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Abstract

Quarter symmetric Finsler connections are defined on the total spaces of Kenmotsu and
P-Kenmotsu vector bundles. In addition, torsion tensor properties of the connection are
derived. It has been shown that the quarter symmetric Finsler connection on both
Kenmotsu and P-Kenmotsu vector bundles is metrical Finsler connection.
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Introduction

Semi symmetric and quarter symmetric connections are known and well studied
on a manifold [3,12]. Miron [6] introduced a sophisticated method for the study of
Finsler Geometry of vector bundles. Using the techniques of Miron’s theory, Atanasiu
[1,2] defined the semi symmetric and quarter symmetric Finsler connections on the
total space of vector bundle and studied several properties. Sai Prasad [8] defined
Kenmotsu and Para Kenmotsu Finsler structures on the total space of vector bundles
and called the corresponding vector bundles as Kenmotsu and P-Kenmotsu vector
bundles respectively.

In this paper, Quarter symmetric Finsler connections are defined on the total
spaces of Kenmotsu and P-Kenmotsu vector bundles. In addition, torsion tensor
properties of the connection are derived. It has been shown that the quarter symmetric
Finsler connection on both Kenmotsu and P-Kenmotsu vector bundles is metric.



848 K. L. Sai Prasad

1. Preliminaries

Let V(M) = {VM, &, M} be a vector bundle whose total space VM is a (n + m)
dimensional ¢ “ - manifold and base space M is an n-dimensional ¢” - manifold.
A Finsler connection V on the total space VM of a vector bundle V(M) is
characterised by the horizontal part V" and the vertical part V" [6].
A Finsler connection V on VM is said to be quarter symmetric if its torsion tensor
T satisfies:
[T, ¥y =p™ (v x - p! (x) ty™
[TXY, YO =p" (Y) X —p" (X 1Y (1.1)
VX, Y e Ty, (VM)and pe T,* (VM).
A Finsler connection V on VM is said to be metric if and only if
VxG'=0, VxG¥ =0
If D is the metrical Finsler connection on VM, then any quarter symmetric
metric Finsler connection V on VM is given by :
VxY =DxY +p(Y)tX-tX, Y)P (1.2)

11
vV X,Y € Ty (VM), where p is a 1-form and t is a Finsler tensor field of type (1 1] .

Here,

‘t(XY) = G(t(X), Y) = G(X, t(Y)) and p(x) = G(P, X). (1.3)
A quarter symmetric Finsler connection V on VM satisfying

(Vx p)(Y?{= (Vy p)(X) Iie-,

(VIPX(YD) = (Vip)XT)

(VXp)(Y") = (VypXX") (1.4)
is called a special quarter symmetric Finsler connection on VM.

The Vector bundle VM with Riemannian Finsler metric G admitting a Finsler

11
tensor field ¢ of type [1 l] , a vector field € and a 1-form n satisfying:

(1) (Vxn)(Y) = (Vy )(X) =0.
i)  (VxVyn)(@Z)=[-GX, Z) +t (D] n(Y)
+ [-G(X, Y) + n(X) n(Y)] n(Z)
(i) nX) =G(X, &)
(iv) VxE=X - nX)&; VX, Y e T, (VM). (1.5)

is said to possess the P-Kenmotsu Finsler structure[8]. The torsion free Finsler
connection Vsatisfying (1.5) is called P-Kenmotsu Finsler connection on VM.
The Vector bundle VM with Riemannian Finsler metric G admitting a Finsler

11
tensor field ¢ of type (1 J , avector field € and a 1-form 7 satisfying:

®  (Vxm)(Y)=G6(X,Y) - n(X)n(Y)
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(1) nX)=G(X, &) and

(i) (Vxm)(Y) =Q(X,Y);:VX,Y € T, (VM). (1.6)
is said to possess the SP-Kenmotsu Finsler structure[8]. The torsion free Finsler
connection Vsatisfying (1.6) is called SP-Kenmotsu Finsler connection on VM.

2. Quarter symmetric Finsler connections on Kenmotsu and para
Kenmotsu vector bundles

Definition(2.1): On the total space VM of a Kenmotsu vector bundle[8] we introduce a
quarter symmetric Finsler connection V by identifying p and t of (1.1) respectively with
n and ¢, where 1 is a 1 — form and ¢ is an almost contact Finsler structure on VM[11]

11
given by the Finsler tensor field of type [1 :J , that is, by setting

T(X,Y)=VxY -Vy X~ [ X, Y =7 (Y) $X - n(X) ¢Y,
which give

[TXTYD] T =n" (Y ¢X" - n" (X") oY

[TXY, Y]V =n" (Y") ¢X" -n" (X") ¢Y" (2.1)
vV X, YeTy(VM) and neT,*(VM).

