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Abstract

In this paper, we study the generalized Hausdorff metrics, so-called
70-metrics, and establish generalized Kannan'’s fixed point theorems and
generalized Chatterjea’s fixed point theorems for multivalued maps. Ap-
plying our results, we also present some new fixed point theorems for

multivalued maps.
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1. Introduction and preliminaries

Throughout this paper we denote by R and N the set of real numbers and
the set of positive integers, respectively. Let (X, d) be a metric space. We
denote by CB(X) the class of all nonempty closed bounded subsets of X. For
each z € X and A C X, let d(z, A) = inf,c4 d(z,y), the distance between z
and A. For any A, B € CB(X), define a function H : CB(X)xCB(X) — [0, c0)

by

H(A, B) = max {sup d(z, A), sup d(z, B)} ,
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then H is said to be the Hausdorff metric on CB(X) induced by the metric
d on X. A function p : X x X — [0,00) is said to be a 7-function [4,6],
introduced and studied by Lin and Du, if the following conditions hold:

(11) p(z,2) < plz,y) + ply, z) for all z,y, z € X;

(12) If z € X and {y,} in X with lim,,_, y» = y such that p(z,y,) < M for
some M = M(x) > 0, then p(z,y) < M,

(13) For any sequence {z,} in X with lim,, ., sup{p(zy, ) : m > n} =0, if
there exists a sequence {y,} in X such that lim, . p(zn,yn) = 0, then
hmn—>oo d(l’n, yn) = 0;

(t4) For z, y, z € X, p(x,y) =0 and p(x,z) =0 imply y = z.
It is known that any w-distance [2,4,5] is a 7-function; see [4, Remark 2.1].
Now, we first introduce the concept of 7°-functions and 7%-metrics.

Definition 1.1. Let (X, d) be a metric space. A functionp : X x X — [0, 00)
is called a 7%-function (resp. w’-distance) if it is a 7-function (resp. w-distance)
on X with p(z,z) =0 for all x € X.

Example. Let X = R with the metric d(z,y) = |z — y| and 0 < a < b.
Define the function p : X x X — [0, 00) by

p(r,y) = max{a(y — v),b(z — y)}.

Then p is nonsymmetric and hence p is not a metric. It is easy to see that p
is a 79-function.

Definition 1.2. Let (X,d) be a metric space and p be a 7%-function (resp.
wP-distance). For any A, B € CB(X), define a function D, : CB(X)xCB(X) —
[0, 00) by

D,(A, B) = max{0,(A, B),0,(B,A)},

where 8,(A, B) = sup,c,p(z, B), then D, is said to be the 7°-metric (resp.
w%metric) on CB(X) induced by p.

Clearly, a Hausdorff metric is a 7%-metric, but the reverse is not true.

Lemma 1.1. [4] Let (X,d) be a metric space and p : X x X — [0,00) be
any function. If p satisfies (73) and there exists a sequence {x,} in X with
limy, 0o SUp{p(Zn, ) : m > n} = 0, then {z,} is a Cauchy sequence in X.
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Lemma 1.2. Let A be a closed subset of a metric space (X,d) and p :
X x X — [0,00) be any function. Suppose that p satisfies (73) and there
exists u € X such that p(u,u) = 0. Then p(u, A) =0 if and only if u € A.

Proof. If u € A with p(u,u) = 0, then p(u, A) = 0. Conversely, suppose
that p(u, A) = 0 for some u € X with p(u,u) = 0. Let u, = u for all n € N.
Then lim,,—, oo SUp{p(tn, m) : m > n} = 0 and there exists a sequence {z,} in
A such that p(u, x,) — 0. By (73), we have z,, — u. Since A is closed, u € A.
O

The following theorem is one of the main results in this paper.

Theorem 1.1. Let (X,d) be a metric space and D, a 7%-metric defined as
in Def. 1.2 on CB(X) induced by a 7%-function p. Then for A, B, C' € CB(X),
the following hold:

(i) 6,(A,B) =0 <= A C B;
(ii) 0p(A, B) < 0p(A, C) + 0,(C, B);

(iii) Every 7%-metric D, is a metric on CB(X).

