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Abstract

In this paper we consider the composition operator C, acting be-
tween the weighted Hardy spaces HP(31) and H?((32), for 1 < ¢ < p <
oo. We investigate the hypercyclicity of the composition operator C,
acting between weighted Hardy spaces in the unit disk. Furthermore,
the characterization of the fixed points of the composition operator C,

will be considered.
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1 Introduction

Let {3(n)} be a sequence of positive numbers with F(0) =1 and 1 < p < oc.
We consider the space of sequences f = {f(n)}>2, such that ||f||? = ||f||% =

S f(n)|PB(n)? < co. The notation f(z) = > f(n)z" shall be used whether
=0 =0

or not the series converges for any value of z. Let H? (B) denotes the space of
such formal power series. These are reflexive Banach spaces with the norm ||.||5
and the dual of Hp(ﬁ) is H9((P/7) where % +% = 1 and BP9 = {B(n)P/1},,.

Also if g(z) = zg< )2 € H9(BP/9), then ||g][7 = i’éorg(n)wﬁ(n)p. Let

Fr(n) = 0x(n). So fk( ) = z* for all nonnegative integer k and then {f;} is a
basis such that || fx|| = B(k). If lim % = 1, then HP([3) consists of functions
analytic on the open unit disc U. It is convenient and helpful to introduce the

notation < f,g > to stand for g(f) where f € HP(3) and g € H?(3)*. Note
that < f,g >= Z f(n) g(n)B(n)P. The spaces HP([) are also called as

weighted Hardy spaces

We denote the set of multipliers

{p € HP(B) : oH?(B) € H"(5)}

by HZP () and the operator of multiplication by ¢ on H?(8) by M, with

[elloe = 1]
A complex number A is said to be a bounded point evaluation on HP?(/3)

if the functional of point evaluation at A, ey, is bounded. A complex number
)\TL
A is a bounded point evaluation on H?((3) if and only if {ﬂ( )} € 19 ([6]).
n n

If lim inf ﬁ(n)% = 1 then for each A in the open unit disk, the functional of

evaluation at \, ey, is a bounded linear functional and we have
X Yn.n
z
z) = —
2 Gy

and

|A|"
lexll = Z

The function ¢ in HP(3) that maps the unit disc U into itself induces a
composition operator C, on H?(3) defined by C,,f = f o ¢.
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Let X be a complex Banach space and B(X) be the set of bounded linear
operators from X into itself. If 7" € B(X), then the orbit of a vector € X is
the set Orb(T,z) = {T"x : n € NU{0}}. The operator T is called hypercyclic
it Orb(T, z) is dense in X for some x € X.

Some sources on these topics are [1-15].

2 Main Results

We study the hypercyclicity of the composition operator acting between the
weighted Hardy spaces HP((3;) and H%(f3;) where 1 < ¢ < p < oo. For
similar discussion on the Hardy space H? see [2]. Also, Furthermore, the
characterization of the fixed points of a compact composition operator C, will

be considered.

Theorem 1. Suppose that ¢ is an analytic self-map of the open unit
disc and the composition operator C,, : HP(31) — H?(f3;) is bounded where

1 <qg<p<ooand Bi(n) < Bs(n) for all n. Also, let 1 +§ = 1 and

> 5 ( By < OO If C, is compact, then ¢ has exactly one fixed point in U.
n=0

Proof. First note if

Q
—~
o
|
(e
Na)Y
g
m
=
s
&

9= = 13 ) = |Z<g<n>ﬁ2<n>>%|

n=0 n=0
< 1/q N |nq 1/q/
< QLo Q57
n=0 :0
0o
< |g||H‘1 ﬁz l/q

:O

for all z in U where % + % = 1. Hence for all g in H9((3),

llgllo < dllgll s,
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where

=5 (%q, W

o0 —
Since W < 00, each point of U is a bounded point evaluation for both
n=0

spaces }{p(ﬁl) and H9(f3;). The functional of evaluation at w (w € U) on
both spaces HP(3;) and HY((s) is denoted respectively by e and . Let
A be the Denjoy-Wolff point of ¢. Put M, = ker ¢’ and M, = ker e\
Clearly M, and M, \ are closed subspaces of H?(3;) and H%((3;) respectively
and also C, M, » € M, . Now let T : M, x» — M, be the restriction of C,
to M, . Then T'is compact and so there exists « in the point spectrum of 7',
such that the spectral radius of T, r(T), is equal to |«|. Hence there exists a
nonzero function f in M, N M, such that T'f = af. Let 2y € U be such
that f(z9) # 0. Then we have

