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Abstract

We prove using elementary methods a well known theorem on the
leading coefficient in the Sylvester’s polynomials.

The previous proofs of this theorem are not elementary. These proofs
use the theory of a complex variable ( see for example [4] where a not
elementary proof of a more restricted theorem is given).
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1 Preliminary Results

The following theorem is well known [3]. We shall use it as a lemma.

Lemma 1.1 If M # 0 and r are real numbers then

i(Mz‘ +r) = %Ai,s(MKH)i (s>0) (0"=1)

Where Agy1s = 1/(s+1)M. Besides, if K = —1, Y550 A; (MK +1)' = 0.
Example 1. We have

i(M'+ - Lk sy - L 41

1+T1) = — r)— —

i=0 M M

K 1

S (Mi+r)* = B—M(MK+7")3+—(MK+7")2+—(]\/[K+r)
=0
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Let us consider the equation (n > 1)
AnXn+...+ AlX1=MK +1' (1)

where the Ai (i = 1,2...,n) are positive integers and M’ is their least common
multiple.

It is well known ( see [1], or [2] for an elementary proof) for each integer
r’ there is a polynomial in K, D,(M'K + 1), which count the number of
solutions (Xmn,...,X1) to the equation, where the Xi (i = 1,2...,n) are
nonnegative integers ( Sylvester’s polynomial). This polynomial either is the
zero polynomial or a polynomial with rational coefficients of degree n — 1.

Example 2. Let us consider the equation
4X34+3X2+2X1=12K +8
Then we have ( see [2])
D3(12K +8) =3K*+ 7K +4 (K =0,1,2,...)

For example, if K = 1 we obtain D3(20) = 14. That is, there exist 14 solutions
to the equation. Since this number is little we can obtain easily these 14
solutions, they are: (0,0,10), (5,0,0), (0,2,7), (0,4,4), (0,6,1), (4,0,2), (3,0,4),
(2,0,6), (1,0,8), (2,4,0), (1,2,10), (1,4,2), (2,2,3), (3,2,1).

The following theorem is well known [2], we shall use it as a lemma.
Lemma 1.2 Let us consider the equation
AnXn+An—1)X(n—1)+...+ A1X1 = M,K + ' (2)

Where n > 2, ' € {0,..., M, — 1}, M, is the least common multiple of An,
An—1),..., Al and M,_; is the least common multiple of A(n —1),..., Al.
If o = M, /An, =M, /My, 7 =An a+b (0 <b< An), then

a K
D,(M,K +1") > Dy_1 (Myu—1(B8S) + An i +b)
=0 S=0
a—1 K-1
+ D> Y Dpy (Mya(BS)+ An i+ b)
i=a+1 S=0

Where D, (M, K +r") is the Sylvester’s polynomial that correspond to the equa-
tion (2) and the Dy, (M,_1K + An i+b) are the Sylvester’s polynomials that
correspond to the equations

An—DXn—-1)+...+ AlX1 =M, K+ Ani+b
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Lemma 1.3 The Sylvester’s polynomial that correspond to the equation (1)
is the zero polynomial if and only if v’ is not a multiple of d, where d is the
greatest common divisor of the Ai (i =1,2...,n)

Proof. If r’ is not a multiple of d then clearly the equation has not solutions,
since the A7 and M’ are multiples of d. Therefore the Sylvester’s polynomial is
zero. On the other hand, if 7/ is multiple of d, since d is the greatest common
divisor of the Ai there are integers Zn, ..., Z1 such that AnZn—+...+ A1Z1 =
d. If we multiply both sides by s = r'/d we obtain AnZ'n+ ...+ A1Z'l =7/,
where Z'i = sZi. Summing to each Z'i a positive multiple of M’ thus that the
sum X is positive we obtain AnXn + ...+ A1X1 = M'K + r/ for some K.
That is, there is a solution for some K. Therefore the Sylvester’s polynomial
is nonzero. Lemma 1.3 is proved.

Note that if we write the Sylvester’s polynomials that correspond to the
equation
AnXn+...+ AlX1=MK +1'

in the variable N = M'K + 1 (N > 0), we obtain M’ polynomials D, (N) in
N which depend only of the residue class of ' modulo M’. We shall call them,
Sylvester’s polynomials in N.

Newly, each polynomial D, (N) either is the zero polynomial or a poly-
nomial with rational coefficients of degree n — 1. The number of nonzero
polynomials will be M’/d ( lemma 1.3).

Example 3. Let us consider the equation of example 2.
4X3+3X2+2X1=12K +8
Its Sylvester’s polynomial is
D3(12K +8) =3K*+7K +4 (K =0,1,2,...)