Proof. We first prove (i). If 0,(A, B) = 0 then p(a,B) = 0 for all a € A.
By Lemma 1.2, we have A C B. Conversely, if A C B, then §,(A, B) = 0
by Lemma 1.2 again. Therefore 6,(A, B) = 0 <= A C B. The proof of (ii)
is straightfoward. Finally, we verify (iii). Let A, B € CB(X). Obviously,
Dy(A, B) > 0 and D,(A, B) = D,(B, A). By (i), we have D,(A,B) =0 <=
A = B. Applying (ii), we have

Dy(A,B) = max{6,(A, B),s,(B,A)}
max{0,(A, C) + 6,(C, B), 6,(B,C) + 6,(C, A)}

<
< D,(A,C)+D,(C,B).

Therefore D,(A, B) is a metric on CB(X). O

2. Some new fixed point theorems

Let X and Y be two topological vector spaces. A multivalued map L :
X — 2Y is said to be closed if G.(L) = {(z,y) € X xY :z € X,y € L(z)},
the graph of L, is a closed subset of X x Y. A point p in X is a fixed point
ofamap Tif p=Tp (if T : X — X is a single-valued map) or p € Tp (
if T:X — 2% is a multivalued map). The set of fixed points of a map T is
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denoted by F(T'). Below, unless otherwise specified, let (X, d) be a complete
metric space and D, be a 7%-metric on CB(X) induced by a 7°-function p.

Theorem 2.1. Let o, § > 0 with a + (8 <
multivalued map. Suppose that for each x € X,

and T : X — CB(X) a

1
2

Dy(Tx,Ty) < ap(z,Tx) + Bp(x, Ty) for all y € Tx
and T further satisfies one of the following conditions:
(D1) T is closed;
(D2) inf{p(x, z) + p(z,Tx): x € X} >0 for every z ¢ F(T).
Then T has a fixed point in X.

Proof. Let k = ﬁ and take ug € X. Then k € (0,1). If ug € Tuy,

then we are done. If wug ¢ Tug, then p(ug, Tug) > 0 by Lemma 1.2. Choose
uy € Tug. If uy € Tuq, then uy is a fixed point of T'. Otherwise, since

0 < p(ur, Tuy) < Dy(Tuo, Tur) < ap(ug, Tug) + Bp(ug, Tuy),

there exists uy € T'up such that

pluru) < (5= Bpluio, ) + Gplug,ua)
< Spluo, ) + Bp(u, o)
and hence
0 < p(ur,us) < kp(ug, uy).

If us € Tuso, then uy is a fixed point of T'. Otherwise, there exists ug € Tus
such that 0 < p(ug,us) < kp(u1,us2). Continue in this way, we can construct
inductively a sequence {u, }5°, in X satisfying u,, € T'(up—1), p(tn_1,u,) >0
and p(Uy, Unt1) < kp(tn-1,u,) for each n € N. It follows that

p(unaun-l-l) < knp(umul)
for each n € N. Let 3, = %p(uo,ul). For m,n € N with m > n, we have

m—1

P(tn, tm) < ZP(Uj:Uj-f—l) < Bn. ()

j=n
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Since 0 < k < 1, limy,—, 00 SUP{p(tn, t,) : m > n} = 0. By Lemma 1.1 and the
completeness of X, {u,} is a Cauchy sequence and there exists vy € X such
that u, — vo. From (72) and (%), we have

p(tn, v9) < B, for all n € N,

We claim that vy € Tvy. If (D1) holds, i.e. T is closed, since u,, € T (tun—1)
and u,, — vy, we have vy € Tvg. Finally, let (D2) holds. Suppose not, we have

0 < ig}f{{p(w,vo) +p(z, Tx)}

< ing{]?(um%) +p(un7un+1>} < lim 2671 =0,
ne n—o0
which is a contradiction. Therefore vy € T'vy and we complete the proof. O

The following conclusions are immediate from Theorem 4.1.

Corollary 2.1. Let «, f > 0 with a + § < % and T : X — CB(X) a
multivalued map. Suppose that for each x € X,

H(Tx,Ty) < ad(x,Tx) + pd(z, Ty) for all y € Tx
and T further satisfies one of the following conditions:
(H1) T is closed.;
(H2) inf{d(x,z) +d(z,Tx): x € X} > 0 for every z ¢ F(T).

Then T has a fixed point in X.

