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Abstract

We consider the generalization of the notion of fuzzy subalgebras
and closed ideal in BCH-algebras. In this paper, using ¢t-norm 7' and
s-norm S, we introduce the notion of intuitionistic (7, S)-normed fuzzy
subalgebra and intuitionistic (7, S)-normed fuzzy closed ideal in BCH-
algebras, and some related properties are investigated.
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1 Introduction

In 1966, Y. Imai and K. Iséki ([10]) and K. Iséki ([11]) introduced two classes
of abstract algebras: BC K-algebras and BC'I-algebras. It is known that the
class of BC K-algebras is a proper subclass of the class of BC'I-algebras. In
1983, Q. P. Hu and X. Li ([8, 9]) introduced a wide class of abstract algebras:
BC' H-algebras. They have shown that the class of B(C'I-algebras is a proper
subclass of the class of BC'H-algebras. They have studied some properties of
these algebras. Certain other properties have been studied by B. Ahmad ([2]),
M. A. Chaudhry ([5]), W. A. Dudek and J. Thomys([7]). After the introduction
of the concept of fuzzy sets by Zadeh [18], several researches were conducted
on the generalization of the notion of fuzzy sets. The idea of “intuitionistic
fuzzy set” was first published by Atanassov [3, 4], as a generalization of the
notion of fuzzy set. In this paper, using t-norm 7" and s-norm S, we introduce
the notion of intuitionistic (7', S)-normed fuzzy subalgebra and intuitionistic
(T, S)-normed fuzzy closed ideal in BCH-algebras, and some related properties
are investigated.
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2 Preliminaries

In this section we include some elementary aspects that are necessary for this
paper.

By a BCH-algebra we mean an algebra (X, «,0) of type (2, 0) satisfying
the following axioms:

(H1) z*xxz =0,

(H2) zxy=0and y*z =0 imply z =y,

(H3) (z*y)*z=(x*z) =y, for every x,y,z € X.

In a BCH-algebra X, the following statements hold:

(P1) zx0==x.

(P2) %0 =0 implies z = 0.

(P3) zx(x*xy)=(0xx)x(0xy).

A non-empty subset A of a BCH-algebra X is called a subalgebra of X if
x*xy € A whenever x,y € A. A nonempty subset A of a BCH-algebra X is
called a closed ideal of X if

(i) 0%z e Aforall z € A,

(ii) z*xy € Aand y € A imply that z € A.

In what follows , let X denote a BCH-algebra unless otherwise specified.
A fuzzy setin X is a function p: X — [0, 1].

A fuzzy set p in X is called a fuzzy subalgebra of X if

p(z *y) = min{p(z), w(y)}t, Vo, y € X,

and the complement of y, denoted by fi, is the fuzzy set in X given by fu(z) =
1 — p(x) for all z € X.
A mapping f : X — Y of BCH-algebras is called a homomorphism if

flxxy) = f(x)* f(y) for all z,y € X.

Definition 2.1. [1] By a t-norm T, we mean a function 7" : [0,1] x [0,1] —
[0, 1] satisfying the following conditions:

(T1) T(x,1) ==,

(T2) T(x.y) < T(x.2) ity < =

(T3) T(x,y) =T(y,x),

(T4) T(x,T(y,2)) = T(T(x,y),2),
for all z,y,z € [0, 1].

Proposition 2.2. Every t-norm T has a useful property:
T (e, 3) < min(a, )

for all o, 5 € [0, 1].
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Definition 2.3. [17] By a s-norm S, we mean a function S : [0, 1] x [0,1] —
0, 1] satisfying the following conditions:
(S1) S(z,0) =z,

(S2) S(z,y) < S(z,2)ify <z,
(S3) S(x,y) = S(y, ),
(S4) S(x,S(y,2)) = S(S(x,y), 2),

for all z,y, 2 € [0,1].

Proposition 2.4. Every s-norm S has a useful property:
max(a, ) < S(a, 3)

for all ., 5 € [0, 1].

For a t-norm (or s-norm) P on [0, 1], denote by Ap the set of element
a € [0,1] such that P(a, ) = a, ie., Ap :={a € [0,1] | P(a, ) = a}.

Definition 2.5. Let P be a t-norm (or s-norm). A fuzzy set p in X is said
to satisfy idempotent property with respect to P if Im(u) C Ap.

