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Abstract: By introducing two functions u(x) and v(x), we give a new
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equality are derived.
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1. INTRODUCTION

Let 1/p + 1/q = 1(p > 1), f, g ≥ 0 satisfy 0 <
∫∞

0
f p(x)dx < ∞ and

0 <
∫∞

0
gq(x)dx < ∞. Then the well known Hardy-Hilbert’s integral inequality

(see [1]) is given by∫ ∞

0

∫ ∞

0

f(x)g(y)

x + y
dxdy <

π

sin(π/p)

(∫ ∞

0

f p(x)dx

) 1
p
(∫ ∞

0

gq(x)dx

) 1
q

;

(1.1)

and an equivalent form is given by∫ ∞

0

(∫ ∞

0

f(x)

x + y
dx

)p

dy <

[
π

sin(π/p)

]p ∫ ∞

0

f p(x)dx; (1.2)

where the constant factor π/sin(π/p) and [π/sin(π/p)]p are the best possible.
The corresponding double series inequality which is known as Hardy-Hilbert’s
inequality (see [1]) is : if p > 1, 1

p
+ 1

q
= 1, an, bn ≥ 0 satisfy 0 <

∑∞
n=1 ap

n < ∞
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and 0 <
∑∞

n=1 bq
n < ∞,then

∞∑
m=1

∞∑
n=1

ambn

m + n
<

π

sin(π/p)

{ ∞∑
n=1

ap
n

}1/p{ ∞∑
n=1

bq
n

}1/q

; (1.3)

and an equivalent form is
∞∑

n=1

( ∞∑
m=1

am

m + n

)p

<

[
π

sin(π/p)

]p ∞∑
n=1

ap
n; (1.4)

where the constant factor π/ sin(π/p) and [π/ sin(π/p)]p are the best possi-
ble. Inequalities (1.1) and (1.3) are important in analysis and its applications
(cf.Mitrinovic et al.[2]).Recently many generalization and refinements of these
inequalities were also obtained.

Hardy et al.[1] gave an inequality, under the same condition of (1.1), similar
to (1.1) as:∫ ∞

0

∫ ∞

0

f(x)g(y)

max{x, y}dxdy < pq

(∫ ∞

0

f p(x)dx

)1/p(∫ ∞

0

gq(x)dx

)1/q

; (1.5)

and an equivalent form is given by∫ ∞

0

(∫ ∞

0

f(x)

max{x, y}dx

)p

dy < (pq)p

∫ ∞

0

f p(x)dx; (1.6)

where the constant factor pq and (pq)p are the best possible. The corresponding
double series inequality, under the same condition of (1.3), similar to (1.3) is

∞∑
m=1

∞∑
n=1

ambn

max{m,n} < pq

{ ∞∑
n=1

ap
n

}1/p{ ∞∑
n=1

bq
n

}1/q

; (1.7)

and an equivalent form is
∞∑

n=1

( ∞∑
m=1

am

max{m,n}

)p

< [pq]p
∞∑

n=1

ap
n; (1.8)

where the constant factor pq and (pq)p are the best possible. Recently Yongjin
et al.[5] gave a common generalization of (1.1) and (1.5), for the case p = q = 2
as follows : if f, g ≥ 0, f, g ∈ L2(0,∞) then for A > 0, B ≥ 0,∫ ∞

0

∫ ∞

0

f(x)g(y)

A max{x, y} + B max{x, y}dxdy

< D (A, B)

(∫ ∞

0

f 2(x)dx

) 1
2
(∫ ∞

0

g2(x)dx

) 1
2

;

(1.9)

where the constant factor D (A, B) defined by

D (A, B) =

∫ ∞

0

1

A max{1, t} + B max{1, t}t−
1
2 dt

is the best possible.
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In this paper, taking two different functions u(x) and v(x), we derive a new
Hardy-Hilbert type inequality, which is an extension of (1.9) and a general-
ization of both (1.1) and (1.5). As applications, the equivalent form and it’s
discrete version inequality are considered.

