5 and b1 ≡ 2(mod 3).

Proof. Let V = {a, b, x0, x1, · · · , x2t, y0, y1, · · · , y2t, z0, z1, · · · , z2t}. Let T be
the following collection of blocks:
[a, xi, yi], [yi, a, zi], [zi, xi, a],
[b, xi, zi], [zi, b, yi], [yi, xi, b],
[xi, yi−r, yi+r], [yi+r, yi−r, xi],
[yi, zi−r, zi+r], [zi+r, zi−r, yi],
[zi, xi−r, xi+r], [xi+r, xi−r, zi], where i = 0, 1, · · · , 2t and r = 1, 2, · · · , t.

Let L = {[x, x, x] | x ∈ V \ {a, b}} ∪ {[a, a, b] , [b, b, a]} and B = T ∪ L.
Then B ∈ {6t + 5; 0, 2}. We process this theorem for three cases:
Case 1: When t ≡ 1(mod 3), the system B contains a collection J of 2t + 1
pairwise disjoint copies of partial extended directed triple system A on the
sets {xi, yi−1, yi+1}, {yi, zi−1, zi+1}, {zi, xi−1, xi+1}, where i = 1 + 3k and
k = 0, 1, · · · , (2t− 2)/3. For every integer s ∈ {1, 2, · · · , 2t + 1}, we can obtain
a system Bs ∈ {6t+5; 0, 3s+2} by removing s of the disjoint copies of A from
J and replacing them with s disjoint copies of A′.
Case 2: When t ≡ 0(mod 3), the system B contains a collection J of 2t
pairwise disjoint copies of partial extended directed triple system A on the
sets {xi, yi−1, yi+1}, {yi, zi−1, zi+1}, {zi, xi−1, xi+1}, where i = 2 + 3k, k =
0, 1, · · · , (2t−3)/3. For every integer s ∈ {1, 2, · · · , 2t}, we can obtain a system
Bs ∈ {6t + 5; 0, 3s + 2} by removing s of the disjoint copies of A from J and
replacing them with s disjoint copies of A′. For the last system B2t, if we
replace F5 on the set {a, b, x0, y0, z0} with G5, then the new system belongs to
{6t + 5; 0, 6t + 5}.
Case 3: When t ≡ 2(mod 3), the system B contains a collection J of 2t − 1
pairwise disjoint copies of partial extended directed triple system A on the
sets {xi, yi−1, yi+1}, {yi, zi−1, zi+1}, {zi, xi−1, xi+1}, where i = 3 + 3k, k =
0, 1, · · · , (2t − 4)/3. For every integer s ∈ {1, 2, · · · , 2t − 1}, we can obtain a
system Bs ∈ {6t + 5; 0, 3s + 2} by removing s of the disjoint copies of A from
J and replacing them with s disjoint copies of A′. For the last system B2t−1, if
we replace F5 on the set {a, b, x0, y0, z0} with G5, then the new system belongs
to {6t + 5; 0, 6t + 2}, and if we replace {[a, x0, y0], [z0, x0, a], [y0, x0, b], [z0, b,
y0], [b, x0, z0], [a, x1, y1], [y1, a, z1], [z1, x1, a], [y1, x1, b], [z1, b, y1], [b, x1, z1],
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[a, x2, y2], [y2, a, z2], [z2, x2, a], [z2, b, y2], [b, x2, z2], [y2, y0, x1], [y1, z0, z2],
[z2, z0, y1], [x2, x0, z1], [x0, x0, x0], [y0, y0, y0], [z0, z0, z0], [x1, x1, x1], [y1, y1,
y1], [z1, z1, z1]} with {[a, x2, x0], [a, z2, y2], [b, y1, z1], [b, y2, y0], [b, z2, z0], [x0,
z0, b], [x0, z1, a], [y0, b, x0], [z0, a, y0], [z0, y1, z2], [y1, a, x1], [z1, b, x1], [x1,
y1, b], [x2, a, z1], [x2, y2, z2], [y2, x1, a], [z2, a, y1], [z2, b, x2], [x0, x0, y0], [y0,
y0, x1], [x1, x1, z1], [z1, z1, y1], [y1, y1, z0], [z0, z0, x0]}, then the new system
belongs to {6t + 5; 0, 6t + 5}.

