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Abstract: By introducing two functions u(x) and v(x), we give a new
Hardy-Hilbert type inequality, which is a generalization of Hardy-Hilbert’s
inequality. As applications, the equivalent form and it’s discrete version in-
equality are derived.

Mathematics Subject Classification: 26D15
Keywords: Hardy-Hilbert’s inequality; Holder’s inequality; S-function

1. INTRODUCTION

Let 1/p+1/q = 1(p > 1), f,9 > 0 satisfy 0 < fooofp(x)dx < oo and
0< fooo g%(x)dx < co. Then the well known Hardy-Hilbert’s integral inequality
(see [1]) is given by

and an equivalent form is given by

/0°° ( 0°° jf;dx)pdy < lm}p/j fP(@)da; (1.2)

where the constant factor m/sin(m/p) and [r/sin(m/p)]P are the best possible.
The corresponding double series inequality which is known as Hardy-Hilbert’s
inequality (see [1]) is : if p > 1, 2+ 1 = 1, a,,b, > 0 satisfy 0 < 3777 ab < o0
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and 0 < >>° bl < oco,then

/r ¢ 1/q
Z%Zlm—i-n sin 7r/p {Zap} {Zlbgz} ; (1.3)

and an equivalent form is

- (S) <[]
— ab (1.4)
;(TnzlmjLn) sin(m/p) ;
where the constant factor m/sin(r/p) and [r/sin(n/p)]P are the best possi-
ble. Inequalities (1.1) and (1.3) are important in analysis and its applications
(cf.Mitrinovic et al.[2]).Recently many generalization and refinements of these
inequalities were also obtained.

Hardy et al.[1] gave an inequality, under the same condition of (1.1), similar

/ / max{x y}dxdy<pq (/ e df)l/p (/Ooogq(x)dxy/q; (1.5)

and an equivalent form is glven by

/ (/ max{z, y}dx) dy < (pg) / [P (1.6)

where the constant factor pg and (pq)? are the best possible. The corresponding
double series inequality, under the same condition of (1.3), similar to (1.3) is

oo 1/p ¢ 1/q
sz%{mn}<pq{zaﬁ} {Zbi} ; (1.7)

m=1 n=1 n=1

and an equivalent form is

0o o p o
— ) < [pg” Yl (18)
; (; max{m, n}) ;
where the constant factor pg and (pq)P are the best possible. Recently Yongjin
et al.[5] gave a common generalization of (1.1) and (1.5), for the case p = ¢ = 2
as follows : if f,g >0, f,g € L?(0,00) then for A > 0, B > 0,

e f(z)g(y)
/0 /0 Amax{z,y} + Bmax{z, y}dxdy

< D (A, B)(/OOo fQ(x)dx)% (/OOO gQ(x)dx)% ;

where the constant factor D (A, B) defined by

o 1 1
D(A,B) = t2dt
(4, B) /0 Amax{1,t} + Bmax{l,t} ’

is the best possible.
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In this paper, taking two different functions u(z) and v(x), we derive a new
Hardy-Hilbert type inequality, which is an extension of (1.9) and a general-
ization of both (1.1) and (1.5). As applications, the equivalent form and it’s

discrete version inequality are considered.

2. SOME LEMMAS

First, We need the formula of the f—function as (cf.Wang et al.[3]):

©
B = ———t""'dt =B
(p,q) /0 T (4,p)

Lemma 2.1. Let p > 1,}0%—% =1. For A>0,B > 0 define

1 1 1 & 1 1
K(A,B):/ tth+/ it
. Al + B . A+ Bi

0< K(A,B) < .
In particular for A > 0,B > 0,

Then

A
1P 1 R T
K(A,B) = /B  adb 4 — / tadt
0

A7 B»v 1+t AvBi Je 1+t
K(0,1) = pq
v
K(1.1) =
(1,1) sin%

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

Proof. For A > 0,B > 0, setting t = 2% in the first integral and % in the

A
second integral of (2.2), we get (2.3). Hence by (2.1), we have

1 >~ 1 1 >~ 1
0< K(A,B) < —1/ —— Tudt + — / tudt
0 0

A%BE 1+t A» B 1+t
1 1 11
:( T T 3 1)3(_7_)
AdBr Ar Ba b q
< 0.