2. SOME LEMMAS

First, We need the formula of the β−function as (cf.Wang et al.[3]):

B(p, q) =

∫ ∞

0

1

(1 + t)p+q
tp−1dt = B(q, p) (2.1)

Lemma 2.1. Let p > 1, 1
p

+ 1
q

= 1. For A ≥ 0, B > 0 define

K(A, B) =

∫ 1

0

1

At + B
t−

1
q dt +

∫ ∞

1

1

A + Bt
t−

1
q dt (2.2)

Then

0 < K(A, B) < ∞.

In particular for A > 0, B > 0,

K(A, B) =
1

A
1
q B

1
p

∫ A
B

0

1

1 + t
t−

1
q dt +

1

A
1
p B

1
q

∫ ∞

B
A

1

1 + t
t−

1
q dt (2.3)

K(0, 1) = pq (2.4)

K(1, 1) =
π

sin π
p

(2.5)

Proof. For A > 0, B > 0, setting t = Bu
A

in the first integral and Au
B

in the
second integral of (2.2), we get (2.3). Hence by (2.1), we have

0 < K(A, B) <
1

A
1
q B

1
p

∫ ∞

0

1

1 + t
t−

1
q dt +

1

A
1
p B

1
q

∫ ∞

0

1

1 + t
t−

1
q dt

=

(
1

A
1
q B

1
p

+
1

A
1
p B

1
q

)
B

(
1

p
,
1

q

)
< ∞.

For A = 0, B > 0, we have

0 < K(0, B) =
1

B

(∫ 1

0

t−
1
q dt +

∫ ∞

1

t−1− 1
q dt

)
=

1

B
(p + q) =

pq

B
< ∞.

(2.5) follows from (2.3) and (2.1). This completes the lemma.

Notation:- For −∞ ≤ a < b ≤ ∞, we denote F(a, b) as the class of functions
u : (a, b) → (0,∞) such that u(x) is strictly increasing in (a, b) with u(a+) = 0
and u(b−) = ∞.
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Lemma 2.2. Let p > 1, 1
p

+ 1
q

= 1. u ∈ F(a, b) and v ∈ F(c, d), define

ω(u, v, q, x) and ω(v, u, p, y) as

ω(u, v, q, x) =

∫ d

c

(v(y))−
1
q v′(y)

A min{u(x), v(y)}+ B max{u(x), v(y)}dy, x ∈ (a, b) (2.6)

ω(v, u, p, y) =

∫ b

a

(u(x))−
1
p u′(x)

A min{u(x), v(y)}+ B max{u(x), v(y)}dx, y ∈ (c, d) (2.7)

Then

ω(u, v, q, x) = K(A, B)(u(x))−
1
q (2.8)

and

ω(v, u, p, y) = K(A, B)(v(y))−
1
p . (2.9)

Proof. Setting t = v(y)
u(x)

in (2.6), we get

ω(u, v, q, x) = (u(x))−
1
q

∫ ∞

0

1

A min{1, t} + B max{1, t}t−
1
q dt

= (u(x))−
1
q

(∫ 1

0

1

At + B
t−

1
q dt +

∫ ∞

1

1

A + Bt
t−

1
q dt

)

= K(A, B)(u(x))−
1
q .

Setting s = u(x)
v(y)

in (2.7) and then setting t = 1
s
, we get

ω(v, u, p, y) = (v(y))−
1
p

∫ ∞

0

1

A min{1, s} + B max{1, s}s−
1
p dt

= (v(y))−
1
p

(∫ 1

0

1

As + B
s−

1
p ds +

∫ ∞

1

1

A + Bs
s−

1
p ds

)

= (v(y))−
1
p

(∫ ∞

1

1

A + Bt
t−

1
q dt +

∫ 1

0

1

At + B
t−

1
q dt

)

= K(A, B)(v(y))−
1
p .

