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Abstract

In this paper, we present a few efficient numerical algorithms for
solving nonlinear equations based on Adomian decomposition methods.
The property of convergence is proved and some numerical illustrations
are also given to show the efficiency of these algorithms.
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1. Introduction

It has always been a interesting problem to find efficient numerical algo-
rithms for solving nonlinear equations. Newton iteration method

xn+1 = xn − f(xn)

f ′(xn)

and many kinds of generalized newton methods are widely used and discussed.
Since the beginning of the 1980s, the Adomian decomposition method has been
applied to a wide class of functional equations [4,3]. Adomian gives the solution
as an infinite series usually converging to an accurate solution. Abbaoui et al.
[5] applied the standard Adomian decomposition on simple iteration method to
solve the equation f(x) = 0, where f(x) is a nonlinear function, and proved the
convergence of the series solution. Babolian et al. [2] modified the standard
Adomian method which proposed in [5].

In recent years, the application of the homotopy perturbation method in
nonlinear problems has been devoted by scientists and engineers. Abbasbandy
[8] introduces a new improvement of Newton Raphson method by modified
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homotopy perturbation method. Some examples are tested, and the obtained
results suggest that his newly improvement technique introduces a promising
tool and powerful improvement for solving nonlinear equations.

However, when some of the above mentioned methods are applied to solve
the equation f(x) = 0 , it is needed to calculate the derivative of the function,
which is sometimes inconvenient. To avoid the calculation of derivatives, we
may replace the derivatives with divided difference. Then the problem of
convergence arise. In the section 2 of this paper, we use divided difference
to replace the derivatives appearing in the above mentioned algorithms to get
some numerical methods and show the convergence of the obtained methods.
In section 3, we give some numerical illustrations.

2. Some methods based on homotopy perturbation and Adomian
decomposition method

Consider the nonlinear equation

f(x) = 0, (1)

where α be a root of it and f is a C2 function in the neighborhood of α, and
we suppose that |f ′(α)| > 0.

To get an approximate solution of (1), we may use Newton method

xn+1 = xn − f(xn)

f ′(xn)
, (2)

which started initial guess of the root x0. The iteration (2) will converge to
α if the starting point x0 is close enough to α. This process has the local
convergence property. A more constructive theorem was given by Kantorovich
and coworkers [6,7]. However Newton method can be expanded to Adomian
decomposition methods.

Based on homotopy perturbation techniques which is a method to contin-
uously deform a simple problem easy to solve into the difficult problem under
study, Abbasbandy [8] give the following methods,

xn+1 = xn − f(xn)

f ′(xn)
− f 2(xn)f ′′(xn)

2f ′3(xn)
, (3)

xn+1 = xn − f(xn)

f ′(xn)
− f 2(xn)f ′′(xn)

2f ′3(xn)
− f 3(xn)f ′′2(xn)

2f ′5(xn)
, (4)

xn+1 = xn − f(xn)

f ′(xn)
− f 2(xn)f ′′(xn)

2f ′3(xn)
+

f 3(xn)f ′′′(xn)

6f ′4(xn)
, (5)

Formula (2) is the Householder’s iteration[1] and the same as Adomian
decomposition method for m =1, [9]. Formula (3)and (4) are also the same as
Adomian decomposition method .
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Iteration (2),(3),(4) and (5) have the local convergence property. But it
is difficult to calculate the derivatives of a function in some cases. So we
consider to replace derivatives with divided differences. Take (2) for example,

if we replace f ′(xn) with f(xn)−f(xn−1)
xn−xn−1

, we get the well known Newton secant
line method

xn+1 = xn − f(xn)(xn − xn−1)

f(xn) − f(xn−1)
.

The convergence speed of this iteration is somehow slower than iteration (2),
but it is more convenient because no derivative is involved.

