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Abstract

In Data Envelopment Analysis (DEA) models which were developed
so far, the difficulties arise from alternative optimal solutions in calcu-
lating the value of θ. To remove this difficulty a perturbation method
is used to find a unique solution and the results seems to be promising.
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1 Introduction

Data Envelopment Analysis (DEA) has opened up several interesting possi-
bilities for the estimation of production correspondences. This approach does
not require any stringent assumptions about the underlying production corre-
spondences, unlike the classical approaches for estimating production functions
which necessarily assume several restrictive properties for the production cor-
respondence that are implicit in the use of a prespecified parametric form for
the estimation.

Data Envelopment Analysis, introduced by Charnes, Cooper and Rhodes
(CCR) (1978) and further formalized by Banker, Charnes and Cooper (BCC)
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(1984), provides a nonparametric approach for estimating ‘production’ tech-
nologies and hence measuring inefficiencies in production. The BCC ratio
presents technical inefficiency and the CCR ratio comprehends both technical
and scale inefficiencies via the optimal value of the ratio form as obtained di-
rectly from the data without requiring a priori specification of weights and/or
explicit delineation of assumed functional forms of relation between inputs and
outputs.

The second section in the paper represents a brief discusion about Data en-
velopment Analysis models. In section 3, the modified model briefly is discused
and the last section presents the conclusion.

2 Models of DEA

Consider a Decision Making Unit (DMU) that consumes X = (X1, X2, . . . , Xm)
inputs to produce Y = (Y1, Y2, . . . , Ys) outputs. The efficiency of DMUp is ob-
tained by solving the following linear programming problem:

Min θ

S.t
n∑

j=1

λj xij − θ xij ≤ 0 , i = 1, 2, . . . , m,

n∑

j=1

λj yrj ≥ yrp , r = 1, 2, . . . , s, (1)

λj ≥ 0 , j = 1, 2, . . . , n.

It’s dual is as follow:

Max ep =
s∑

r=1

uryrp

S.t

s∑

r=1

uryrj −
m∑

i=1

vixij ≤ 0 , j = 1, . . . , n, (2)

m∑

i=1

vixip = 1,

ur, vi ≥ 0 , r = 1, . . . , s, i = 1, . . . , m.

This model is called CCR input orientation multiplier side problem.
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In 1979 CCR [6] introduced the following model; which uses ε (where ε is
a positive non-Archimedean infinitesimal) to prevent of vanishing some U and
V .

Max ep =
s∑

r=1

uryrp

S.t

s∑

r=1

uryrj −
m∑

i=1

vixij ≤ 0 , j = 1, . . . , n, (3)

m∑

i=1

vixip = 1,

ur, vi ≥ ε , r = 1, . . . , s, i = 1, . . . , m.

The dual of the problem (3), in this case, will be as follows:

Min θ − ε(
s∑

r=1

s+
r +

m∑

i=1

s−i )

S.t
n∑

j=1

λj xij − θ xij + s−i = 0 , i = 1, 2, . . . , m, (4)

n∑

j=1

λj yrj − s+
r = yrp , r = 1, 2, . . . , s,

λj ≥ 0 , j = 1, 2, . . . , n,

s+
r ≥ 0 , r = 1, 2, . . . , s,

s−i ≥ 0 , i = 1, 2, . . . , m.

Definition: DMUp is efficient if and only if:

1) θ∗ = 1

2) s+
r = 0 and s−i = 0, r = 1, 2, . . . , s, i = 1, 2, . . . , m.

3 Modified model

Four DMUs are consider with two inputs and two outputs as follows:



1448 F. Hosseinzadeh Lotfi et al

DMU1 DMU2 DMU3 DMU4

INPUT1 1 1 1 1
INPUT2 2 3 3 1
OUTPUT1 4 6 6 2
OUTPUT2 1 2 3 2

By using (1) for DMU1, the following alternative optimal solutions are
obtained. In the first optimal solution, DMU1 is efficient, and in the other
one, it is not.

θ∗ λ∗
1 λ∗

2 λ∗
3 λ∗

4 s−
∗

1 s−
∗

2 s+∗
1 s+∗

2

1 1 0 0 0 0 0 0 0
1 0 0 0.5 0.5 0 0 0 1.5

Theorem(1):
Consider the following linear programming:

Min CX

S.t AX = b

X ≥ 0.

there is ε∗, so that for each 0 < ε < ε∗, the following linear programming is
total non-degenerate.

Min CX

S.t AX = b(ε)

X ≥ 0.

where (b(ε))i = bi + εi (for proof see [7]).

Theorem(2):
Consider a linear programming and its dual as follows:

P : Min CX D : Max Y b

S.t AX ≥ b S.t Y A ≤ b

X ≥ 0. Y ≥ 0.
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If problem (P) has alternative optimal solution, then problem (D) has degen-
erate optimal solution (for proof see [3]).

By theorems (1) and (2), we have, if primal or dual problem are total non-
degenerate, then others poses unique optimal solution. so (4) is perturbed so
that the problem is total non-degenerate. The modified model is as follows:

Max ep =
s∑

r=1

uryrp

S.t

s∑

r=1

uryrj −
m∑

i=1

vixij ≤ εj , j = 1, . . . , n, (5)

m∑

i=1

vixip = 1 + εn+1,

ur, vi ≥ ε , r = 1, . . . , s, i = 1, . . . , m.

and its dual is as follows:

Min zp = θ(1 + εn+1) +
n∑

j=1

εjλj − ε(
s∑

r=1

s+
r +

m∑

i=1

s−i ) (6)

S.t

n∑

j=1

λj xij − θ xij + s−i = 0 , i = 1, 2, . . . , m,

n∑

j=1

λj yrj − s+
r = yrp , r = 1, 2, . . . , s,

λj ≥ 0 , j = 1, 2, . . . , n,

s+
r ≥ 0 , r = 1, 2, . . . , s,

s−i ≥ 0 , i = 1, 2, . . . , m.

By theorems (1) and (2) there is ε∗, so that for each 0 < ε < ε∗ this problem
has not multiple optimal solution.

DMUp is efficient if and only if:
1) z∗p = 1
2) s+

r = 0 and s−i = 0, r = 1, 2, . . . , s, i = 1, 2, . . . , m.
An example is solved by using this model for DMU1 and the result has

been presented in tableu (1), which shows that DMU1 is not efficient.
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θ∗ λ∗
1 λ∗

2 λ∗
3 λ∗

4 s−
∗

1 s−
∗

2 s+∗
1 s+∗

2

1 0 0 0 0.6666 0 0.3333 0 1

4 Conclusion

The adventage of this method to others is that a unique optimal solution is
obtained, and it is revealed that DMUj is not efficient.
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