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Abstract

In this paper we study isometric immersions of open submanifolds of
a Cayley projective plane into a real space form by use of extrinsic shapes
of some curves having points of proper order 2, and give a condition that
they are parallel.
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1 Introduction

When we study isometric immersions, it is one of natural ways to investigate
extrinsic shapes of curves on submanifolds in ambient spaces. A Riemannian
submanifold is called an extrinsic sphere if it is totally umbilic and has parallel
mean curvature vector. In this point of view a characterization of extrinsic
spheres due to Nomizu-Yano[4] is one of the most fundamental results. They

showed the following on an isometric immersion f : M → M̃ . A submanifold
M is an extrinsic sphere in M̃ if and only if there exists a positive constant
κ such that for every circle γ of geodesic curvature κ on M the curve f ◦ γ
is a circle on M̃ . The result of Nomizu-Yano was generalized in many ways
which weaken the condition on extrinsic shapes and extend a family of curves
on submanifolds.

For example, Kôzaki-Maeda[2] gave a slight different characterization by
plane curves. In [3], Maeda characterized constant isotropic immersions by
the property that all circles of given positive geodesic curvature have constant
“first” geodesic curvatures as curves in ambient spaces. There are many other
results if we give some restriction on submanifolds. Recently, we investigated
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in [6] the advantage to study curves of variable geodesic curvatures on sub-
manifolds, and gave a condition that these submanifolds are totally umbilic in
terms on extrinsic shapes of such curves. We also characterize in [5] totally
geodesic Kaehler immersions by extrinsic shapes of some curves having points
of order 2. In [5], we study isometric immersions of Kaehler manifolds and
quaternionic Kaehler manifolds into real space forms from the view point of
the extrinsic shapes of curves with points of order 2.

The purpose of this note is to give a characterization of the first standard
imbedding of the Cayley projective plane OP 2(c) into real space form along
this context, which is an improvement of a result of Tananabe[8]. We here can
reduce the number of test curves at each point being compared with Tanabe’s
result [8].

2 Extrinsic shapes of curves with points of

proper order 2

We shall start with recalling some terminology on smooth curves on a Rie-
mannian manifold M . For a smooth curve γ : I → M parameterized by its
arclength, a point γ(t0) is said to be an inflection point if its normal vector
∇γ̇ γ̇(t0) at t0 vanishes. When a smooth curve γ does not have inflection points,
setting a positive function κγ by κγ = ‖∇γ̇ γ̇‖ and a unit vector field Yγ along
γ which is orthogonal to γ̇ by Yγ = (1/κγ)∇γ̇ γ̇, we see it satisfies{

∇γ̇ γ̇ = κγYγ,

∇γ̇Yγ = −κγ γ̇ + Zγ

with some vector field Zγ along γ which is orthogonal to both γ̇ and Yγ. We
call this function κγ the first geodesic curvature of γ. We say γ is of proper
order 2 at γ(t0) if Zγ(t0) vanishes. If all points of γ are of proper order 2, that is
Zγ ≡ 0, this smooth curve γ is said to be a Frenet curve of proper order 2 with
geodesic curvature κγ. A typical example of a Frenet curve of proper order 2
is a circle of positive geodesic curvature. A smooth curve parameterized by its
arclength is called a circle of geodesic curvature κ if it satisfies ∇γ̇∇γ̇ γ̇ = −κ2γ̇,
where κ is a constant and is equal to ‖∇γ̇ γ̇‖.

We now study isometric immersions by extrinsic shapes of smooth curves on
submanifolds in ambient spaces. Let f : M → M̃ be an isometric immersion.
For a smooth curve γ on M parameterized by its arclength, we call the curve
f ◦γ on M̃ its extrinsic shape. For the sake of simplicity, we frequently denote
the extrinsic shape of γ also by γ.

We here give a fundamental relation of curves without inflection points and
their extrinsic shapes. We denote by ∇ and ∇̃ the Riemannian connection of
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M and M̃ , respectively. The Gauss formula is given as

∇̃XY = ∇XY + σ(X, Y )

for vector fields X, Y on M̃ tangent to M , where σ is the second fundamental
form. The Weingarten formula is given as

∇̃Xξ = −AξX + ∇⊥
Xξ,

where A denotes the shape operator and ∇⊥
Xξ the normal component of ∇̃Xξ.