This completes the lemma.

Lemma 2.3. Let the assumption of the lemma-2.2 holds. Take a1 = u−1(1)
and c1 = v−1(1). Then for sufficiently small ε > 0,

I : =

∫ b

a1

∫ d

c1

(u(x))−
1+ε

p u′(x)(v(y))−
1+ε

q v′(y)

A min{u(x), v(y)}+ B max{u(x), v(y)}dxdy

>
1

ε
{K(A, B) + ◦(1)} −©(1).

(2.10)
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Proof. For fixed x ∈ (a, b), setting t = v(y)
u(x)

, we have

I =

∫ b

a1

u′(x)

(u(x))1+ε

(∫ ∞

1
u(x)

t−
1+ε

q

A min{1, t} + B max{1, t}dt

)
dx

=

∫ b

a1

u′(x)

(u(x))1+ε
dx

∫ ∞

0

t−
1+ε

q

A min{1, t} + B max{1, t}dt

−
∫ b

a1

u′(x)

(u(x))1+ε

(∫ 1
u(x)

0

t−
1+ε

q

A min{1, t} + B max{1, t}dt

)
dx

= I1 − I2 (say)

Then

I1 =
1

ε

{∫ ∞

0

t−
1
q

A min{1, t} + B max{1, t}dt +

∫ ∞

0

t−
1
q (t−

ε
q − 1)

A min{1, t} + B max{1, t}dt

}

=
1

ε
{K(A, B) + ◦(1)} as ε → 0+.

Since x ≥ a1, so u(x) ≥ 1. Hence

I2 =

∫ b

a1

u′(x)

(u(x))1+ε

(∫ 1
u(x)

0

t−
1+ε

q

At + B
dt

)
dx

<
1

B

∫ b

a1

u′(x)

u(x)

(∫ 1
u(x)

0

t−
1+ε

q dt

)
dx

=
1

B

(
1

q
− ε

q

)−2

.

Hence (2.10) is valid.The lemma is proved.

3. MAIN RESULTS

Theorem 3.1. Let p > 1, 1
p

+ 1
q

= 1. u ∈ F(a, b) and v ∈ F(c, d). If f, g ≥ 0

satisfy 0 <
∫ b

a
f p(x)dx < ∞ and 0 <

∫ d

c
gq(x)dx < ∞ then

J : =

∫ b

a

∫ d

c

(u′(x))
1
q (v′(y))

1
p f(x)g(y)

A min{u(x), v(y)}+ B max{u(x), v(y)}dxdy

< K(A, B)

(∫ b

a

f p(x)dx

) 1
p
(∫ d

c

gq(x)dx

) 1
q

;

(3.1)
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where the constant factor K(A, B) is the best possible. In particular,
(i) for A = B = 1, we have∫ b

a

∫ d

c

(u′(x))
1
q (v′(y))

1
p f(x)g(y)

u(x) + v(y)
dxdy

<
π

sin π
p

(∫ b

a

f p(x)dx

) 1
p
(∫ d

c

gq(x)dx

) 1
q

;

(3.2)

(ii) for A = 0, B = 1, we have∫ b

a

∫ d

c

(u′(x))
1
q (v′(y))

1
p f(x)g(y)

max{u(x), v(y)} dxdy

< pq

(∫ b

a

f p(x)dx

) 1
p
(∫ d

c

gq(x)dx

) 1
q

;

(3.3)

where the constant factors π
sin π

p
and pq are the best possible.

