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Abstract

In this paper we have introduced a subclass H (A, p, ¢, A, B,«) of
meromorphic multivalent functions with negative coefficients in the unit
punctured disc. We derive basic properties like coefficient inequal-
ity, distortion theorem, radius of starlikeness and convexity, Hadamard
product, extreme points, closure theorems for functions belonging to
this class.
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1. Introduction

Let M denote the class of function of the form

1 (o]
f2) =5+ apyr 27t (1.1)
k=0

p € IN, which are meromorphic multivalent in the punctured unit disc
Ur={z:0<z<1}.
Consider a subclass T' of functions of the form
1 o0
f(2) = = = D apapd?™ (1.2)

P
ko

pew7ap+k20‘
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We aim to study the class H (A, p, ¢, A, B, a) consisting of functions f € T
and satisfying

P = X)) £ Ap(D" )]+ p

B (D ) + (A= Bp+p—t |

0<A<LpeN,0<l<p-1<A<B<1,0<a<l.
D"P=1f is the (n + p — 1)-th order Ruscheweyh derivative defined by

_ z7P
D f(2) = (O f(2)
1 (o]
= — = Z Bk+2p71(n7p)&p+kzp+k
L

n+3p+k—1
where Byio,-1(n,p) = < P )

2p + k

2. Coefficient Inequality

Theorem 1 : Let f be defined by (1.2). Then f € H(\, p,{, A, B, «) if and
only if

oo

> (p+ k)1 = Ba)Biiop1(n,plapi < a(p2B — A) = (p—10)).  (2.1)

k=0

Proof : Assume (2.1) holds. We show that f € H(\,p, ¢, A, B, ). Consider

21— Ap) (D7) 4 Ap(D™ LY 4 ] — | B2 (DL
+(A—B)p+p—{

= Z(P + k) Biyop—1(n, P)@p+k22p+k
k=0
—a Z B(p+ k>Bk+2p71(n’p>ap+kz2p+k — (p(A=2B)+p—1) (22)
k=0
<Y (p+k)(1 — Ba)Biyap—1(n, p)apir + a(p(A —2B) +p— () < 0.
k=0

by using maximum modulus principle and (2.1).
Hence f € H(A\,p,{, A, B, «).
Conversely, suppose that f € H(\,p,{, A, B, «) thus

(L= Ap) (D) £ (D™ Y 4 p
B (D) + (A= Byp+p—

<«
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that is

o0

kzo(p + k)BkJerfl (n, p)ap+k22p+k

2 B0+ k) Brrap1(n, p)ap 2t — (p(A = 2B) +p — 1)

< Q.

Using the fact that |Re(2)| < |z| for any z

> (p+ k) Briop-1(n, p)aprzt*
Re s | = h=0 < a.
kz_:OB(P + k) Bitap-1(n, p)aprz?t* — (p(A = 2B) + p — ()

(2.3)
Now choosing values of z on real axis so that (D™P~1 f) is real. After clearing
denominator in (2.3) and allowing z — 1~ through real values, we notice that

(2.3) will hold provided

[e.o]

Z(p + k)(l - Ba)Bk+2p—1(nap)ap+k < @(P(QB —A)—(p—1).
k=0

Hence the result follows.
Corollary 1 : If the function f(z) € H(\,p, ¢, A, B, «) then

L. __a@B-A) —(p-0)
ptk = (p+ k)(1 — Ba)Byyap-1(n, p)

for k =0,1,2,--- with equality for the function

PRI Y2 [V
2P (p + k)(l - B@)BkJerfl(nap) ’

k=0,1,2,---.

3. Distortion and Covering Theorem

Theorem 2 : If the function f € H(\, p, ¢, A, B, «) then

1 a(p(ZB B A)) — (p_g))|z‘p < ‘f(Z)| < L_}_Oé(p(QB B A) B (p_g))|z‘p

[2P p(1 = Ba)Bay_i(n,p) 2|7 p(1 — Ba)By,_1(n, p)

The result is sharp and attained for

_ 1 _ap@B-A)-p-0),
f(z) = P p(1 — Ba)Bay,—1(n, p)

s
at z=r,r=ez».
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Proof :

FOl = |2 =3 apat

P
& k=0

1
» + Z ap+k|z‘p+

<

ER |

S ‘ |p + |Z‘ Z ap-‘rk
By Theorem 1

a(p2B—-A) —(p—1))
Z = o1 = Ba) By (n.p) |

Thus
1 apB-A)— (1),
()] < EE T p(1 — Ba)Bsy,—1(n, p) d

PO 2 pp = 3 apulel*
n=0
1 o0
Z |Z‘p - ‘z|p Zap—i-k
k=0

L _ Oé(p(QB — A) B (p - 6)) ’Z‘p
2l p(1— Ba)By-1(n,p)