For A =0,B > 0, we have

1 1 1 o0 1 1
O<K(O,B):§(/ tth—i-/ thdt> :E(p+CI):—q<oo.
0 1

(2.5) follows from (2.3) and (2.1). This completes the lemma.

O

Notation:- For —oco < a < b < 00, we denote F(a, b) as the class of functions
u: (a,b) — (0, 00) such that u(x) is strictly increasing in (a, b) with u(a+) =0

and u(b—) = oc.
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Lemma 2.2. Let p > 1,]% +% =1. u € F(a,b) and v € Flc,d), define
w(u,v,q,r) and w(v,u,p,y) as

_ [ (v(y) "7/ (y) et
w(u,v,q,2) = / Amin{u(z),o(y)} + Bmaxfu(@) o)y & € (@0 (26)
[ (u(w)) #u/(2) et
w(v,u,pry) _/a Tmin{u(), o(y)} + Bmaxfa(a) oo v € (e d) (27)
Then
w(u,v,q,7) = K(A, B)(u(z)) s (2.8)
and
w(v,u,p,y) = K(4, B)(v(y)) . (2.9)

Proof. Setting t = % in (2.6), we get

1 [ 1 1
W, v, q,2) = (ulz)) q/o Amin{l,t}+BmaX{1,t}t dt

= (u(x)) s (/01 AtiBt;dH/loo AiBtt;do
= K(A, B)(u(z)) .

Setting s = % in (2.7) and then setting t = %, we get

1 [ 1 1
w(v,u,py) = (v(y)) p/o Amin{l,s}+BmaX{1,s}S vt

_1 L | _1 < 1 1
= (v(y))"» (/0 e Pds—i—/l A1 B’ Pds)

= (u(y)) > (/looAiBttédtJr/ol AtiBtédt)
= K(A, B)(v(y)) >

This completes the lemma. O
Lemma 2.3. Let the assumption of the lemma-2.2 holds. Take a; = u=*(1)
and ¢, = v=Y(1). Then for sufficiently small e > 0,

_1+e 1+e

) @) )
b // Amin{u(), o)} + Bmax(u(@). oG (210)

> E{K(A, B) +o(1)} — O(1).
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Proof. For fixed = € (a,b), setting t = ZE?), we have

b Cu'(z) £
I_/ (u(z))+= ( Amln{l t} + Bmax{1,t} )dw

14e

I -
/((x))Hs /0 Amin{1,7} + Bmax{L, i}

b Cu(x) ) B
_/ (u(z))+e </o Amin{l,t}—i—BmaX{l,t}dt) de

=1 — I, (say)
Then
L[ > ta < ta(tTe — 1)
I, =~ dt dt
YT e {/0 Amin{1,t} + Bmax{l,t} +/0 Amin{l,t} + Bmax{1,t} }
1
= E{K(A’ B) +0o(1)} as ¢ — 0.

Since = > ay, so u(z) > 1. Hence
b Cu'(z) Wt
I, = dt | d
2T / (u x))ite / At+ B v
(,1;) /u(z) _1+e
< = t e dt | dx
B ay U(Z‘) 0

! (1 e>2
B\q¢ gq)

Hence (2.10) is valid.The lemma is proved. O

3. MAIN RESULTS

Theorem 3.1. Let p > 1, l—i-l—l u € Fla,b) and v € F(c,d). If f,g >0
satzsfy0<f fP(x dx<ooand0<f g% (z)dx < oo then

ﬁ(v’(y»%f(x)g(y)
/ / Amln{u ,0(y)} + Bmax{u(x), (y)}dxdy

< K(4,B) (/ fpzdx)p(/cdgq(x)dx) ;