Let X denote a BCH-algebra. An intuitionistic fuzzy set (IFS for short) A
is an object having the form

A={(z,p,(x),7,(x) 2 € X}

where the functions pu, : X — [0,1] and v, : X — [0, 1] denote the degree of
membership (namely p, (z)) and the degree of nonmembership (namely v, (x))
of each element = € X to the set A, respectively, and 0 < p,(x) +v,(z) < 1
for all z € X.

For the sake of simplicity, we shall use the symbol A = (u,,~,) for the IFS

A= {(2, p(2),7,(x)) : x € X}

3 Intuitionistic (7, S)-normed fuzzy closed ide-
als

Definition 3.1. Let 7" be a t-norm and S be a s-norm on [0,1]. An IFS
A= (p,,v,) in X is called an intuitionistic (T, S)-normed fuzzy subalgebra of
BCH-algebra X if

(F1) pa(e xy) = T(pa(@), pa(y)),

(F2) yalw*y) < S(ya(@),7a(y)), for all 2,y € X.
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Example 3.2. Let X = {0,a,b,¢,d} be a BCH-algebra with the following
Cayley table:

(SIS i s RN J) IS
o oo oo
SO OO
QA X

d d d 0
function defined by

* 0
0 0
a a
b b
c c
d d
] a

Let T2 [0,1] x [0,1] — [0, 1] be
T(a, f) = max(a+ 5 —1,0)
for all a, f € [0,1] and S : [0,1] x [0,1] — [0, 1] be a function defined by
(@, 8) = min(a + 3,1)

for all a, 8 € [0,1]. Then 7' is a t-norm and S is a s-norm. Define an intu-
itionistic fuzzy set IFS A = (ua,v4) by pa(0) = pa(d) = 0.9, pa(a) = pa(b) =

14(¢) = 0.09 and ~4(a) = 74(b) = 74(c) = 0.9,74(0) = 74(d) = 0.09. Then
IFS A = (u4,7v4) is an intuitionistic (7, S)-normed fuzzy subalgebra of X.

Theorem 3.3. IF {A;} is a family of intuitionistic (T, S)-normed fuzzy sub-

algebra of X, then () A; is an intuitionistic (T, S)-normed fuzzy subalgebra of
iel

X, where () A; = (V i, N vi)-

i€l

n

Let x4 denote the characteristic function of a non-empty subset A of an
BCH-algebra X.

Theorem 3.4. If A is a subalgebra of an BCH-algebra X, then the IFS I =
(xa,Xa) is an intuitionistic (T, S)-normed fuzzy subalgebra of X.

Proof. Let x,y € X. If z,y € A, then x xy € A since A is a subalgebra of X.
Hence

xa(@xy) =1=T(xa(x), xaly))-
Also, we have
0=1-=xalzxy)=xalzxy) < S(va®), xa(y))
IlfxreAandy ¢ A, (or, x ¢ Aand y € A), then xa(x) =1, or xa(y) = 0.
Thus we have
xa(@xy) = T(xa(x), xaly)) =T(1,0) =T(0,1) = 0.

Next we have

S(Xa(z),xa(y)) = S(1 = xa(z),1 = xa(y)) = 5(0,1) =1 > xa(z *y)
. This proves the theorem. O
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Theorem 3.5. Let A be a nonempty subset of a BCH-algebra X. If A =
(xa,Xa) satisfies (F1) or (F2), then A is a subalgebra of a BCH-algebra X.

Proof. Suppose that A = (x4, Ya) satisfy (F1). Let z,y € A. Then it follows
from (F1) that

xa(xxy) > T(xa(x),xaly) =T7(1,1) =1

so that ya(r xy) = 1, ie, v xy € A Hence A is a subalgebra of X. Now
suppose that A = (xa, xa) satisfy (F2). Let z,y € A. Then from (F2), we
have

Xa(r*y) < S(Xa(®),Xa(y)) < S(1 = xa(r), 1 = xaly)) = 5(0,0) =0,

and thus ya(z xy) =1 — xa(x *xy) = 0, i.e.,, xa(x *y) = 1. This proves the
theorem. 0

Definition 3.6. Let T" be a t-norm and S be a s-norm on [0, 1]. An intuition-
istic (7', S)-normed fuzzy subalgebra A = (ua,7v4) is called an intuitionistic
idempotent (T, S)-normed fuzzy subalgebra of X if p4 and 4 satisfy the idem-
potent property with respect to T" and S, respectively.

