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Abstract

Some new kind of inequalities similar to Hardy-Hilbert’s inequality are given.

1. Introduction

If f,g>0 such that
O<Tf2(x)dx<oo, O<ng(x)dx <o,
then the famous Hilboert's integral inequalit;)/ is given by /
1/2
) ”f(x)g(y)dxdy<7r(?f2(x)dx]ggz(x)dx] .
0 0

X+Yy

where the constant factor « is the best possible (see[2]) . Inequality (1) has been
generalized by Hardy-Riesz [1] as
If p>1, %+% =1

0<jfp(x)dx<oo, 0<qu(x)dx<oo,
0 0

then
f009(y) cooae] [ Fattad]
) ” dxdy < ——— jf (x) dx jg (x)dx |
X+y sin(z
where the constant factor o % is the best possible. We call (2) Hardy-Hilbert's integral

inequality, which is important in analysis and its application (see[3]).
Yang [4,5] has extended inequality (2) by proving the following
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If f,0>0,p>1L+L=1 A>2-min{p,q}, such that
O<'|'fo"(x)dx<oo, O<J.ngq(x)dx<oo,
0

0
then the extended Hardy-Hilbert's inequality is given by

1/q

f(x)9(y) reome ) (R
(3) H (x+y) dXdy<k(p)Ut f(t)dt] ut g (t)dtj ,

where the constant k, (p) = B(‘”f;’2 ,q*i‘z), is the best possible, B is the beta function.

The aim of this paper is to give new kinds of Hardy-Hilbert's integral inequality

2. New Inequalities

In what follows we may write f, F, g ,G instead of f(x), F(x), g(y), G(y) .
The following lemma is needed for our aim
Lemma [2, Th.342 Remark] .

0 1 2
J'In—uu_? du = (Lj . r>1.
S u—1 sin(z/r)

We state and prove the following

Theorem1. Let f,g,F,G>0, F',G'>0, p>1 ++¢=1 A>0.r>1
F(0)=G(0)=0, F(x),G() <oo. Then,we have

o (ijg 2 wFp(%—lﬂ]—lfp He
T
O [ ) ||
of 2-+1) H
G\ g?
ey )
el 18| S
< (l—p)q?l—+l—l '“3 G T 2E \' fP
© JO‘G © !de dyg(ﬂsin(ﬁ/r)] -c[ (F)> ax.
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The inequalities (4) and (5) are equivalent.
Proof. We have
1o
oo fg
—dxdy
e
i, . 2 1, 2
. |wW(F]prpl’RGT” |&”( ngq(“f)(F)“q
= X dx dy
—= :

1/p 1/q
|n(Fj f p Gi—l—l/r Gr In(Fj gq Fi—l—ﬂ/rFr
G G d

dx I y
(Fr)p/q Fap(/l_l_/”r)(Fl _Gi) .(!.'([

IA
O t—38
Oy 3

(G')q/pG ﬂp(/1—1—,1/r) (Fl _ Gi,)

— Ml/le/q

. (1%7/1}% . In( Fjl E(Gjﬂlﬂ/r G’
iJ. F fP dx J- G F F
(F)" s [Ej‘_l

et
z(/%sin?ﬂ/r)J IF (F,)p_lf dx.

Similarly,
Y (i/m] 1
( Asin(z/r j ;[

In order to show that the inequalities (4) and (5) are equivalent, suppose that (4)
holds, then, we have
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=.(|;! -y dx dy

1/q

dy

O 8
—_
(@)
~
o
N

-( Mn’gﬂ,r)f [f F p[f;';);f p de X

which implies

E p
Inf — | f
TG(l—p){q(?—hl)—l}G, ]3 n(Gj dx | dy <( r ]2 y
0

0
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N
e o)
and hence (5) is obtained.
Now suppose (5) is satisfied, then
o In( Fj fg
dxd
[ e oo
F
o 7%(17p){q(£—),+lj 1} , 1 %(l—p){q(%—iﬁlj—l} ,i wln(g]f
- [ G)og G )| [ g ox ||y
0 0

F p 1/p
In(j f
P R R | G
!G H ﬂG !Fﬂ—GidX dy
2 1/p 2 1/q
3 72' 2 T E P[?fﬂwl)—lf o dX Tquq(rﬂﬂ]l dy
~sin(zin)) |3 (F) (@)

Completes the proof.

Corollary 2. Let f,g,p,q,4,r be as defined in theoreml. Let F (o), G ()< o,
where F and G are defined by

F(t):j f(u)du, G(t):jg(u)du.

I F(ﬂ j ey = (;Lsm;z,, ,r))z [Tf F o 2-2a)1 dle/p )

Then

O3

0
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[j g ol dlelq.

Proof. Follows from theorem 1, noticing that F'=f, G'=g.

Corollary 3. Let the assumption of theoreml is satisfied . Then

)
") M. x* dXdy<(/13|n;r/r](jX fdeJ %
[]C»yQ[r/Hl]lgq dy} .

0
Proof. Follows from theorem 1, by putting F(t) = G(t) =t.
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