Proof. By the Hölder’s inequality with weight (cf. Kuang [4]), we have

J =

∫ b

a

∫ d

c

1

A min{u(x), v(y)}+ B max{u(x), v(y)}

×
[(

u(x)

v(y)

) 1
pq

(v′(y))
1
p f(x)

][(
v(y)

u(x)

) 1
pq

(u′(x))
1
q g(y)

]
dxdy

≤
{∫ b

a

(∫ d

c

(v(y))−
1
q v′(y)

A min{u(x), v(y)}+ B max{u(x), v(y)}dy

)
(u(x))

1
q f p(x)dx

}1
p

×
{∫ d

c

(∫ b

a

(u(x))−
1
p u′(x)

A min{u(x), v(y)}+ B max{u(x), v(y)}dx

)
(v(y))

1
p gq(y)dy

}1
q

(3.4)

If (3.4) takes the form of equality, then there exists non negative numbers c1

and c2, such that they are not all zero and

c1

(
u(x)

v(y)

) 1
q

v′(y)f p(x) = c2

(
v(y)

u(x)

) 1
p

u′(x)gq(y) a.e. in (a, b) × (c, d).

It follows that

c1
u(x)

u′(x)
f p(x) = c2

v(y)

v′(y)
gq(y) = c3 a.e. in (a, b) × (c, d).

where c3 is a constant.
Without loss of generality, suppose that c1 	= 0. Then we have∫ b

a

f p(x)dx =
c3

c1

∫ b

a

u′(x)

u(x)
dx =

c3

c1

∫ ∞

0

1

t
dt = ∞
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which contradicts to the fact that 0 <
∫ b

a
f p(x)dx < ∞. Then by (2.6) and

(2.7), we have

J <

(∫ b

a

ω(u, v, q, x)(u(x))
1
q f p(x)dx

) 1
p
(∫ d

c

ω(v, u, p, y)(v(y))
1
p gq(x)dx

) 1
q

and in view of (2.8) and (2.9), it follows that (3.1) is valid.
For sufficiently small ε > 0, setting

fε(x) =

{
0 if x ∈ (a, a1) (a1 = u−1(1))

(u(x))−
1+ε

p (u′(x))
1
p if x ∈ [a1, b)

gε(x)=

{
0 if x ∈ (c, c1) (c1 = v−1(1))

(v(x))−
1+ε

q (v′(x))
1
q if x ∈ [c1, d)

we have (∫ b

a

f p
ε (x)dx

) 1
p
(∫ d

c

gq
ε(x)dx

) 1
q

=
1

ε
. (3.5)

If the constant factor K(A, B) in (3.1) is not the best possible, then there
exists a positive constant C < K(A, B), such that (3.1) is still valid if we
replace K(A, B) by C. In particular by (2.10) and (3.5), we have

K(A, B) + ◦(1) − ε © (1)

= εI = ε

∫ b

a

∫ d

c

(u′(x))
1
q (v′(y))

1
p fε(x)gε(y)

A min{u(x), v(y)}+ B max{u(x), v(y)}dxdy

< εC

(∫ b

a

f p(x)dx

) 1
p
(∫ d

c

gq(x)dx

) 1
q

= C

and then K(A, B) ≤ C (ε → 0+). This contradiction leads to the conclusion
that the constant factor in (3.1) is the best possible. The theorem is proved.

Remark 3.2. Taking u(x) = v(x) = x in (3.2) and (3.3), we get the Hardy-
Hilbert’s inequality (1.1) and the Hardy-Hilbert type inequality (1.5) respec-
tively. (1.9) recovered from (3.1) by taking u(x) = v(x) = x and p = q = 2.

Taking suitable functions u(x) and v(x) in (3.2) and (3.3), we get many Hardy-
Hilbert type inequalities.