Theorem 3 : If f € H(\,p,{, A, B, a), then

p_ap@B-A) = (p=0) p1 o,
S (1= Ba)Baya(np) [P0 <[ f(2)]
p a(p2B—-A)—(p—1) o[-
= [zt p(1 = Ba)Bay_1(n, p)

with equality for

1 a(p@2B-A)—(p-1)

f(z) = 2w p(l- Ba) Byp-1(n, p) i

at z =1, re's.
Proof : Notice that

(1 — Ba)Bs,—1(n,p) Zp—i—kawk

(3.1)

i (p+ k)(1 — Ba)Byiop-1(n,plapr < a(p(2B—A)—(p—1)) (3.2)
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from Theorem 1. Thus

p
f'(2)] < + Z P+ k)ap x|z

’ ‘p+1
< p p—1 k
E + 12| Z(er )k
k=0
Rkl (1 - B@)B2p 1(” p)
On the other hand
p = _
If'(2)] > 2Pt - Z(er k)ap+k|z‘l7+k 1
k=0
p B o0
- 2Pt 2771 Y (0 + K)apn
k=0

|z [P+ (1= Ba)Bap_1(n,p)

Combining (3.2) and (3.3) we get the result.
Theorem 4 : The disc |z] < 1 is mapped onto a domain that contains the

disc
p(1 — Ba)Bsy,—1(n,p) —ap(2B — A) + a(p — ()

p(1 — Ba)By,—1(n, p)

The result is sharp with extremal function

jw| <

1 a(p@B-A)—(p-1) ,

z
2¢ p(1 — Ba)Ba,_1(n,p)

Proof : The result follows upon allowing |z| — 1 in Theorem 2.

4. Radius of Convexity

Theorem 5 : Let f € H(\ p,{, A, B,«a) then f is p-valently convex in 0 <
|z| < R of order 6,0 < 6 < p, where

_ g PP =9)(1 = Ba)Byioy 1 (n,p) T
R_kf{(mkw)a(p(zB_A)—(p—€>>} ‘

Proof : f is p-valently convex of order §,0 < ¢ < p if

—Re <1 + Z%) > ).
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Thus it is enough to show that

f// f//
Now
Z]}_’;+1+p+5 —pd — g(p+k)(2p+k+5)ap+k22p+k
f//
z?+1—p+6 p(2p —9) — kzo(p+k)(k+5)ap+kz2p+k

is bounded above by 1 if

2p(0 — p) + 3 (p+ k) (2p + 2k + 28)app |27 < 1.
k=0

That is if

’Z‘2p+k < p(p - 5)(1 - BO‘)BkJr?p*l(n’p)
T (ptk+0)a(pB—-A)—(p-10)

Hence

e { p(p - 5)(1 — B&)Bk+2p*1(nap> }ﬁ
E l(p+k+0)a(@2B—A)—(p—1)) ]

The estimate is sharp for

fo)= Lo ob@B-A)-p-0)
2 (p+k)(1— Ba)Byioy-1(n,p)

for some k.

5. Extreme Points
Theorem 6 : Let f,_1(z) = & and

1 ap@B-A4)-(p-1) Ltk
2 (p+k)(1— Ba)Byioy1(n,p)

fork=0,1,2,---. Then f € H(\, p, ¢, A, B, «) if and only if it can be expressed
in the form

fp—l—k -

= Z ,Up+kfp+k(2)

k=-—1

where g, > 0 and io: Mptr = 1.
k=—1
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Proof : Suppose that f(z) = § Ptk fpn (2)
k=1

p2B—-A)—(p—1)

- Stk
Z (p+ k (1 — Ba)) Byyop-1(n, P)MPM

Now f € H(A, p,{, A, B, ) since

i (p+E)(1— Ba)Bk+2p—1(n7p) % a(p(2—A)—(p—1)

2 ap2B—A) —(p—10)  (p+ k)1 — Ba)Bryaya(n,p) Tt
:Zﬂzﬂrk e A
k=0

Conversely, assume f € H(\,p,{, A, B, «). Then we show that f can be writ-
ten in the form

Z fp+k fprk(2)-

h=—1
Now f € H(\, p, ¢, A, B, «) implies from Theorem 1

. - a(p(2B—A) — (p—1))
pt+k = (p+ k)(1 — Ba)Byiop-1(n,p)

setting

_ (p+k)(1— B@)Bkwp—l(nap)a
Ik = B = A) —(p—0) "M

k=0,1,2,-

and p,—1 =1 — > pip+r We obtain
k=0

= Z Mp+kfp+k(2)-

k=-1

6. Hadamard Product

Theorem 7 : Let f,g € H(\,p,{, A, B,«) then fxg € H,(\ p,{, A, B,~) for

f =z - Z ap+kzp+k

k=0

g—z—z +kzp+ and
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o0
_ +k
f *g =z Z ap—i—kbp-‘rkzp
k=0
where

o*(p(2B = A) — (p—1))
p+k)(1 = Ba)?Byyop-1(n,p) + Ba?(p(2B — A) — (p— €))