(3.1)

Q|
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where the constant factor K(A, B) is the best possible. In particular,
(i) for A= B =1, we have

/ / ﬁ(;f)(x)g(y)dxdy

. ; (3.2)
u o) (o)

(ii) for A=0,B =1, we Zave
[ [,

< pq (/a fp(I)dl‘); (/Cdgq(x)dx); ;

where the constant factors = and pq are the best possible.
p

Proof. By the Holder’s inequality with weight (cf. Kuang [4]), we have

// Amm{u ()}+BmaX{U() v(y)}

« [(“Ey§ )" <v’<y>>%f<x> (42 " <u'<x>>%g<y>] dndy

([ (v(y) v’ (y) ey
S{/ </ Amin{u(z), v(y)} +BmaX{u(x),v(y)}dy> (u(x))a f7( )d}

A (u(x)) P/ (x) N )
{/ </aAmiﬂ{U(:c),v(y)}+Bmax{u(x),v(y)}d> (v(y))ryg (?J)dy}
(3.4)

If (3.4) takes the form of equality, then there exists non negative numbers ¢;
and ¢y, such that they are not all zero and

cl (M)%U'(y) £(z) = o5 (U(y))%u’(x)gq(y) ae. in (a,b) x (c,d).

v(y) u(z)
It follows that
u(z) =c v(y) Uy) =c3 a.e. in (a c
Clu,(x) (.I') = QU’(y)g (y) 3 &.C. ( 7b) X ( 7d)'

where c3 is a constant.
Without loss of generality, suppose that ¢; # 0. Then we have

b [ o)
/ s =S [ @, e [Tl
a (&1

a U(ZE) C1 Jo t
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which contradicts to the fact that 0 < f fP(z)dx < oo. Then by (2.6) and
(2.7), we have

J<:QAZ%Uﬂ%%xXUO»ﬁf%xM%>;(Zdw@”““yﬂvwniﬂ@ﬁm);

and in view of (2.8) and (2.9), it follows that (3.1) is valid.
For sufficiently small € > 0, setting

o if £ € (a,a1) (a1 = u™'(1))
ﬁ()—{ S (W(2)F if 2 € [ay,b)

g-(7)= {0 . itz e (c,a)(er=v(1))
: (v(x))" 70 (W'(x))7 if z € [¢1,d)

we have

3=

(/ab ff(x)dx) (/Cdgg(av)dx); = % (3.5)

If the constant factor K (A, B) in (3.1) is not the best possible, then there
exists a positive constant C' < K(A, B), such that (3.1) is still valid if we
replace K (A, B) by C. In particular by (2.10) and (3.5), we have

K(A,B)+0o(1)—e(O (1)
_ (@)W W) foleoely)
=el= 8/ / Amln{u x),v(y)}+ Bmax{u(m),v(y)}d dy

<eC (/ fp(:z:)dzz:> p (/d g%x)dx)é

and then K (A, B) < C (¢ — 07). This contradiction leads to the conclusion
that the constant factor in (3.1) is the best possible. The theorem is proved.
O

Remark 3.2. Taking u(x) = v(z) = x in (3.2) and (3.3), we get the Hardy-
Hilbert’s inequality (1.1) and the Hardy-Hilbert type inequality (1.5) respec-
tively. (1.9) recovered from (3.1) by taking u(z) = v(z) =z and p = g = 2.

Taking suitable functions u(x) and v(z) in (3.2) and (3.3), we get many Hardy-
Hilbert type inequalities.