Theorem 3.3. Let p > 1, 1
p

+ 1
q

= 1, and u ∈ F(a, b). If f ≥ 0 satisfy

0 <
∫ b

a
f p(x)dx < ∞, then we obtain the equivalent inequality of (3.1) as
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follows:

∫ d

c

v′(y)

[∫ b

a

(u′(x))
1
q f(x)

A min{u(x), v(y)}+ B max{u(x), v(y)}dx

]p

dy

< (K(A, B))p

∫ b

a

f p(x)dx;

(3.6)

where the constant factor (K(A, B))p is the best possible. In particular,
(i) for A = B = 1, we get an equivalent inequality of (3.2) as

∫ d

c

v′(y)

[∫ b

a

(u′(x))
1
q f(x)

u(x) + v(y)
dx

]p

dy <

(
π

sin π
p

)p ∫ b

a

f p(x)dx; (3.7)

(ii) for A = 0, B = 1, we get an equivalent inequality of (3.3) as

∫ d

c

v′(y)

[∫ b

a

(u′(x))
1
q f(x)

max{u(x), v(y)}dx

]p

dy < (pq)p

∫ b

a

f p(x)dx; (3.8)

where the constant factors
(

π
sin π

p

)p

and (pq)p are the best possible.

Proof. Let g(y) = (v′(y))
1
q

[∫ b

a
(u′(x))

1
q f(x)

Amin{u(x),v(y)}+B max{u(x),v(y)}dx

]p−1

, then by (3.1),

we have

0 <

∫ d

c

gq(y)dy

=

∫ d

c

v′(y)

[∫ b

a

(u′(x))
1
q f(x)

A min{u(x), v(y)}+ B max{u(x), v(y)}dx

]p

dy

=

∫ b

a

∫ d

c

(u′(x))
1
q (v′(y))

1
p f(x)g(y)

A min{u(x), v(y)}+ B max{u(x), v(y)}dxdy

≤ K(A, B)

(∫ b

a

f p(x)dx

) 1
p
(∫ d

c

gq(y)dy

)1
q

,

(3.9)
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then

0 <

(∫ d

c

gq(y)dy

)1
p

=

(∫ d

c

v′(y)

[∫ b

a

(u′(x))
1
q f(x)

A min{u(x), v(y)}+ B max{u(x), v(y)}dx

]p

dy

) 1
p

≤ K(A, B)

(∫ b

a

f p(x)dx

) 1
p

< ∞.
(3.10)

It follows that (3.9) takes the form of strict inequality by using (3.1); so, does
(3.10). Hence we can get (3.6).

On the other hand, if (3.6) holds, then by the Hölder’s inequality, we have∫ b

a

∫ d

c

(u′(x))
1
q (v′(y))

1
p f(x)g(y)

A min{u(x), v(y)}+ B max{u(x), v(y)}dxdy

=

∫ d

c

[
(v′(y))

1
p

∫ b

a

(u′(x))
1
q f(x)

A min{u(x), v(y)}+ B max{u(x), v(y)}dx

]
g(y)dy

≤
(∫ d

c

v′(y)

[∫ b

a

(u′(x))
1
q f(x)

A min{u(x), v(y)}+ B max{u(x), v(y)}dx

]p

dy

)1
p

×
(∫ d

c

gq(y)dy

)1
q

.

Hence by (3.6), (3.1) yields. Thus it follows that (3.1) and (3.6) are equivalent.
Since the constant in (3.1) is the best possible, hence the constant in (3.6) is
the best possible. The theorem is proved.

4. THE DISCRETE VERSION OF THE INEQUALITY

Theorem 4.1. Let p > 1, 1
p

+ 1
q

= 1, m0, n0 ∈ N, u ∈ F(m0 − 1,∞) and

v ∈ F(n0 − 1,∞) such that u′(x) and v′(x) are decreasing in (m0 − 1,∞)
and (n0 − 1,∞) respectively. If am, bn ≥ 0 satisfy 0 <

∑∞
m=m0

ap
m < ∞ and

0 <
∑∞

n=n0
bq
n < ∞ then

∞∑
m=m0

∞∑
n=n0

(u′(m))
1
q (v′(n))

1
p ambn

A min{u(m), v(n)} + B max{u(m), v(n)}

< K(A, B)

( ∞∑
m=m0

ap
m

) 1
p
( ∞∑

n=n0

bq
n

)1
q

;