We define the covariant differentiation ∇̄ of the second fundamental form σ
with respect to the connection of TM ⊕ TM⊥ by

(∇̄Xσ)(Y, Z) = ∇⊥
X(σ(Y, Z)) − σ(∇XY, Z) − σ(Y,∇XZ).

If ∇̄σ = 0, an isometric immersion f is called parallel. By use of Gauss and
Weingarten formulae, we see the following by direct calculation (see [6]).

Lemma 2.1 Let γ be a smooth curve parameterized by its arclength which
does not have inflection points. If we put κ̃γ = ‖∇̃(f◦γ)′(f ◦γ)′‖, then it satisfies

κ̃2
γ = κ2

γ + ‖σ(γ̇, γ̇)‖2 (> 0) (1)

and the extrinsic shape f ◦ γ of γ does not have inflection points.
Moreover, these curves are related in the following manner:

( ˙̃κγκγ − κ̃γκ̇γ)Yγ + κ̃2
γZ̃

T
γ = κ̃γ

{
(κ̃2

γ − κ2
γ)γ̇ + κγZγ − Aσ(γ̇,γ̇)γ̇

}
, (2)

˙̃κγσ(γ̇, γ̇) = κ̃γ

{
3κγσ(γ̇, Yγ) +

(∇̄γ̇σ
)
(γ̇, γ̇) − κ̃γZ̃

⊥
γ

}
, (3)

where Z̃T
γ + Z̃⊥

γ denotes the decomposition of the vector field Zf◦γ along f ◦ γ
into tangential and normal components.

Proof. For the sake of readers’ convenience we have show again these
important properties of curves which are keys of this paper. We calculate the
differentials of the extrinsic shape f ◦ γ. As we have

∇̃γ̇ γ̇ = ∇γ̇ γ̇ + σ(γ̇, γ̇) = κγYγ + σ(γ̇, γ̇),

we find the first equality holds. Since γ does not have inflection points, we see
κ̃γ ≥ κγ > 0, hence the extrinsic shape does not have inflection points. We

put Ỹγ = Yf◦γ = (1/κ̃γ)
{
κγYγ + σ(γ̇, γ̇)

}
and Z̃γ = Zf◦γ . We then have

∇̃γ̇∇̃γ̇ γ̇ = ∇̃γ̇

(
κ̃γỸγ

)
= ˙̃κγỸγ + κ̃γ∇̃γ̇Ỹγ

= −κ̃2
γ γ̇ + κ̃γZ̃γ +

˙̃κγκγ

κ̃γ

Yγ +
˙̃κγ

κ̃γ

σ(γ̇, γ̇),
(4)
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because ∇̃γ̇ Ỹγ = −κ̃γ γ̇ + Z̃γ. On the other hand we have

∇̃γ̇∇̃γ̇ γ̇ = ∇̃γ̇

(
κγYγ + σ(γ̇, γ̇)

)
= κ̇γYγ + κγ

{−κγ γ̇ + Zγ + σ(γ̇, Yγ)
}

+ ∇̃γ̇

(
σ(γ̇, γ̇)

)
= −κ2

γ γ̇ + κ̇γYγ + κγZγ − Aσ(γ̇,γ̇)γ̇ + 3κγσ(γ̇, Yγ) +
(∇̄γ̇σ

)
(γ̇, γ̇).