Theorem 3.6 For every positive interger t, {6t + 6; 0, b1} exists where 0 ≤
b1 ≤ 6t + 6 and b1 ≡ 0(mod 3).

Proof. Let V = {a, b, c, x0, x1, · · · , x2t, y0, y1, · · · , y2t, z0, z1, · · · , z2t}. Let T be
the following collection of blocks:
[a, b, c], [c, b, a], [xi, yi, zi], [zi, yi, xi],
[xi+1, a, zi], [yi+1, a, xi], [zi+1, a, yi],
[xi−1, b, zi], [yi−1, b, xi], [zi−1, b, yi],
[xi+1, c, xi−1], [yi+1, c, yi−1], [zi+1, c, zi−1],
[xi, yi−1, yi+1], [yi, zi−1, zi+1], [zi, xi−1, xi+1],
[xi, yi−r, yi+r], [yi+r, yi−r, xi],
[yi, zi−r, zi+r], [zi+r, zi−r, yi],
[zi, xi−r, xi+r], [xi+r, xi−r, zi], where i = 0, 1, · · · , 2t and r = 2, 3, · · · , t.

Let L = {[x, x, x] | x ∈ V } and B = T ∪ L. Then B ∈ {6t + 6; 0, 0}. The
system B contains a collection J of 2t + 2 pairwise disjoint copies of partial
extended directed triple system A on the sets {a, b, c} and {xi, yi, zi}, where
i = 0, 1, · · · , 2t. For every integer s ∈ {1, 2, · · · , 2t + 2}, we can obtain a
system Bs ∈ {6t + 6; 0, 3s} by removing s of the disjoint copies of A from J
and replacing them with s disjoint copies of A′. This completes the proof of
the theorem.

Theorem 3.7 For every positive interger t, {6t + 7; 0, b1} exists where 0 ≤
b1 ≤ 6t + 6 and b1 ≡ 0(mod 3).

Proof. Let V = {a, b, c, d, x0, x1, · · · , x2t, y0, y1, · · · , y2t, z0, z1, · · · , z2t}. Let T
be the following collection of blocks:
[a, b, c], [b, d, a], [c, a, d], [d, c, b],
[d, xi, zi], [zi, d, yi], [xi, yi, d], [yi, zi, xi],
[xi+1, a, zi], [yi+1, a, xi], [zi+1, a, yi],
[xi−1, b, zi], [yi−1, b, xi], [zi−1, b, yi],
[xi+1, c, xi−1], [yi+1, c, yi−1], [zi+1, c, zi−1],
[xi, yi−1, yi+1], [yi, zi−1, zi+1], [zi, xi−1, xi+1],
[xi, yi−r, yi+r], [yi+r, yi−r, xi],
[yi, zi−r, zi+r], [zi+r, zi−r, yi],
[zi, xi−r, xi+r], [xi+r, xi−r, zi], where i = 0, 1, · · · , 2t and r = 2, 3, · · · , t.
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Let L = {[x, x, x] | x ∈ V } and B = T ∪ L. Then B ∈ {6t + 7; 0, 0}. The
system B contains a collection J of 2t + 2 pairwise disjoint copies of partial
extended directed triple system A on the sets {a, b, c} and {yi, zi, xi}, where
i = 0, 1, · · · , 2t. For every integer s ∈ {1, 2, · · · , 2t + 2}, we can obtain a
system Bs ∈ {6t + 7; 0, 3s} by removing s of the disjoint copies of A from J
and replacing them with s disjoint copies of A′. This completes the proof of
the theorem.

The existence of the class {6t + 8; 0, 6t + 8} can be obtained by a packing
of Kn. Lindner and Rodger [7] showed that the leaves of maximum packing T
of K6t+8 with triangles is a 1-factor F . Let B = {[a, b, c], [c, b, a] | {a, b, c} ∈
T}∪{[a, a, b], [b, b, a] | {a, b} ∈ F}. Then B ∈ {6t+8; 0, 6t+8}. The remaining
class can be obtained by the following.