(4.1)



1372 N. Das and S. Sahoo

where the constant factor K(A, B) is the best possible. In particular,
(i) for A = B = 1, we have

∞∑
m=m0

∞∑
n=n0

(u′(m))
1
q (v′(n))

1
p ambn

u(m) + v(n)
<

π

sin π
p

( ∞∑
m=m0

ap
m

) 1
p
( ∞∑

n=n0

bq
n

) 1
q

; (4.2)

(ii) for A = 0, B = 1, we have

∞∑
m=m0

∞∑
n=n0

(u′(m))
1
q (v′(n))

1
p ambn

max{u(m), v(n)} < pq

( ∞∑
m=m0

ap
m

) 1
p
( ∞∑

n=n0

bq
n

) 1
q

; (4.3)

where the constant factors π
sin π

p
and pq are the best possible.

Proof. Proceeding as in the theorem-3.1 and using Hölder’s inequality, we get

∞∑
m=m0

∞∑
n=n0

(u′(m))
1
q (v′(n))

1
p ambn

A min{u(m), v(n)} + B max{u(m), v(n)}

≤
{ ∞∑

m=m0

( ∞∑
n=n0

(v(n))−
1
q v′(n)

A min{u(m), v(n)} + B max{u(m), v(n)}

)
(u(m))

1
q ap

m

} 1
p

×
{ ∞∑

n=n0

( ∞∑
m=m0

(u(m))−
1
p u′(m)

A min{u(m), v(n)} + B max{u(m), v(n)}

)
(v(n))

1
p bq

n

} 1
q

.

By (2.6) and (2.8), we get

∞∑
n=n0

(v(n))−
1
q v′(n)

A min{u(m), v(n)} + B max{u(m), v(n)}

<

∫ ∞

n0−1

(v(y))−
1
q v′(y)

A min{u(m), v(y)}+ B max{u(m), v(y)}dy

= ω(u, v, q, m) = K(A, B)(u(m))−
1
q .

Similarly, we get

∞∑
m=m0

(u(m))−
1
p u′(m)

A min{u(m), v(n)} + B max{u(m), v(n)} < K(A, B)(v(n))−
1
p .

So, (4.1) is valid.
For sufficiently small ε > 0, setting

ãm = (u(m))−
1+ε

p (u′(m))
1
p (m ≥ m0)

b̃n = (v(n))−
1+ε

q (v′(n))
1
q (n ≥ n0).
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we have
∞∑

m=m0

ãp
m =

u′(m0)

(u(m0))1+ε
+

∞∑
m=m0+1

u′(m)

(u(m))1+ε

≤ u′(m0)

(u(m0))1+ε
+

∫ ∞

m0

u′(x)

(u(x))1+ε
dx

=
1

ε

[
ε

u′(m0)

(u(m0))1+ε
+

1

(u(m0))ε

]
.

(4.4)

Similarly,

∞∑
n=n0

b̃q
n ≤ 1

ε

[
ε

v′(n0)

(v(n0))1+ε
+

1

(v(n0))ε

]
. (4.5)

Also proceeding as in the lemma-2.3, we have

∞∑
m=m0

∞∑
n=n0

(u′(m))
1
q (v′(n))

1
p ãmb̃n

A min{u(m), v(n)} + B max{u(m), v(n)}

=
∞∑

m=m0

∞∑
n=n0

(u(m))−
1+ε

p u′(m)(v(n))−
1+ε

q v′(n)

A min{u(m), v(n)} + B max{u(m), v(n)}

>

∫ ∞

m0

∫ ∞

n0

(u(x))−
1+ε

p u′(x)(v(y))−
1+ε

q v′(y)

A min{u(x), v(y)}+ B max{u(x), v(y)}dxdy

>
1

ε

1

(u(m0))ε
(K(A, B) + ◦(1)) −©(1)

(4.6)

