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Abstract

Let S;,(n) be the sum of the m-th powers of the prime factors in the
prime factorization of n!.

We prove the following asymptotic formula

C(m+ 1) nmHl

Sim(n) ~ m+1 logn

Where ((s) is the Riemann’s Zeta Function.

Let 0y, p(n) be the sum of the m-th powers of the different prime
divisors of n.

We prove the following asymptotic formula

zn: (i) ¢(m 4+ 1) nmH
Omp(t) ~ ——=
= P m+1 logn
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1 Lemmas

The following theorems are well known [1]. We shall use them as lemmas.
Let 7(x) be the number of primes not exceeding .

Lemma 1.1 (Prime number theorem). The following formula holds

m(x) = AP
~logzx log x
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Lemma 1.2 Ifp <n is a prime, then

n n n
l—] + [?] + l?] + ...
p p p
1s the exponent of p appearing in the prime factorization of n!.

Let Q(n) be the number of prime factors in the prime factorization of n.

Lemma 1.3 The following formula holds

n

Q(n!) =>_ Qi) = nloglogn + o (nloglogn)

=1

The following lemma is a consequence of the prime number theorem ( see [3]
or [2]).

Let $,,(x) be the sum of the m-th powers of the primes not exceeding z,
where m =1,2,3, ...

Lemma 1.4

xm—&—l Z'm+1
sm(x):me: +0< )

= (m+1)logz log =

Finally, we can obtain without difficulty the following lemma.

Lemma 1.5

jzl<ﬂ'_m_m>—§( +1)  (m=1,23,..)

where ((s) is the Riemann’s Zeta Function.

Remark. Note that in the proof of lemma 1.5 ( if m = 1) there exists the

formula
L S S |
1.2 23 777 am+l) n+l

2 Main Results

Let S,,(n) be the sum of the m-th powers of the prime factors in the prime
factorization of n!.

Theorem 2.1 The following asymptotic formula holds

C(m+1)n™H!

Sm(n) ~ m+1 logn
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Proof. Lemma 1.2 gives

Sp(n) = ;me%]JrL%]+...>:p§ﬁpm<[g]+[]%]+...>
A &)

)=z Gl )

Lemma 1.3 gives
— 5 loglogn + o (anH log log n) (3)

N

n n
= (5 )
p<v/n p p
Now, we have

Vn<p<n p Vn<p< p g <p<

Note that

Lemma 1.4 gives

Z . 1 < 1 1 ) nm+1 ‘o (nm+1> (6>
b = ; -
Pl m+1\jmtt  (j+1)m*t ) logn log n
Substituting (6) into (5) we find that
1 1 ; m+1 nerl
Z p" Dl — — — J T n +o0 (7)
p m+1\ym (G+1)m*) logn logn

_n_ n
741 <P<5

Substituting (7) into (4) we obtain

s o] 2l

Jr<p<n  LP Ja<psgy P

nm—H 1 k 1 ] nm+1
+ — (W—%M)-FO(—) (8)
lognm+1:=\J (7+1) logn

Equations (2), (3), (8) and lemma 1.5 imply (1). The theorem is thus proved.

Lemma 1.4 and theorem 2.1 imply the following relation between the prime
numbers and the Riemann’s Zeta Function.
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Corollary 2.2 The following limit holds

lim Sm(n)

n—oo g (n)

= ((m+1)

In particular, if m is odd, we obtain infinite relations between the prime num-
bers and the 7 number from a well known Euler’s theorem. For example:

W _ =T B =T

lim

Let 0,,,(n) be the sum of the m-th powers of the different prime divisors of n.
Theorem 2.3 The following asymptotic formula holds

n , ¢(m+1)nmt
Z Omp(i) ~ m1
i=1

logn

Proof. We have

Zf:lamyp(i) => " [E]

p<n p

Now, the proof is the same as in theorem 2.1. Theorem 2.3 is proved.

Corollary 2.4 The following limit holds

lim Z?:l O-mvp (2)

R ) =((m+1)
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