We are now to make modifications to formula (3), (4) and (5). Denote

divided deference f(xn)−f(xn−1)
xn−xn−1

by f [xn−1, xn], and denote divided deference
f [xn−1,xn]−f [xn−1,xn−2]

xn−xn−2
by f [xn−2, xn−1, xn]. It is known that

f [xn−2, xn−1, xn] =
f ′′(ξ)

2!
,

where ξ ∈ [min{xn−2, xn−1, xn}, max{xn−2, xn−1, xn}] .
Replace f ′(xn) and f ′′(xn) with f [xn−1, xn] and 2f [xn−2, xn−1, xn] respec-

tively, formula (3), (4) become

xn+1 = xn − f(xn)

f [xn−1, xn]
− f 2(xn)f [xn−2, xn−1, xn]

f [xn−1, xn]3
, (6)

xn+1 = xn − f(xn)

f [xn−1, xn]
− f 2(xn)f [xn−2, xn−1, xn]

f [xn−1, xn]3
− f 3(xn)f [xn−2, xn−1, xn]2

f [xn−1, xn]5
.

(7)
Since

f [xn−3, xn−2, xn−1, xn] =
f ′′′(ξ)

3!
,

where f [xn−3, xn−2, xn−1, xn] = f [xn−2,xn−1,xn]−f [xn−3,xn−2,xn−1]
xn−xn−3

and

ξ ∈ [min{xn−3, xn−2, xn−1, xn}, max{xn−3, xn−2, xn−1, xn}].
We can also replace f ′′′(xn) with 6f [xn−3, xn−2, xn−1, xn] in formula (5), then
we get

xn+1 = xn− f(xn)

f [xn−1, xn]
−f 2(xn)f [xn−2, xn−1, xn]

f [xn−1, xn]3
+

f 3(xn)f [xn−3, xn−2, xn−1, xn]

f [xn−1, xn]4
.

(8)
By using formula (6),(7) and (8), we can avoid the calculation of derivatives.
But we should prove the property of convergence of formula (6), (7) and (8).
Here, we take only (6) for an example. First, we have

Theorem 1. Let f(x) be a C2 function defined in a neighborhood of α, and
α be a root of f(x) = 0. Suppose that |f ′(α)| > 0 and f ′′(x) is bounded in the
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neighborhood of α. Given three starting points x1, x2, x3. Let {xn}, n = 1, 2, ...
be the point consequences generated by iteration (6). Then there must exist a
sufficient small δ > 0 such that |xn − α| < δ, n = 4, 5, ..., if |xn − α| < δ, n =
1, 2, 3.

Proof: Let x1, x2, x3 be the starting points. We use iteration (6) to get a
point consequences {xn}, n = 1, 2, ..., We have

x4 = x3 − f(x3)

f [x2, x3]
− f 2(x3)f [x1, x2, x3]

f [x2, x3]3
, (9)

α = α − f(α)

f [x2, x3]
− f 2(α)f [x1, x2, x3]

f [x2, x3]3
, (10)

(9)-(10), we have

x4 − α = x3 − α − (
f(x3)

f [x2, x3]
− f(α)

f [x2, x3]
)

−(
f 2(x3)f [x1, x2, x3]

f [x2, x3]3
− f 2(α)f [x1, x2, x3]

f [x2, x3]3
).

By using mean value theorem, we have

f(x3)

f [x2, x3]
− f(α)

f [x2, x3]
=

f(x3)

f ′(ξ)
− f(α)

f ′(ξ)
=

f ′(η)(x3 − α)

f ′(ξ)
,

f 2(x3)f [x1, x2, x3]

f [x2, x3]3
− f 2(α)f [x1, x2, x3]

f [x2, x3]3
=

(f(x3) − f(α))f(x3)f [x1, x2, x3]

f [x2, x3]3

=
f ′(η)f(x3)f [x1, x2, x3](x3 − α)

f ′(ξ)3
.

where ξ is a point between x2 and x3, and η is a point between x2 and α.
Therefore, we have

|x4 − α| = |x3 − α||1 − f ′(η)

f ′(ξ)
− f ′(η)f(x3)f [x1, x2, x3]

f ′(ξ)3
|.