If the constant factor K(A, B) in (4.1) is not the best possible, then there
exists a positive constant C < K(A, B), such that (4.1) is still valid if we
replace K(A, B) by C. In particular by (4.4) , (4.5) and (4.6), we have

1

(u(m0))ε
(K(A, B) + ◦(1)) − ε © (1)

< ε

∞∑
m=m0

∞∑
n=n0

(u′(m))
1
q (v′(n))

1
p ãmb̃n

A min{u(m), v(n)} + B max{u(m), v(n)}

< εC

( ∞∑
m=m0

ãp
m

) 1
p
( ∞∑

n=n0

b̃q
n

)1
q

= C

(
ε

u′(m0)

(u(m0))1+ε
+

1

(u(m0))ε

) 1
p
(

ε
v′(n0)

(v(n0))1+ε
+

1

(v(n0))ε

) 1
q

and then K(A, B) ≤ C (ε → 0+). This contradiction leads to the conclusion
that the constant factor in (4.1) is the best possible. The theorem is proved.
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Remark 4.2. Taking u(n) = v(n) = n in (4.2) and (4.3), we get the Hardy-
Hilbert’s inequality (1.3) and the Hardy-Hilbert type inequality (1.7) respec-
tively.

Taking suitable functions u(m) and v(n) in (4.2) and (4.3), we get many Hardy-
Hilbert type inequalities.

Theorem 4.3. Let p > 1, 1
p

+ 1
q

= 1, m0, n0 ∈ N, u ∈ F(m0 − 1,∞) and

v ∈ F(n0 − 1,∞) such that u′(x) and v′(x) are decreasing in (m0 − 1,∞) and
(n0 − 1,∞) respectively. If am ≥ 0 satisfy 0 <

∑∞
m=m0

ap
m < ∞ then then we

obtain the equivalent inequality of (4.1) as follows:

∞∑
n=n0

v′(n)

[ ∞∑
m=m0

(u′(m))
1
q am

A min{u(m), v(n)} + B max{u(m), v(n)}

]p

< (K(A, B))p
∞∑

m=m0

ap
m;

(4.7)

where the constant factor (K(A, B))p is the best possible. In particular,
(i) for A = B = 1, we get an equivalent inequality of (4.2) as

∞∑
n=n0

v′(n)

[ ∞∑
m=m0

(u′(m))
1
q am

u(m) + v(n)

]p

<

(
π

sin π
p

)p ∞∑
m=m0

ap
m; (4.8)

(ii) for A = 0, B = 1, we get an equivalent inequality of (4.3) as

∞∑
n=n0

v′(n)

[ ∞∑
m=m0

(u′(m))
1
q am

max{u(m), v(n)}

]p

< (pq)p
∞∑

m=m0

ap
m; (4.9)

where the constant factors
(

π
sin π

p

)p

and (pq)p are the best possible.

Proof. Taking bn = (v′(n))
1
q

[∑∞
m=m0

(u′(m))
1
q am

A min{u(m),v(n)}+B max{u(m),v(n)}

]p−1

and pro-

ceeding as in the theorem-3.3, we prove the theorem.

References

[1] G.H. HARDY, J.E. LITTLEWOOD AND G. POLYA, Inequalities, Cambridge Univer-
sity Press, Cambrige, 1952.

[2] D.S. MINTRINOVIC, J.E. PECARIC AND A.M. FINK, Inequalities Involving Func-
tions and Their Integrals and Derivatives,Kluwer Academic Publishers, Boston, 1991.

[3] ZHUXI WANG AND DUNRIN GUO, An Introduction to Special Functions, Science
Press, Beijing, 1979.

[4] JICHANG KUANG, Applied Inequalities, Shangdong Science and Technology Press,
Jinan, 2004.

[5] YONGJIN LI, ZHIPING WANG AND BING HE, Hilbert’s type Linear Operator and
Some Extensions of Hilbert’s equality, Preprint, 2007.

Received: July 10, 2007


