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Abstract

Let B be a separable extension of BY which is a separable C'-
algebra with a finite automorphism group G where C' is the center of
B with no idempotents but 0 and 1, and K = {g € G| g(c) = ¢ for all
c € C}. Then B is a projective Hirata separable extension of B¢C and
BE(C is a Galois extension of B¢ with Galois group G /K. Moreover,
equivalent conditions are given under which B is a Galois extension of
BYC with Galois group K.
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1 Introduction

It has been well known that an indecomposable commutative separable alge-
bra A over A% with a finite automorphism group G is a Galois algebra ([4],
Proposition 1.2, page 80), and the fundamental theorem of Galois extensions
for fields holds also for A; that is, there exists a one-to-one correspondence
between the set of subgroups of G and the set of separable subalgebras of A
([2], Theorem 3.5). More investigations of the general Galois extensions of
rings were given in [1], [7], [8], and [9]. The purpose of the present paper is to
generalize the above two results to a noncommutative separable algebra. Let
B be a separable extension of B¢ which is a separable C“-algebra with a finite
automorphism group G where C' is the center of B with no idempotents but
0 and 1, and K = {g € G| g(c) = ¢ for all ¢ € C'}. We shall show that B is a
projective Hirata separable extension of BC and BYC is a Galois extension
of B¢ with Galois group G/ K. Moreover, some equivalent conditions are given
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under which B is a Galois extension of BYC with Galois group K. Also, it
will be shown that the fundamental theorem holds for the Galois extension
BEC with Galois group G/K; that is, there exists a one-to-one correspon-
dence between the set of subgroups of GG containing K and the set of separable
extensions of BY in BYC. This derives a one-to-one correspondence between
the set of separable extensions of BYC' in B and the set of subgroups of G
containing K.

2 Indecomposable Separable Algebras

Following the definitions as given in [1], let B be a ring with 1, G a finite
automorphism group of B, C the center of B, BY the set of elements in B
fixed under each element in G. For a subring A of B with the same identity
1, V(A) denotes the commutator subring of A in B. We call B a separable
extension of A if there exist {a;,b; in B, i = 1,2, ..., p for some integer p} such
that Y a;b; = 1, and > ba; ® b; = > a; ® b;b for all b in B where ® is over
A. An Azumaya algebra is a separable extension of its center. We call B a
Galois extension of BY with Galois group G if there exist elements {a;, b; in B,
i=1,2,...,p} for some integer p such that Y7  a,g(b;) = 1,4 for each g € G.
Such a set {a;,b;} is called a G-Galois system for B. A ring B is called a
Hirata separable extension of A if B ® 4 B is isomorphic to a direct summand
of a finite direct sum of B as a B-bimodule.

In this section, we assume that C' is the center of B with no idempotents
but 0 and 1 (that is, B is indecomposable), B is a separable extension of B
which is a separable C'%-algebra with a finite automorphism group G, and

K ={geG|g(c)=cforall ceC}.

Theorem 2.1 Let B be an indecomposable separable extension of B¢ which
is a separable C%-algebra with a finite automorphism group G. Then B is a
projective Hirata separable extension of BEC and BEC is a Galois extension
of B¢ with Galois group G/K.

Proof. Since B is a separable extension of B¢ which is a separable C%-
algebra, it is a separable C“-algebra by the transitivity of separable extensions.
Hence B is an Azumaya C-algebra and C' is a separable C%-algebra ([4], The-
orem 3.8, page 55). But C' contains no idempotents but 0 and 1, so C is a
Galois algebra over C¢ with Galois group G/K ([4], Proposition 1.2(1), page
80). Thus BYC is a Galois extension of BY with Galois group G/K with
the same Galois system as C. Moreover, noting that B and C are separable
C%-algebras, we have that BYC' is also a separable C'%-algebra. Thus B¢C
is a separable C-algebra because C¢ C ¢ Cc BYC. But B is an Azumaya
C-algebra, so it is a projective C-module. Therefore B is also a projective
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BYC-module ([4], Proposition 2.3, page 48). Consequently, B is a projective
Hirata separable extension of B€C ([5], Theorem 1).

Let B be an indecomposable separable C%-algebra as given in Theorem
2.1. Then B is a projective Hirata separable extension of B¢C. Next, we

show some equivalent conditions under which B is also a Galois extension of
BYC with Galois group K.

Theorem 2.2 Let B be as given in Theorem 2.1. Then the following state-
ments are equivalent:
(1) B is a Galois extension of BYC with Galois group K.
(2) B is a Galois extension of BS with Galois group G.
(3) VB(BY) = © 3 e Jg where Jy = {b € B|bx = g(x)b for all x € B}.