Theorem 3.3. Let p > 1, l+l =1, and u € F(a,b). If f > 0 satisfy
0 < f fP(x)dr < oo, then we obtam the equivalent inequality of (3.1) as
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follows:

/ ")

/b (u/(2))7 f ()
o Amin{u(z), v(y)} + Bmax{u(z), v(y)}

b
K(A, B)) / 7(z)da

where the constant factor (K (A, B))? is the best possible. In particular,
(i) for A= B =1, we get an equivalent inequality of (3.2) as

/cdvl(y) [lb%m] dy < (Sm ) / Pz (3.7)

(i) for A=0,B =1, we get an equivalent inequality of (3.3) as

/ [ / max{u ll) dxrdy < (pg)" / b fr(x)de;  (3.8)

p
where the constant factors <Sm%> and (pq)?P are the best possible.
P

1 p—1
1 b uw' ()4 f(x
Proof. Let g(y) = (v'(y)) [fa Amin{u(m),gf(y()})-ZBfﬂ(ﬂal{u(m):U(y)}dx:| , then by (3.1),
we have
d
0< / g (y)dy

ol («'(2)) f () N
=[] Amln{u<x>,v<y>}+8max{u<> <y>}d] w

) (v ()7 f(2)9(y)
// Amln{u y)} B max{u(x) v(y)}dxdy
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then

o< (/[ gq(y)dy);
) (fcd“'(” [ it ngix{u(m)m(y)}dx] dy)
< K(A,B) (/ab f”(I)dm)p

< 0Q.

S =

(3.10)

It follows that (3.9) takes the form of strict inequality by using (3.1); so, does
(3.10). Hence we can get (3.6).
On the other hand, if (3.6) holds, then by the Hélder’s inequality, we have

b pd (u/(x))%(vl(y))%f(x)g(y)
/“ /C Amin{u(z),v(y)} + B max{u(z), v(y)}dxdy

"ot [ (w/(2)) f () }

- [ et | Amin{u(@), o(y)} + Bmax{u(z) o(y)} | 1Y
iy ' (' (2))7 () Y

: </ 2l Amin{u(az)m(y)}+Bmax{u<x>,v<y>}dx] dy)

X (/ gq(y)dy) "

Hence by (3.6), (3.1) yields. Thus it follows that (3.1) and (3.6) are equivalent.
Since the constant in (3.1) is the best possible, hence the constant in (3.6) is
the best possible. The theorem is proved. O

4. THE DISCRETE VERSION OF THE INEQUALITY

Theorem 4.1. Let p > 1,]% +% = 1,mp,no € Nyu € F(mop — 1,00) and
v € F(nog — 1,00) such that v'(x) and v'(x) are decreasing in (mg — 1, 00)
and (ng — 1,00) respectively. If ap,b, > 0 satisfy 0 < Y~ ab < oo and
0< Y02, bl <oo then

DS (u/(m))7 (v (n)) P aby

Amin{u(m),v(n)} + Bmax{u(m),v(n)}

m=mg n=ng

<K(A,B)<Zaﬁ1> ( bg) :
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where the constant factor K(A, B) is the best possible. In particular,
(i) for A= B =1, we have

PO RO <$«Z@%Z@3@%

m=mgo n=no

(ii) for A=0,B =1, we have

Z Z maX{u 1;;()712;)(”6;? - <P ( Z @%> p (Z b;i) q ;o (4.3)

m=mg n=no m=mg n=ng

where the constant factors ;= and pq are the best possible.
P

Proof. Proceeding as in the theorem-3.1 and using Holder’s inequality, we get

SR (/(m)) 5 (v/(n)) 7 anby,
n;%;%Ammmmmwm}+Bmwwmmwm}

= (& (v(m) Fv/ () ol
= {mz;n <nzn: Amin{a(m), o)} + Bmax{u(m),v(n)}) (w(m)) m}

S (um)) ' (m) s
% {; (m;noAmin{u(m),v(n)}—i—BmaX{u(m),v(n)}) (v(n)) b"} '

By (2.6) and (2.8), we get

N (v(n))"1v'(n)
;O Amin{u(m),v(n)} + B max{u( ),v(n)}

3 () ' (W)
romn A {u(m), o)} + Bmax{u(m), o))
= w(u,v,q,m) = K(A, B)(u(m))

Similarly, we get

0o (u(m)) P (m) B
m:zrno Amin{u(m),v(n)} + Bmax{u(m),v(n)} < K(A,B)(v(n)) ».