Remark 2.1. In Corollary 2.1, if the condition (H2) is replaced with the
condition (H3), then the conclusion is still true, where

(H3) inf{d(x,z) +d(z,Tx): . € X} > 0 for every z ¢ F(T).
Corollary 2.2. Let o, >0 with a+ (< % Suppose that T: X — X is a
map satisfying

(i) d(Tz,T?%z) < ad(z, Tx) + Bd(x, T%z) for all z € X;

(ii) inf{d(z,z) +d(z,Tx): x € X} > 0 for every z € X with z # T=.
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Then T has a fixed point in X.

Corollary 2.3. Let (X, ||-||) be a Banach space and «, > 0 with a4 < 3.
Suppose that 7' : X — X is a continuous map satisfying [|Tz — T?%z| <
allz — Tx|| + Bz — T%z|| for all z € X. Then T has a fixed point in X.

Proof. Let ¢ : X — 2% be defined by p(z) = {T(z)} for all z € X. Then
p(z) € CB(X) for all z € X and ¢ is u.s.c.. Note that for each z € X,
H(pz,py) = || Tz — T < allz — pz]| + 8|z — @y

for all y € p(x) = {T'(x)}. Since ¢ is u.s.c. with closed values, ¢ is closed.
Hence the conclusion follows from Theorem 2.1. O

Theorem 2.2. Let T': X — CB(X) be a multivalued map and 0 < o < 1.
Suppose that for each z € X,

D,(Tx,Ty) < ap(x,Tz) for all y € Tx
and T further satisfies one of conditions (D1) and (D2) as in Theorem 2.1.

Then T has a fixed point in X.

Proof. Let v € (o, 1) and take ug € X. If up € Tug, then we are done. If
ug & Tug, then p(ug, Tug) > 0 by Lemma 1.2. Choose uy € Tug. If uy € Tuy,
then u; is a fixed point of T. Otherwise, since

0 < p(ur, Tur) < Dp(Tug, Tur) < yp(uo, Tup)

there exists ug € Tuy such that p(uy,u2) < yp(ug,u1). Hence we can con-
struct a sequence {u,}>°, in X satisfying u, € T'(uy—1), p(tn-1,u,) > 0 and
P(Un, Upt1) < YPp(Un—1,uy,) for each n € N. By the similar argument as in the
proof of Theorem 2.1, we can prove the theorem. O

Corollary 2.4. Let (X, ||||) be a Banach space and 0 < o« < 1. Suppose
that T': X — X is a continuous map satisfying || Tz — T?z|| < a ||z — Tz|| for
all x € X. Then T has a fixed point in X.

3. Generalized Kannan’s and Chatterjea’s theorems

Recall that a selfmap T : X — X is said to be

(a) Kannan’s type [2,3,7] if there exists v € [0, 3), such that d(Tz,Ty) <
d(z, Tx) + d(y, Ty)} for all z, y € X;
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(b) Chatterjea’s type [1] if there exists v € [0,1), such that d(Tz,Ty) <
d(z, Ty) + d(y, Tx)} for all z, y € X.

In this section, we will first establish some new fixed point theorems by
using Theorem 2.2.

Theorem 3.1. Let T': X — CB(X) be a multivalued map and 0 < 7y < %
Suppose that

Dy(Tx, Ty) < v{p(z,Tx) + p(y, Tx) + p(y,Ty)} for all z,y € X

and T further satisfies one of conditions (D1) and (D2) as in Theorem 2.1.
Then T has a fixed point in X.

Proof. Let x € X and put k = ﬁ Then k£ € [0,1). Let y € Tx be
arbitrary. Then p(y, T'x) = 0. Since

Dy(Tx, Ty) < ~y{p(z,Tz)+ply,Tx)+ply,Ty)}
< y{p(z,Tz)+D,(Tx, Ty)},

we have D,(Tz,Ty) < kp(z,Tx) for all y € Tx. Therefore the conclusion
follows from Theorem 2.2. O

Corollary 3.1. Let 0 <y < % Suppose that T : X — X is a map satisfying
d(Tz, Ty) < v{d(z,Tx) + d(y,Tz) + d(y, Ty)} for all x, y € X, then T has a
unique fixed point in X.