Proof. (1) = (2) Since C' is a Galois algebra over C¢ with Galois group
G/K, C has a Galois system {¢;,d; in C, 1 = 1,2, ..., p for some integer p} such
that > 7 | ¢;g(d;) = 1 for each g € K and ZZ 1¢ig(d;) = 0 for each g ¢ K.
Now, by hypothesis, B is a Galois extension of B¢C with Galois group K.
Let {a;,b; in B, i = 1,2,...,q for some integer ¢} be a Galois system for B
with Galois group K, that is, Y ¢, a;g(b;) = 01,4 for each g € K. Then we
claim that {a;c;, bid;, i =1,2,...,q,j = 1,2, ..., p} is a Galois system for B with
Galois group G. In fact, > 7 , Z?Zl(gicj)(bidj) = i aibi Y5 ¢jd; =1 and

i1 2= (aic)g(bidy) = 370, aig(bi) D 75_ ¢jg(d;) = 0 for each g # 1 in G.
This implies that B is a Galois extension of BY with Galois group G.

(2) = (1) Since B is a Galois extension of BY with Galois group G, it
is a Galois extension of BX with Galois group K. Hence it suffices to show
that BX = BEC. Clearly, BYC C BX and (G/K)|pcc = (G/K)|px & G/K
by the definition of K. Moreover, since C' is a Galois algebra over C¢ with
Galois group G/K, BEC and BY are Galois extensions of B with Galois
group (G/K)|pec = (G/K)|px = G/K with the same Galois system as C.
Hence BYC' = BX. Thus B is a Galois extension of BYC' with Galois group
K.

(1) = (3) Since B is a Galois extension of BYC with Galois group K,
Vp(BY) = Vp(BEC) = © > gex Jo ([6], Proposition 1).

(3) = (1) As shown in the proof of (2) = (1), since BYC' C B¥ and C
is a Galois algebra over C¢ with Galois group G/K, BYC and BX are Galois
extensions of BY with Galois group (G/K)|gec = (G/K)|px = G/K. Thus
B%C = BX. On the other hand, B is a projective Hirata separable extension
of BYC by Theorem 2.1, so that Vz(BY) = V(B“C) = ® >, Jg implies
that B is a Galois extension of BYC with Galois group K ([7], Proposition 1).
This completes the proof.
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Theorem 2.3 Let C = {H | H is a subgroup of G containing K} and D =
{BYFE| E is a separable subalgebra of C over C%}. Then a: H — BYCH is
a one-to-one correspondence between C and D.

Proof. For a subgroup H of G containing K, H/K is a subgroup of G/K
such that CH/K = CH which is a separable C%-algebra ([4], Corollary 1.7 on
page 89). Therefore o : H — BYCH is well defined from C to D. Next we
claim that « is one-to-one. In fact, let a(H) = a(L) for H,L € C. Then
BE¢CH = BYCT; and so O = (BCCHYNC = (BYCH)nC = CL. Thus
CHK = o0 = CF = CHK. Therefore H/K = L/K by the fundamental
theorem for the commutative Galois algebra C' ([4], Corollary 1.7 on page 89).
Noting that K C H C LK = Land K C L C HK = H, we have H = L.
Now let E be a separable subalgebra of C' over C¢. Then E = CH/X for some
subgroup of G containing K by the fundamental theorem for indecomposable
commutative Galois algebra C' again. Thus o(H) = B6CH = BECH/K =
BYE: and so « is onto.

Now we show that BEC satisfies the fundamental theorem.

Theorem 2.4 By keeping the notations as given in Theorem 2.3, the map
B: H — (BYC) is a one-to-one correspondence between the set of subgroups
of G containing K and the set of separable extensions of B¢ in BEC.

Proof. At first, we claim that (B¢C)# = BECH for each subgroup of G
containing K. In fact, since C' is a commutative Galois algebra over C¢ with
Galois group G/ K, C'is also a Galois algebra over C* with Galois group H/K.
Hence there exists an element ¢ € C such that Try/x(c) = 1 where Try/x =
> men/x b ([4], Corollary 1.3, page 85). Let S bie; € (BEO)! for some
b; € B%, ¢; € C, and some integer k. Then Zle bic; = Truk(c) Zle bic; =
Trax (eS8 bic)) = S8 b/ Trax(ce;) € BSCH. Thus (BEC)! ¢ BECOH.
Also, the converse is clear, BYC* c (B¢C) | so (BCC)! = BYCH. Thus by
Theorem 2.3, 3 is a one-to-one correspondence between the set of subgroups
of G containing K and the set of separable extensions (B¢C)H. Next we want
to show that any separable extension A of BY in BEC is (B¢C)! for some
subgroup H of G containing K. Let Z be the center of BYC. Then B%C is
an Azumaya algebra over Z and C' C Z. Since C is a Galois algebra with
Galois group G/ K, Z is also a Galois algebra with Galois group G/K (that is,
BYC is a DeMeyer-Kanzaki Galois extension of B with Galois group G/K).
But then A = BY . (AN Z) = B¢Z" where H = {g € G|g(a) = a for all
a € A} ([3], page 120). Moreover, noting that Z = Z,C where Z; is the center
of BY, we have that Z# = Z,C¥: and so A = B¢Z" = BECH. Therefore
the map 3 : H — (BYC) is a one-to-one correspondence between the set
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of subgroups of G containing K and the set of separable extensions of BY in
BCC.