Because lim(ξ,η)→(α,α)
f ′(η)
f ′(ξ) = 1, lim(ξ,η)→(α,α)

f ′(η)
f ′(ξ)3 = 1

f ′(α)2
,

limx→α f(x) = 1, and f [x1, x2, x3] is bounded, we can conclude that

lim
(ξ,η,x3)→(α,α,α)

1 − f ′(η)

f ′(ξ)
− f ′(η)f(x3)f [x1, x2, x3]

f ′(ξ)3
= 0.

Denote

|1 − f ′(η)

f ′(ξ)
− f ′(η)f(x3)f [x1, x2, x3]

f ′(ξ)3
|
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with L. Therefore, there exist δ > 0 such that L < 1 if max{|x1 − α|, |x2 −
α|, |x3 − α|} < δ. Hence

|x4 − α| = |x3 − α|L < |x3 − α| < δ,

if max{|x1 − α|, |x2 − α|, |x3 − α|} < δ.
In the same way, if max{|x1 − α|, |x2 − α|, |x3 − α|} < δ, ..., |xn − α|} < δ,

we have |xn+1 − α|} < δ. By the induction principle , we can conclude that
|xn − α| < δ, n = 4, 5, ..., if |xn − α| < δ, n = 1, 2, ..., 3.

We now prove the convergence of iteration (6), and have
Theorem 2. Let f(x) be a C2 function defined in a neighborhood of α, and

α be a root of f(x) = 0. Suppose that |f ′(α)| > 0 and f ′′(x) is bounded in a
neighborhood of α. Given three starting points x1, x2, x3. Let {xn}, n = 1, 2, ...
be the point consequences generated by iteration (6). Then there exist δ > 0
such that the consequence {xn} converge to α if |xn − α| < δ, n = 1, 2, 3.

Proof: From the proof of Theorem 1, we see that we can take a sufficient
small δ > 0, and let the starting points x1, x2, x3 be contained in the interval
(α − δ, α + δ), then we have

|xn+1 − α| = |xn − α|L < |xn−1 − α|L2 < ... < |x1 − α|Ln,

where 0 < L < 1. Therefore the consequence {xn} converge on α.
In the same way, we can prove the convergence of iteration (7) and (8).

Generally speaking, we can modify most of the he iterations which are based
on Adomian decomposition method or homotopy perturbation method in the
way we have done on iteration (6).

3. Numerical results

In this section, we consider some examples appeared in[5,2] to test the
efficiency of iteration of Eq. (6).

Example 3.1. Consider the equation

x3 + 4x2 + 8x + 8 = 0

with exact solution α = −2. Withx1 = −1.0, x2 = −1.2, x3 = −1.4.

Example 3.2. Consider the equation

x = k + e−x, k > 0

with graphical solution α = 2.120028239 for k = 2. with x1 = 2, x2 = 2.1, x3 =
2.2.

Example 3.3. Consider the equation

x2 − (1 − x)5 = 0
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with the solution α = 0.345955 with x1 = 0.2, x2 = 0.21, x3 = 0.22.

Example 3.4. Consider the equation

ex − 3x2 = 0

where its root is in (0, 1) which is approximately 0.91. with x1 = 0.5, x2 =
0.6, x3 = 0.7.
We list the obtained results(OS), the number of iteration(NI) and the exact
solution(ES) in Table 1.

Table 1
Approximate solution of Example 3.1–Example 3.4:

ES NI OS NI OS
Examp.3.1 −2 2 −1.9376 4 −2.0002
Examp.3.2 2.120028(6D) 1 2.1205 2 2.1200
Examp.3.3 0.345955(6D) 2 0.3412 4 0.3460
Examp.3.4 0.91(2D) 2 0.9120 3 0.9100

4. Conclusions

From the numerical results in section 3, we can see that iteration (6) is
effective and efficient. In fact,its convergence speed is a little bit slower than
the related Adomian decomposition method. The iteration (7) and (8) are
also efficient methods to approximate roots of nonlinear equations without
calculating derivatives.
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