" f(z0) = (T" f)(20) = f(pn(20))

for all n € IN (here ¢, is the nth iterate of ). Letting n — oo, we get
a" f(z) — 0 since ¢, (20) — A and f € M, \. Thus it should be |a| < 1 which
implies that r(T) < 1. But 7(T) = lim ||T"||*/", hence ||T"|| — 0. Note that
fi — Mo € My, and "

lon = M #aezy) = [|T"(fr — Afo)ll — 0

as n — o0o. But as we saw earlier, we have

llon = Al < dllon = Ml mas,)

where
=1 ,
d= . 1/q
3 5

and ¢ + & = 1. Hence ¢,(z) — A for all z in U. Now if w is another fixed
point of ¢ in U, then we have 0 = lim(¢,(w) — ) = w — X and so w = A. This
completes the proof. O

Theorem 2. For all n, let 5;(n) < B»(n) and also suppose that for all
1 < ¢ < p < o0, the composition operator Cy, : HP(31) — H9(f:) is bounded

whenever 9 is an analytic self-map of the open unit disc with |||y < 1. If ¢ is
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an analytic self-map of the open unit disc and ||p||y < 1, then C,, : HP(3;) —
H(,) is compact.

Proof. By the assumptions of the theorem C, is bounded from H?(3;)
into H%((32). Now let m1 be such that ||¢||ly < 1 < 1 and put ¥(2) = rz.
Then |[¢]|y = 1 < 1 and so Cy : HP(f1) — HP(f) is bounded. Also, if
h = %(p, then ||h||ly < 1 and so Cy : HP((1) — H?(f,) is bounded and we
have ¢ = 1 o h. Hence C, = C},Cy. Now it is sufficient to show that Cy, is
compact. For this note that ||f,||mrs,) = Fi1(n) where f,(2) = 2" for all n.
Also, we have

fuy a0t _ v fu
Pin)” Biln)  Bu(n) Pi(n)
for all n. From this we can conclude that Cy, is indeed compact. This completes
the proof. O

Cy(

. ..n
=7

Corollary 3. Under the conditions of Theorem 2, C, is completely

continuous.

Proof. Since every compact operator is completely continuous, the proof
is complete. O

Theorem 4. Suppose that ¢ is an analytic self-map of U that fixes a
point of U and C, : H?(3,) — H(/3;) is bounded where 1 < ¢ < p < 0o and

Bi(n) < Bo(n) for all n. If >+ 5 =1 and 3 m < oo, then C, is not
n=0

hypercyclic.

Proof. Note that by the assumptions of the theorem C,, is bounded and
each point of U is a bounded point evaluation for both spaces H?(3,) and
H%(3,). The functional of evaluation at w (w € U) on both spaces HP(3;) and
H%(,) is denoted respectively by egf ) and egff). Now suppose « € U is a fixed
point for ¢. Then < f, e?) >= f(a) for all fin HP(3,). Fix f € HP((,), to
be regarded as a hypercyclic vector candidate.

If g belongs to the closure of Orb(Cy, f), then for some subsequence nj —

+00 we have C%kf — ¢. Thus we have
gla) =< g, > = lilgn <Cy, [, 9 >— hin < f.C BB
g

= lilgn < f, egjk (@) = lilgn flp,, (@) = f(a).
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This implies that no orbit can be dense in H%(3;) and so Cy, : H?(81) — H9(32)
is not hypercyclic, thus the proof is complete. O
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