Proof. Clearly, the uniqueness of fixed point is true. It suffices to show that
inf{d(z,2) + d(z,Tx) : © € X} > 0 for every z ¢ F(T). Assume that there
exists w € X with w # Tw and inf{d(z,w) + d(z,Tx) : * € X} = 0. Then
there exists a sequence {u,} in X such that lim, . {d(tn, w)+d(uy,, Tu,)} = 0.
It follows that d(u,,w) — 0 and d(u,, T'u,) — 0 and hence d(w,Tu,) — 0 as
n — oo. By hypothesis, we have

d(Tuy, Tw) < y{d(un, Tu,) + d(w, Tuy,) + d(w, Tw)}

for all n € N. Let n — oo, we have d(w,Tw) < ~vd(w,Tw), which is a
contradiction. Therefore the conclusion follows from Theorem 3.1. O

Some fixed point theorems for multivalued maps of generalized Kannan’s
type can be established immediately from above theorems.

Theorem 3.2. (Generalized Kannan’s fixed point theorem for mul-
tivalued maps) Let 7': X — CB(X) be a multivalued map and 0 < v < 1.
Suppose that

Dy(Tx, Ty) < v{p(x, Tz) + p(y, Ty)} for all v,y € X
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and T further satisfies one of conditions (D1) and (D2) as in Theorem 2.1.
Then T has a fixed point in X.

In [2, Corollary 3], it have shown that if 7 : X — X is a map of Kannan’s
type, then inf{d(x, z) + d(z,Tz) : x € X} > 0 for every z € X with z # Tz.

Corollary 3.2. [2,3,7] Suppose that 7' : X — X is a map of Kannan’s
type, then T" has a unique fixed point in X.

Applying Theorem 2.1, we can establish some fixed point theorems for
multivalued maps of generalized Chatterjea’s type.

Theorem 3.3. (Generalized Chatterjea’s fixed point theorem for
multivalued mappings) Let T': X — CB(X) be a multivalued map and
0<y< % Suppose that

Dy(Tz,Ty) < v{p(z,Ty) + ply, Tx)} for all z,y € X

and T further satisfies one of conditions (D1) and (D2) as in Theorem 2.1.
Then T has a fixed point in X.

Proof. For each z € X, let y € Tz be arbitrary. Since p(y, Tz) = 0, we have
Dy(Tx, Ty) < yp(z,Ty) for all y € Tx. Therefore the conclusion follows from
Theorem 2.1. O

Corollary 3.3. [1] Suppose that T': X — X is a map of Chatterjea’s type,
then T has a unique fixed point in X.

Proof. Obviously, the uniqueness of fixed point is true. Using the similar
argument as in Corollary 3.1, we can show that inf{d(z, z) + d(z,Tx) : z €
X} > 0 for every z € X with z # Tz and hence the conclusion follows from
Theorem 3.3. O

Using the concept of 7-function, we establish the following fixed point
theorem. In the following theorem, note that we don’t assume that p(x,z) = 0
for all z € X.

Theorem 3.4. Let p be a 7-function on X. Let 0 < v < % Suppose that
T : X — X is a map satisfying

(i) p(Tx, T%z) < yp(x, T?z) for all x € X;

(i) inf{p(z,z) + p(z,Tx): z € X} > 0 for every z € X with z # Tz.



Fixed point theorems 1019

Then T has a fixed point in X. Moreover, if v is a fixed point of T', then
p(v,v) = 0.

Proof. Let u € X. Define uy = u and u,, = T"ug for every n € N. Put
k= % Then 0 < k£ < 1. By hypothesis, we have

p(unaun-I—l) < P)/p(un—laun-l—l) < 7{ p(“n—h“n) +p(unaun+1) }7

for all n € N. It follows that

p(unaun-l—l) S kp(un—laun> S e S knp(u07u1>

for all n € N. Using the similar argument as in the proof of Theorem 2.1,
we can prove that there exist a Cauchy sequence {u,} and vy in X such that
U, — vy as n — 00. Also, we have vy € F(T'). Since

p(vo, vo) = p(Tvo, T?vo) < p(vo, T?v0) = vp(vo, vo),

we have p(vg,v9) = 0. The proof is completed. O

Remark 3.1.

(a) In Theorem 3.4, the T-function p do not need to satisfy p(z,z) = 0 for
all x € X. Hence Theorem 3.4 is not a special case of Theorem 2.1;

(b) Condition (i) of Theorem 3.4 is different from the condition of T"in [2,
Theorem 4]. In [2, Theorem 4], T is assumed to satisfy p(Tz,T?z) <
yp(z, Tz) ,0<v< %, for all x € X.

Lemma 3.1. [2,5] Let (X,d) be a metric space and p a w-distance on X.
Let {x,} and {y,} be sequences in X and z,y,z € X. Let {a,} and {5,} be
sequences in [0, 00) converging to 0. If p(z,,y,) < an and p(z,, 2) < G, for
any n € N, then {y,} converges to z.