The Sylvester’s polynomial in N will be
N —8\? N -8 1 1 2
D3(N)=3(— — 4=—N*+-N+-=
+(V) 3< 12 )+7< 12 >+ B’ 13

Where N = 8 (mod 12) and N > 0. Analogously there are others 11 Sylvester’s
polynomials in N which correspond to the equations

AX3+3X2+2X1=12K+7 (¥ =0,1,2,3,4,5,6,7,9,10,11)

Lemma 1.4 Let Q(N) be the nonzero Sylvester’s polynomial that corre-
spond to the equation

AnXn+ ...+ A1X1= MK ++'
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Where N = 1" (mod M') and r' is multiple of d = g.c.d(An, ..., Al).
Let P(N) be, the Sylvester’s polynomial that correspond to the equation
An Al M’ r

—X i+ —X1=—K+ —
i n -+ +d p —i—d

Where N = (' /d) (mod(M'/d)). Then Q(N) = P(N/d).

Proof. Both equations have the same number of solutions.

2 Main Results

Theorem 2.1 Let us consider the equation (1). If n > 2, the leading co-
efficient of the M’'/d nonzero Sylvester’s polinomials in N is the same, and it
18

d

A= (n—1)An... Al

Proof. We proceed by mathematical induction. Assume n = 2. Let us consider

the equation
A2X2 4+ A1X1 = A1A2K + 1/

Where 77 = 0,...,A142 — 1 and g.c.d.(Al,A2) = 1. Then (lemma 1.2):
a=Al, =42 r"=A2a+b (0 <b< A2), and

a K
Dy(A1A2K +71') = Y > D (A1(A2S)+ A2 i+b)
1=0 5=0
Al-1 K-1
+ > > Dy (A1(A2S) 4+ A2i+b)

i=a+1 S=0

Where D;(Al K + A2 i+ b) is the Sylvester’s polynomial that correspond to
the equation A1X1 = A1 K + A2 i+ b. Hence

Di(Al K+ A2i+4+0b)=1 if A2i+0b is multiple of Al

Di(Al K+ A2i+4b)=0 if A2i4+0b is not a multiple of Al

Note that the numbers A2 i +b (i =0,..., Al — 1) are mutually incongruent
modulo Al. Hence, there is only a multiple of A1. Consequently

Do(A1A2K +7") =K +1 or Dy(A1A2K +1') =K

That is,
1 r!

et "ot

Dy(N)
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or 1
Dy(N) =

If g.c.d.(Al, A2)

A1A2
=d > 1 and " is multiple of d, lemma 1.4 gives
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,r./

 A1A2

2 N d%r’ d dr’
Dy(N) = - 1= N — 1
2(N) A2 d  dAiAz T A1A2 A1A2
or d d ,
-
Dy(N) = A1A2°  Al1A2

Hence, the theorem is true if n = 2. Suppose the theorem is true for n—1 > 2.
We shall prove it is also true for n. Let us consider the equation

AnXn+ ...+ A1X1 = M, K + 7'
Where 7" € {0,..., M, — 1} and g.c.d.(Al,...,An) = 1. Then (lemma 1.2)
a K
D (M, K +1") > Dny (My_1(8S) + Ani + b)
=0 S=0
a—1 K-1
+ > > Dyy (Mu_1(BS) + Ani + b) (3)
i=a+1 S=0
a=M,/An, B=M,/M, 1, r"=Ana+b (0<b< An) (4)
where, from the inductive hypothesis
1 d
D, 1(N) = N2
W = —mar an-n *
N=Ani+b(mod M,_1), Ani+b=0 (mod d), d= g.c.d.(Al... A(n—1))

Now, lemma 1.1 gives

K
ZDnl nlBS“‘AnZ‘i‘b)

M, _18S+ An i +b)""> +

(M, K + An i+ b)" "' +

(N+Ani+b—r)""

+ ...

S=0
K
d
B Sz::On—Q'Al A(n —1)(
B 1 d 1
 (n—=2AL.. A(n—1)(n—1)M,
_ L 4 !
 (n=1)M,Al.. . A(n—1)
1 d 1 -
S oM AL Am—D T
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Note that M,_18 = M, (see (4)). Similarly

Kl 1 d 1

Dot (M, An i+ b) = 4
SXZ:O not (Mna 35+ An it b) = o A o)

NPt

Since g.c.d.(An,d) = 1, in the set 0,1,...,a — 1 = f‘f—g — 1 there are XT’;
multiples of d. On the other hand, the equation Ani + b = 0 (mod d) has
an unique solution. Hence, in the set Ani +0b (i =0,1,...,a—1= % - 1)
there are é‘l/fT’; multiples of d. Then, in equation (3) there are 4= nonzero

dAn
polynomials (lemma 1.3). Therefore

M, 1 d 1
Dy(N) = - — N4
N = oL A Am—n
1 1 1l

(n—1)Al... An

If g.c.d.(Al,...,An) = d > 1 and r’ is multiple of d, lemma 1.4 gives

d

1 " <N>"1 1 d

= N
(n— 1) AL... An N N

Dn(N) = (n—1)1Al... An

The theorem is proved.
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