Proof: f e H(\ p,{, A, B,a) and so

”YZ(

i (p+ k)(1 — Ba)Briop-1(n, p)

i ap@2B—-A)—-(p—1)) Ayt < 1 (5.1)

o (p+ k)(1 — Ba)Bgyap1(n, p)
by < 1. 5.2
2 B A -(p-n) S o2
We have to find the smallest number v such that
> k)(1 — BY)Byi2,—
Z (p+ )( ’y) k+2p 1(n7p) ap+kbp+k S 1 (53)

= 1p@2B—-A)—(p—-1))

By Cauchy Schwarz inequality

o~ (p+ k)(1 — Ba)Byyap-1(n, p)
kz:% a(p(2B—A) — (p—1)) \/m <1 (5.4)

Therefore it is enough to show that

(p+ k)(1 — By)Bitop-1(n,p) a b
Fp2B = A) = (p—¢)) PR

(p+ k)1 — Ba)Byyopa(n,p) —F—
S TaGEE A gy Ve
\/ap+kbp+k S % (55)

b < 2B A) —(p—0)
PR = (p+ k)(1 — Ba) Biyap-1(n, p)
Thus it is enough to show that

a(p2B—-A)—(p—1)
(p+k)(1 — Ba)Bgyap-1(n, p)

which simplifies to

That is

From (5.4)

(1 — Ba)
a(l = Bv)

<

o*(p(2B = A) — (p—1))
p+k)(1 = Ba)?Byyop-1(n,p) + Ba?(p(2B — A) — (p— {))

”YZ(
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7. Closure Theorem
Theorem 8 : Let f; € H(A\,p,{, A, B,a),j=1,2,---,s then

Zc]fj )€ HA\p, 0, A B, a)

o0 S
for f;(2) = & — 3 apin; 2P where 3 ¢; = 1.
k=0

j=1
Proof :

S

9(2) = X ¢ifi(2)

j=1
= ——Zchap+k]
k= Oj 1
1 S
_ p+k
= = Ze z where ek—Zc]@pr
k=0 7j=1

Thus g(z) € H(\, p,{, A, B, a) if

i p+ k — Ba) Briop-1(n,p)

2B (-0 =1

k=0

that is if

zs: P+k (1 — Ba) Biyop-1(n, P)C -
1
gt p(2B—-A)—(p—10) T

s P+/€ 1—3@)Bk+2p 1(n,p)
2.5 T LB —A) = (p—)

1 k=0
<3¢ <1 since (p+k)(1 — Ba)Byyop-1(n, p)
j=1 a(p(2B—A)—(p—10))
as fj(z) € H\,p,l, A, B, «)
Theorem 9 : Let f,g € H(\,p, ¢, A, B, «) then

Mg

k

Mm

<.
Il

o0

hz) =2—=> (a), +bo,)" "
k=0

belongs to H(A, p, ¢, A, B,~) where
22°(p(2B —A) — (p— 1))

pyrj < 1

>
7=+ k)1 — Ba)?Byropy_1(n,p) + 2Ba2(p(2B — A)

—(p—0)

1095
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Proof: f and g € H(A\, p, ¢, A, B,«) and so

Z [ p+k)(1 — Ba)Byyop-1(n, p)] 2

= p(2B —A) = (p— 1))
(p +k)(1 — Ba)Byyzy-1(n,p)
< (S e o) <t i
Similarly

i l(p +h)(1 - Ba)Bmp_l(n,p)] ’ 2

= | a@@B-A)—(p-1) PR

We show that

- 1 _B/Y) (nvp) 2
B A oy e ) <

that is h € H(\, p, ¢, A, B, 7).
Adding (7.1) and (7.2)

< 1 [(p+k)(1 = Ba)Biyspa(n,p)]’ 2 )
2. a(p(2B - A) = (p 1)) 1 (e Bpae) <

k=0

Thus it is enough to show that

(p+k)(1 — Ba)Byiap1(n,p)]"

(p+ k)1 = BY)Byiap1(n,p) _
a(p(2B —A) = (p—1))

1
vp2B—A)—(p-10) 2

Simplifying we get

20*(p(2B = A) — (p— 1))
(p+k)(1 — Ba)?Byiop-1(n,p) +2Ba?(p(2B — A) — (p—{))

v 2
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