Applying Theorem 3.4, we obtain the following fixed point Theorem. In
the following result, p is a w-distance on X.

Theorem 3.5. Let p be a w-distance on X and 0 < v < % Suppose that
T : X — X is a continuous map satisfying p(Tz, T?r) < yp(x, T%z) for all
x € X. Then T has a fixed point in X. Moreover, if v is a fixed point of T,
then p(v,v) = 0.
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Proof. It suffices to show that inf{p(z, z) + p(z,Tx) : © € X} > 0 for every
z € X with z # Tz. Assume that there exists w € X with w # Tw and
inf{p(x,w) + p(z,Tx) : € X} = 0. Then there exists a sequence {u,} in X
such that lim, .o {p(un, w) + p(un, Tu,)} = 0. It follows that p(up,,w) — 0
and p(up, Tu,) — 0 as n — oo. By Lemma 3.1, we have T'u,, — w. On the
other hand, by assumption, we have

P(tn, Tun) + p(Tuy, T2un)
p(tn, Tup) + vp(up, T?uy,)

P(Un, T2un>

IAIA

and hence

1
P(thn, T?uy) < ﬁp(un, Tuy,)

for all n € N. Thus p(u,, T?u,) — 0 as n — oo. By Lemma 3.1 again, we
have T?u,, — w. Since T : X — X is continuous, we have

T(w) =T(lim Tu,) = lim T?u, = w,

n—o0 n—oo

which is a contradiction. Therefore, using Theorem 3.4, there exists vy € X
such that vg = T'vg and p(vp, v9) = 0. This completes the proof. O

Remark 3.2. In [2, Corollary 2], T is assumed to satisfy p(Tz,T?%z) <
p(z,Tx), 0 <~ < i, for all z € X. Hence Theorem 3.5 is different from [2,
Corollary 2].

Finally, we can obtain the following interesting fixed point theorems by
applying Theorem 2.1.

Theorem 3.6. Let T': X — CB(X) be a multivalued map and 0 < vy < %
Suppose that

D,(Tz, Ty) < v{p(x,Tx) + p(x,Ty) + p(y, Tx) + p(y, Ty)} for all z,y € X

and T further satisfies one of conditions (D1) and (D2) as in Theorem 2.1.
Then T has a fixed point in X.

Proof. LetxeXandseta:B:%EO. Thena+ﬁ<%. Let y € Tx

be arbitrary. Then p(y, T'z) = 0. Since

Dy(Tz, Ty) < ~y{p(z,Tx)+ p(z, Ty) +p(y, Tx) + ply, Ty)}
< AHp(x, Tx) + p(x, Ty) + Dyp(Tx, Ty)},
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we have D, (Tx,Ty) < ap(x,Tz) + Bp(x,Ty) for all y € Tx. Therefore the
conclusion follows from Theorem 2.1. O

Theorem 3.7. Let a, f > 0 with 2a+38 < land T : X — CB(X) a
multivalued map satisfying one of conditions (D1) and (D2) as in Theorem
2.1. Suppose that one of the following conditions hold:

(L1) for each z € X, D,(Tz,Ty) < a{p(x,Tz) + p(y, Tz)} + B{p(x, Ty) +
p(y,Ty)} for all y € Tx;

(L2) for each z € X, D,(Tz,Ty) < of{p(x,Ty) + p(y,Tx)} + B{p(z,Tx) +
p(y,Ty)} for all y € Tx;

(L3) for each z € X, D,(Tz,Ty) < ap(z,Tx) + 3{p(z,Ty) + p(y, Tx) +
p(y,Ty)} for all y € Tx;

(L4) for each z € X, D,(Tz,Ty) < ap(z,Ty) + B{p(x,Tz) + p(y, Tx) +
ply, Ty)} for all y € Tx.

Then T has a fixed point in X.

Proof. We only prove that the conclusion holds when (L1) is satisfied. The
rest of the proof is similar to this. Let z € X. Take oy = ﬁ > 0 and
b = % > 0. Then a+ 3 < % Let y € T'x be arbitrary. Then p(y, Tz) =0
and hence D,(Tx, Ty) < ap(z,Tx) + fp(x, Ty) for all y € Tx. Therefore the

conclusion also follows from Theorem 2.1. O
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