In Theorem 2.4, since B“C' may be decomposable and BC' may not be
Azumaya algebra over C', Theorem 2.4 generalizes Theorem 3 in [3].

Corollary 2.5 ([3], Theorem 3) By keeping the notations as given in The-
orem 2.3, the map 3 : H — (BYC)* is a one-to-one correspondence between

the set of subgroups of G containing K and the set of separable extensions of
BY in BCC.

3 Examples

In this section, we shall give two examples of indecomposable separable exten-
sion with an automorphism group, one a Galois extension but the other not a
Galois extension. We begin with a decomposable separable extension.

Example 3.1 Let S5 be the permutation group on 8 symbols, () the rational
field, and QS5 the group algebra of S5 over Q.

(1) Since 6 (the order of Ss) is invertible in Q, QSs is a separable algebra
over .

(2) Let G be the inner automorphism group of QSs induced by the elements
in S3. The center of Ss is the identity 1, so there are at least two conjugate
classes of S3. Hence the center Z of QS3 is a free module over QQ of rank great
than two.

(3) QS3 is not a Galois extension of (QS3)¢ with Galois group G. Assume
QS3 is a Galois extension of (QS3)¢ with Galois group G. Since G is inner,
(QS3)¢ = Z (= the center of QSs); and so QSs is a central Galois algebra
over Z with an inner Galois group G. Thus QQS3 = ZG ¢, which is a projective
group algebra of G over Z with a factor set f : G x G — units of Z. But
then rankg(QSs) = 6 = rankg(ZGy) = rankg(Z) - rankz(QSs) > 2 -6 = 12.
This is impossible. Therefore (QS3 is not a Galois algebra over Z.

Noting that @S3 is decomposable, we let {e;|i = 1,2,...,m for some in-
teger m} be the set of minimal central idempotents of @S;. Then QS3 =
Yo (QSs)e; where (QS3)e; is an indecomposable separable algebra over Ze;
for each 1.
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Example 3.2 Let (Q)S3)e; be a noncommutative component of QSs as given
in the above remark. Then (QS3)e; is an indecomposable separable extension
of ((QS3)e;)% where G; = G/(QSs)e;, but not a Galois extension. In fact,
since e; € Z and Z = (QS3)%, G((QSs)e;) = (QSs)e;. Hence the order of G;
is 1, 2, 3, or 6, and ((QS3)e;)% = Ze;.

(1) Clearly, (QSs)e; is an indecomposable separable algebra over Ze; (=
((QS3)e) ).

(2) Assume (QSs)e; is a Galois algebra over Ze; with Galois group Gj.
Then the order of G; is 1, 2, 3, or 6. By hypothesis, (QSs)e; is noncommuta-
tive, the order of G; is not 1, 2, or 3. Also, the order of G; is not 6 (a quare
free integer) because (QSs)e; is a central semisimple algebra over Ze;. Thus
(QS3)e; is not a Galois algebra over Ze; with Galois group G;.

Next is an indecomposable Galois extension as given by Theorem 2.2.

Example 3.3 Let D be the field of complex numbers, My(D) the matriz
ring of order 2 over D, B = My(D)[i, j, k| the quaternion ring over Msy(D),
and G = {1, gi, gj, 9k, @, gi, gjo, gra} where g;(b) = ibi~t, g;(b) = jbj ™,
gr(b) = kbk™1, and a(b) = @+ @yi + o +azk for b = ag+a1i+asj+azk € B
where a = (C—il C—ZQ) fora= (dl d2> € My(D) and d; is the conjugate of the

dg d4 d3 d4
complex number d;. Then,

(1) the center of B z'sC:{(g 2) |de D} =2 D.

(3) B¢ = My(R), the matriz ring of order 2 over the field of real numbers

(4) B6C = BX = My(D).

(5) B is a Galois extension of My(D) with Galois group K = {1, g;, g;, gr}-
(6) B is a Galois extension of My(R) with Galois group G.

(7) My(D) is a Galois extension of My(R) with Galois group G/ K = {1, a}.
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