Example 3.7. In Example 3.2, let 7" : [0,1] x [0,1] — [0,1] be a function
defined by
T(a, f) = max(a+ 5 —1,0)

for all o, 3 € [0,1] and S : [0,1] x [0,1] — [0, 1] be a function defined by

S(a, ) = min(a + 3, 1)

for all o, € [0,1]. Define an intuitionistic fuzzy set IFS A = (pa,v4) by

14(0) = pa(d) =1, pa(a) = pa(b) = pa(c) = 0 and va(a) = ya(b) = yalc) =
1,74(0) = y4(d) = 0. Then IFS A = (ua,7a4) is an intuitionistic idempotent
(T, S)-normed fuzzy subalgebra of X.

Proposition 3.8. Let T be a t-norm and S be a s-norm on [0,1]. If IFS
A = (pa,va) is an intuitionistic idempotent (T, S)-normed fuzzy subalgebra of
BCH-algebra X, then pa(0xz) > pa(x) and y4(0*x ) < ya(x) for all x € X.

Proof. For any x € X, we have

14 (0 *f) T((pa(0), pa(z))
T(pa(z*x), pa(z))  [by (HL)]
T(T(pa(@), pa(@)), pax)) by (T2)and (T3)]
=u A(x) [Since 4 satisfies the idempotent property |,
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S((74(0), va(z))

S(ya(@xx),ya(z))  [by (H1)]
S(S(1a(@),7a(@)),7a(x))  [by (S2)and (S3)]

= va(z) [Since 4 satisfies the idempotent property |,

This completes the proof. O

Definition 3.9. Let T be a t-norm and S be a s-norm on [0,1]. An IFS
A= (u,,v,) in X is called an intuitionistic (T, S)-normed fuzzy closed ideal
of BCH-algebra X if

(F3) pa(0xx) > pa(z) and 74(0 * ) < ya(x),

(F4) pa(x) = T(paz +y), paly)) and ya(z) < S(yalz *y), yaly)) for all
z,y € X.

Let T be a t-norm and S be a s-norm on [0,1]. An intuitionistic (7, 5)-
normed fuzzy closed ideal A = (ua,7v4) is called an intuitionistic idempotent
(T, S)-normed fuzzy closed ideal of X if ps and 74 satisfy the idempotent
property with respect to T" and S, respectively.

Example 3.10. Let X = {0,a,b,c} be a BC H-algebra with the following
Cayley table:

* ‘ 0abdc

0 0 cO0c

a| a0 cb

b b c 0 a

c c 0cO
Define an intuitionistic fuzzy set A = (ua,7va) by

0.3 ifxe€{0,c}

x pr—
pa(x) 0.8 otherwise.

{0.8 if z € {0, ¢},

0.3 otherwise, and - ya(w) = {
let T: [0,1] x [0,1] — [0, 1] be a function defined by
T(a, f) = max(a+ 3 — 1,0)
and and S : [0, 1] x [0,1] — [0, 1] be a function defined by
S(a, 8) = min(a + 5, 1)

for all o, B € [0,1]. Then A = (pa,74) is an intuitionistic (7', S)-normed fuzzy
closed ideal of X which is not idempotent.
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Example 3.11. In Example 3.10, define an intuitionistic fuzzy set A = (pa, v4)

by
1 ifx e {0,c}, 0 ifze{0,c}
= d =
al@) {O otherwise, and - 7a(e) {1 otherwise.

Then A = (pa,7y4) is an intuitionistic idempotent (7,.S)-normed fuzzy
closed ideal of X.

Theorem 3.12. FEwvery intuitionistic idempotent (T, S)-normed fuzzy subalge-
bra satisfying (F4) is an intuitionistic idempotent (T, S)-normed fuzzy closed
1deal.

O

Proof. Using Proposition 3.8, it is straightforward.

Proposition 3.13. If IFS A = (ua,va) is an intuitionistic idempotent (T, S)-
normed fuzzy closed ideal of BC H-algebra X, then 114(0) > pa(z) and ya(x) <
7v4(0) for all x € X.

Proof. Using (F3), (F4), (T2) and (S2), we have

114(0) = T(pa(0 * 2), pa(x)) = T(pa(@), pa(x)) = pa(z)

and
Y4(0) < S(va(0 % z),7a(w)) < S(va(®),v4(x)) = va(T)
for all x € X, completing the proof. O

Theorem 3.14. Every intuitionistic (T, S)-normed fuzzy closed ideal is an
intuitionistic (T, S)-normed fuzzy subalgebra.