(5)

Comparing the tangential and the orthogonal parts of these two equalities, we
get (2) and (3). �

3 Main result

In [5], we classified isometric immersions of Kaehelr manifolds and quater-
nionic Kaehler manifolds into real space forms in terms of order 2 property
of curves. In the case of Kaehler manifolds we showed the following: If there
are mutually exclusive two curves for each unit tangent vector u whose initial
vectors are u and initial principal normal vectors are parallel to Ju, which
have the same logarithmic derivatives of first geodesic curvature, and whose
extrinsic shapes are of proper order 2, then the isometric immersion is parallel
and constant isotropic and is locally equivalent to either a totally geodesic im-
mersion, a totally umbilic immersion or an immersion given as a composition
of the first standard minimal immersion and a totally umbilic immersion. In
the case of quaternionic Kaehler manifolds, we showed the similar result un-
der the assumption that there are mutually exclusive six curves whose initial
vectors are u and initial principal normal vectors are ±J (1),±J (2),±J (3) with
some linearly independent quaternionic Kaehler structure having ‖J (i)‖ = 1,
and which have the same properties as of curves for the Kaehler case. We
here characterize similar isometric immersions of subsets of a Cayley projec-
tive plane into a real space form by use of order 2 property of curves. We
denote by OP 2(c) a Cayley projective plane of maximal sectional curvature c.
Being different from the cases of Kaehler manifolds and quaternionic Kaehler
manifolds, we restrict ourselves on subsets of OP 2(c).

Theorem 3.1 Let f be an isometric immersion of an open subset M of
OP 2(c) into a real space form M̃16+p(c̃). Suppose for every tangent vector
u ∈ UxM at an arbitrary point x ∈ M there exist normal tangent vector
v ∈ UxM and mutually exclusive smooth curves γi : (−ε, ε) → M (i = 1, 2, 3)
which are parameterized by their arclength, do not have inflection points, and
satisfy the following four conditions:

i) γi(0) = x, i = 1, 2, 3, γ̇1(0) = γ̇2(0) = u, γ̇3(0) = −u,

ii) the vector ∇γ̇i
γ̇i(0) is parallel to v, i = 1, 2, 3,
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iii) the extrinsic shape f ◦ γi is of proper order 2 at f(x), i = 1, 2, 3,

iv) κ̇γ1(0)/κγ1(0) = κ̇γ2(0)/κγ2(0) = κ̇γ3(0)/κγ3(0).

Then the immersion f is locally congruent to a parallel immersion f2◦f1 which
is a composition of the first standard minimal immersion

f1 : OP 2(c) → S25(3c/4)

and a totally umbilic immersion

f2 : S25(3c/4) → M̃16+p(c̃),

where 3c/4 ≥ c̃.

Proof. Since the extrinsic shape f ◦ γi is of proper order 2 at f(x), the
equalities (2), (3) turn to

κγi
(0) ˙̃κγi

(0)v−κ̃γi
(0)3u

=κ̃γi
(0)(κ̇γi

(0)v − κγi
(0)2u − Aσ(u,u)u + κγi

(0)Zγi
(0)),

(6)

˙̃κγi
(0)σ(u, u) = κ̃γi

(0){3κγi
(0)σ(u, v) + (∇̄uσ)(u, u)}, (7)

where for i = 1, 2, 3. By taking the inner products of both sides of the equality
(6) with v, we find

˙̃κγi
(0)

κ̃γi
(0)

=
κ̇γi

(0)

κγi
(0)

− 1

κγi
(0)

〈σ(u, u), σ(u, v)〉 (i = 1, 2). (8)

˙̃κγi
(0)

κ̃γi
(0)

=
κ̇γi

(0)

κγi
(0)

+
1

κγi
(0)

〈σ(u, u), σ(u, v)〉 (i = 3). (9)

Thus for γ1, γ2, γ3, we have( κ̇γi
(0)

κγi
(0)

− 1

κγi
(0)

〈σ(u, u), σ(u, v)〉
)
σ(u, u)

= 3κγi
(0)σ(u, v) + (∇̄uσ)(u, u) (i = 1, 2),

(10)

( κ̇γi
(0)

κγi
(0)

+
1

κγi
(0)

〈σ(u, u), σ(u, v)〉
)
σ(u, u)

= −3κγi
(0)σ(u, v)− (∇̄uσ)(u, u) i = 3.