So, (4.1) is valid.
For sufficiently small € > 0, setting

G = (u(m)) "7 (4 (m))7  (m > mo)

bn = (v(n))" = (v'(n))

1+
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we have
= (my) = ()
2 gy T2
u'(mo) * u(x) " (4.4)
Swwmw%+lWWxW%d
_ Ly u/(mo) 1
‘eLMWW%+wmm4
Similarly,

e [ (v(no)*=  (v(no))*

Also proceeding as in the lemma-2.3, we have

iégglle Vi) 1 ] (4.5)

n=ng

N (u'(m)) s (v'(n)) 7 dmb
Z Z Amin{u(m),v(n)} + Bmax{u(m),v(n)}

1+e 1+

N (u(m))” » w'(m)(v(n))”« v'(n)

=2 _ZO Amin{u(m),v(n)} + Bmax{u(m),v(n)} (4.6)

_lde _lde
[ e e
mo Jne Amin{u(x), v(y)} + Bmax{u(z),v(y)}
1 1
> -———(K(A,B)+0o(1)) — O(1
o KA B) +o(1) = O()
If the constant factor K (A, B) in (4.1) is not the best possible, then there
exists a positive constant C' < K (A, B), such that (4.1) is still valid if we
replace K (A, B) by C. In particular by (4.4) , (4.5) and (4.6), we have

(K(A,B)+0o(1)) = O (1)

(u(mo))® )

© X (u'(m)) 7 (v (1)) ? b
<eg Z Z Amin{u(m),v(n)} + Bmax{u(m),v(n)}

m=mg n=ng

<50<§: ag)é (iég)é

m=mg n=no
/ 1 / 1\
_c (5 u (moz N ) (5 v (noz N )
(u(mo))t*e — (u(mo))® (v(no)) =~ (v(no))®
and then K (A, B) < C (¢ — 0%). This contradiction leads to the conclusion

that the constant factor in (4.1) is the best possible. The theorem is proved.
O

B =
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Remark 4.2. Taking u(n) = v(n) = n in (4.2) and (4.3), we get the Hardy-
Hilbert’s inequality (1.3) and the Hardy-Hilbert type inequality (1.7) respec-
tively.

Taking suitable functions u(m) and v(n) in (4.2) and (4.3), we get many Hardy-
Hilbert type inequalities.

Theorem 4.3. Let p > 1,1% +% = 1,mp,no € Nyu € F(my — 1,00) and
v € F(ng—1,00) such that v'(x) and v'(z) are decreasing in (mg—1,00) and
(no — 1,00) respectively. If a,, > 0 satisfy 0 < ) = “ab, < oo then then we
obtain the equivalent inequality of (4.1) as follows:

NN (u(m)) !
2 v WZ; Amin{u(m),v(n)} + Bmax{u(m), v(n>}]

n=ng

< (K(A,B)) Y ah;

m=mg

(4.7)

where the constant factor (K(A, B))" is the best possible. In particular,
(i) for A= B =1, we get an equivalent inequality of (4.2) as

= 52 @omyian )" (xS,
T;ov(n) _mzzmo U(m)—}-v(n) = (Sin%) m:zmo > (48>

(i) for A=0,B =1, we get an equivalent inequality of (4.3) as

o S (UI(m))%am ' PN p.
;OU (n) _mzzmo maX{u(m),y(n)}] < (pq) mzzmo (- (4.9)

™

p
where the constant factors <Sin£) and (pq)?P are the best possible.
P

1 p—1
. () i 0o (' (m)) 9 am
Proof. Taking b, = (U (n))q |:me0 Amin{u(m),v(n)}+B max{u(m),v(n)}:| and pro-
ceeding as in the theorem-3.3, we prove the theorem. O
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