Theorem 3.8 For every positive interger t, {6t + 8; 0, b1} exists where 2 ≤
b1 ≤ 6t + 8 and b1 ≡ 2(mod 3).

Proof. Let V = {a, b, c, d, e, x0, x1, · · · , x2t, y0, y1, · · · , y2t, z0, z1, · · · , z2t}. Let
T be the following collection of blocks:
[a, e, c], [b, d, c], [c, a, d], [c, b, e], [d, a, b], [e, b, a],
[d, xi, yi], [xi, d, zi], [yi, zi, d],
[e, zi, yi], [zi, e, xi], [yi, xi, e],
[xi+1, a, zi], [yi+1, a, xi], [zi+1, a, yi],
[xi−1, b, zi], [yi−1, b, xi], [zi−1, b, yi],
[xi+1, c, xi−1], [yi+1, c, yi−1], [zi+1, c, zi−1],
[xi, yi−1, yi+1], [yi, zi−1, zi+1], [zi, xi−1, xi+1],
[xi, yi−r, yi+r], [yi+r, yi−r, xi],
[yi, zi−r, zi+r], [zi+r, zi−r, yi],
[zi, xi−r, xi+r], [xi+r, xi−r, zi], where i = 0, 1, · · · , 2t and r = 2, 3, · · · , t.

Let L = {[x, x, x] | x ∈ V \ {d, e}} ∪ {[d, d, e], [e, e, d]} and B = T ∪ L.
Then B ∈ {6t + 8; 0, 2}. And the class {6t + 8; 0, 6t + 8} exists according to
the above description. Next, we process this theorem using three cases:

Case 1: When t ≡ 1(mod 3), the system B contains a collection J of 2t + 1
pairwise disjoint copies of partial extended directed triple system A on the
sets {xi, yi−1, yi+1}, {yi, zi−1, zi+1}, {zi, xi−1, xi+1}, where i = 1 + 3k and k =
0, 1, · · · , (2t − 2)/3. For every integer s ∈ {1, 2, · · · , 2t + 1}, we can obtain a
system Bs ∈ {6t + 8; 0, 3s + 2} by removing s of the disjoint copies of A from
J and replacing them with s disjoint copies of A′.
Case 2: When t ≡ 2(mod 3), the system B contains a collection J of 2t + 1
pairwise disjoint copies of partial extended directed triple system A on the
sets {xi, yi−1, yi+1}, {yi, zi−1, zi+1}, {zi, xi−1, xi+1}, where i = 3 + 3k, k =
0, 1, · · · , (2t − 4)/3, and the sets {x0, a, y1}, {y0, b, x1}. For every integer s ∈
{1, 2, · · · , 2t + 1}, we can obtain a system Bs ∈ {6t + 8; 0, 3s + 2} by removing
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s of the disjoint copies of A from J and replacing them with s disjoint copies
of A′.
Case 3: When t ≡ 0(mod 3), the system B contains a collection J of 2t
pairwise disjoint copies of partial extended directed triple system A on the
sets {xi, yi−1, yi+1}, {yi, zi−1, zi+1}, {zi, xi−1, xi+1}, where i = 2 + 3k, k =
0, 1, · · · , (2t−3)/3. For every integer s ∈ {1, 2, · · · , 2t}, we can obtain a system
Bs ∈ {6t + 8; 0, 3s + 2} by removing s of the disjoint copies of A from J and
replacing them with s disjoint copies of A′. For the last system B2t, if we
replace {[e, e, d], [a, a, a], [b, b, b], [c, c, c], [b, d, c], [c, a, d], [d, a, b], [e, b, a]} with
{[a, a, b], [b, b, c], [c, c, d], [e, e, a], [b, a, d], [d, c, a], [e, d, b]}, then the new system
belongs to {6t + 8; 0, 6t + 5}.
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