Proof. Let A = (114,7v4) be an intuitionistic (7', S)-normed fuzzy closed ideal
of X and let z,y € X. Then

pa(z*xy) > T(pa(x xy) x x), pa(z))  [by (F(4)]
> T(pa(z*z) *y),pa(z))  [by (H3)]
=T(pua(0*y),pa(z))  [by (HL)]
> T(pa(x), pay), by (F3), (T2) and (T3)]
and
Ya(@xy) < S(valzxy) xx),ya(z))  [by (F(4)]
< S(yalz*z) *y),va(z))  [by (H3)]
= S(va(0*xy),va(z))  [by (H1)]
< S(va(x),7a(y)),  [by (F3), (S2) and (S3)]

X U
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The converse of Theorem 3.14 may not be true. For example, the intu-
itionistic (7', S)-normed fuzzy subalgebra in Example 3.2 is not a intuitionistic
(T, S)-normed fuzzy closed ideal since

pa(a) = 0.09 < 0.9 = T(pala d), pa(d)).

We give a condition for an intuitionistic (7, S)-normed fuzzy subalgebra to
be an intuitionistic (7, S)-normed fuzzy closed ideal.

Theorem 3.15. Let A = (pa,74) be an intuitionistic (T,S)-normed fuzzy
subalgebra of X. If A = (pua,7va) satisfies the idempotent property and inequal-
ities pa(z *y) < pa(y x ) and ya(z xy) > ya(y x x) for all x,y € X, then
A = (pa,va) is an intuitionistic (T, S)-normed fuzzy closed ideal of X.

Proof. Let A = (pa,v4) be an intuitionistic (T,.S)-normed fuzzy subalgebra
of X which satisfies the inequalities

pa(xxy) < paly*x) and ya(z *y) > va(y * x)

for all z,y € X. It follows from Proposition 3.8 that p4(0 * ) > pa(z) and
va(0x x) < vq(x) for all z,y € X. Then

pa() = pa(@x0) = pa(0xx) = pa((y * y) * v)
= pa((y*x)xy) > T(paly ), na(y)) > T(palz *y), pa(y)),

and

Ya(r) = ya(z % 0) < ya(0 % 2) = va((y *x y) * 7)
=ya((y*2) xy) < S(valy x ), 74(y)) < S(valz *y),va(y)),

Hence A = (ua,v4) is an intuitionistic (7, S)-normed fuzzy closed ideal of
X O

Let A = (j14,74) be an IFS in X and let o € [0,1]. Then the sets
Ulpasa) :=={z € X : pa(z) = a}
and
L(va;a) :={r € X :ya(z) < o}

are called a p-level a-cut and a y-level a-cut of A, respectively.

Theorem 3.16. Let T be a t-norm and S be a s-norm let A = (a,v4) be an
IFS in X such that the non-empty sets U(pa; o) and L(ya; ) are closed ideals
of X. Then A = (ua,7va) is an intuitioinistic (T, S)-normed fuzzy closed ideal
of X.
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Proof. Suppose that there exists g, yo € X such that

pa(wo) < T(pa(@o * yo), a(yo))-
Taking ag = 3 (pa(xo) + T (palwo * vo), 14 (yo))), then

min(pa(zo * yo), pa(yo)) > T(palzo * yo), a(vo))
> o > pra(wo).

It follows that g * yo, yo € U(pa; o) and xg & U(pa; ). This is a contradic-
tion and hence 4 satisfies the inequality pa(z) > T(pua(z xy), pa(y)) for all
x,y € X. Similarly, suppose that there exists g, yo € X such that

Ya(wo) > S(va(zo * Yo), va(¥0))-
Taking (o := 5(va(20) + S(va(z0 * %0), 74(y0))), then
max(va(%o * ¥o), 7a(¥0)) < S(val@o * ¥o), va(¥0)) < Bo < valwo)-

It follows that zo*yo, yo € L(7va; Bo) and zg & L(7ya; Bo). This is a contradiction
and hence v, satisfies the inequality y4(z) < S(va(x xy),va(y)) for all x,y €
X. Now assume that there exists xy € X such that pa(0*zg) < pa(zo). Taking

Q= %(MA(O * 1) + pa(o))

then pa(0 % xg) < ap and pa(zg) > ap. It follows that zq € U(pa; ) but
0% xog ¢ Ul(pa;ap). This is a contraction. Hence pa(0 * ) > pa(x) for all
x € X. Similarly, we get v4(0 % z) < y4(z) for all z € X. O
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