(11)
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Hence we find( 1

κγ1(0)
− 1

κγ2(0)

)
〈σ(u, u), σ(u, v)〉σ(u, u) = 3

(
κγ2(0) − κγ1(0)

)
σ(u, v),

which is equivalent to

〈σ(u, u), σ(u, v)〉σ(u, u) = −3κγ1(0)κγ2(0)σ(u, v). (12)

Taking the inner product of both sides of this equality with σ(u, u), we get(
3κγ1(0)κγ2(0) + ‖σ(u, u)‖2

)〈σ(u, u), σ(u, v)〉 = 0.

As κγ1(0)κγ2(0) > 0, we see 〈σ(u, u), σ(u, v)〉 = 0, hence σ(u, v) = 0 by use of
(12).

For γ1, γ3, as we have σ(u, v) = 0, we obtain by (10), (11) that

κ̇γ1(0)

κγ1(0)
σ(u, u) = (∇̄uσ)(u, u),

κ̇γ3(0)

κγ3(0)
σ(u, u) = −(∇̄uσ)(u, u).

We hence get (∇̄uσ)(u, u) = 0.
For arbitrary tangent vectors u, v, by replacing u with u + v and Codazz’s

equations ((∇̄uσ)(u, v) = (∇̄uσ)(v, u), (∇̄uσ)(v, v) = (∇̄vσ)(u, v)), we get

0 =(∇̄u+vσ)(u + v, u + v)

=(∇̄uσ)(u, v) + (∇̄uσ)(v, u) + (∇̄uσ)(v, v)

+ (∇̄vσ)(u, u) + (∇̄vσ)(u, v) + (∇̄vσ)(v, u)

=3(∇̄uσ)(u, v) + 3(∇̄vσ)(u, v)

=(∇̄vσ)(u, u) + (∇̄uσ)(v, v).

By replacing u with u + w, we hence have

0 = (∇̄vσ)(u + w, u + w) + (∇̄u+wσ)(v, v)

= (∇̄vσ)(u, u) + (∇̄vσ)(w, w) + 2(∇̄vσ)(u, w) + (∇̄uσ)(v, v) + (∇̄wσ)(v, v)

= 2(∇̄vσ)(u, w).

Thus (∇̄vσ)(u, w) = 0 and f is parallel. As f is parallel and M is a subset of
OP 2(c), this completes our proof (see [1, 7]). �

We say an isometric immersion g : M → M̃ is isotropic at x ∈ M if
the norm ‖σ(u, u)‖ of the second fundamental form does not depend on the
choice of u ∈ UxM . If g is isotropic at each point of M , we just call it
isotropic. Moreover, when f is isotropic and the function λg : M → R defined
by λg(x) = ‖σ(u, u)‖ for some unit tangent vector u ∈ UxM is constant, we
say it is constant isotropic.
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Remark 3.2 Let γ be a smooth curve on subset M of OP 2(c) whose ex-

trinsic shape through our isometric immersion f : M → M̃n+16(c̃) is of order
2 at x ∈ M . Since f is parallel, we have

˙̃κγ(0)σ(u, u) = 3κ̃γ(0)κγ(0)σ(u, v)

for u = γ̇(0), v = ∇γ̇ γ̇(0)/κγ(0) by (7). By the conclusion of Theorem 3.1, we
find f is constant isotropic on M (see[7]). Therefore 〈σ(v1, v1), σ(v1, v2)〉 = 0
for an arbitrary orthonormal pair (v1, v2). Hence we obtain ˙̃κγ(0) = 0 or
σ(u, u) = 0. If we suppose σ(u, u) = 0, as f is constant isotropic, we find f is
totally geodesic. But it is known that our manifold M can not be immersed into
real space form as a totally geodesic submanifold. Thus it is a contradiction.
Therefore κ̇γ(0) = 0 by (8). From (6), we obtain

κ̃γ(0)2u = κγ(0)2u + Aσ(u,u)u − κγ(0)Zγ(0). (13)

By taking the inner products of both sides of equality (13) with Zγ(0), we have
Zγ(0) = 0 with the aid of the isotropic property. Thus we see γ is of order 2
at x ∈ M . Therefore if the extrinsic shape f ◦ γ is of order 2 at everywhere,
then γ and f ◦ γ are circles.
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