Then, for a quarter symmetric Finsler connection V on VM of Kenmotsu vector bundle,
we have

(a) [T(o X", oY™]" =0 [T(d X", oY1V =0

(b) [T(®> X", YOI+ [TX", 9’ YH1 M = - [Tx", YH1"!
[T@* X", Y)Y +[TXY, ¢°YV)]V = - [TxY, YV)1V
[

(c) ¢* [TX", YOI+ [Tx™, Y1 =0
¢’ [TXY, Y]V +[TXY, YN]V= 0

(@n" [TX", YHIT =030 [TXY, YH] = 0 (2.2)
VX, Y € T(VM) and neT,*(VM).
Definition (2.2): On the total space VM of a Para Kenmotsu (or) SP-Kenmotsu vector
bundle[8] we introduce a quarter symmetric Finsler connection V by identifying p and t
of (1.1) respectively with 1 and ¢, where 1 is a 1 — form and ¢ is an almost para

11
contact Finsler structure on VM[9] given by the Finsler tensor field of type (1 :J , that

is, by setting

T(X,Y)=VxY - Vy X=X, Y I=n (V) ¢ X - n(X) oY
which give

[TXLYH] T =n' (v ¢ X" -0 (XT) oY

[TXY Y)Y =n" (Y) ¢ XV -n" (XY) oYY (2.3)
V X, YeT, (VM) and neT.* (VM).
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It may be noted that to specify the clear difference between the symbols ¢ and n of
(2.1) and (2.3), in this paper we replace ¢, n, &, G of (2.3), concerning almost para

contact Finsler structures, respectively by ¢, n, &, G.
Hence (2.3) can be written as

TEXLYHIT= 7 (Y oX" - 7 (x) gy
T = 7 096 XY - 7 XYY" (2.4)
VX, Y eT,(VM)and 7 eTy* (VM).

Then for a quarter symmetric Finsler connection V on VM of P-Kenmotsu (or)
SP-Kenmotsu vector bundle, we get

(a) {T(g}x“,(}v“ﬂ =o{T((}xV,(}5YVﬂ =0

(b) [T(;;XH,YHH J{T(XH,;YHH = [rxHyr ]

i v i v .
{T((p xV,YVﬂ + [T(Xv,gﬁYVH = [T(x¥,v]
~2
©  grexyr] —[rexH ] =0
~2
srexv ] —frexv v ] =o
~H ~V
@ o frxtyr] =0 prxvyv] =0 (2.5)
VX, Y eTo(VM)and 7 € To* (VM).
Theorem (2.1) : Let V be a quarter symmetric Finsler connection on the total space

VM of a Kenmotsu vector bundle. Then for every X,Y €T, (VM) there exists a Finsler
tensor field A such that

S[AXH Y]+ [acx Y] =0
o A Y ]+ [acxv .y =0

Proof: Ifweput [AX",Y™)]" =g[T (", x*)]", then from (2.2) ¢ we have
sl Y] =gt x]T == [rert, xm)”
Therefore,
SlAx Y] =gt xM)]" = =[ax,y )"
which implies
A Y] +[ax Y] =0
Similarly the other part holds.
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Theorem (2.2): Let V be a quarter symmetric Finsler connection on VM of a
P-Kenmotsu (or) SP-Kenmotsu vector bundle. Then for every X, YT, (VM),
there exists a Finsler tensor field A such that

?;[A(XH,YH)]“ = [AaxH yH)”
A Y] =[axv .y

Proof: Ifweput  [AX",Y™)]" = g[T (", x")]" then from (2.5)c, we get
A Y] =T x]
Therefore,
(;ﬁz[A(XH,YH)]H =g Tt x ] = [acx ).
Similarly the second part.

3. Quarter symmetric metric Finsler connection on Kenmotsu vector
bundle

Let D be a metrical Finsler connection and V be quarter symmetric Finsler connection
on VM of Kenmotsu vector bundle. Then

VxY =Dx Y +H(X,Y) VX, Y e Ty(VM) 3.1
where

HX,Y)= % [T(X,Y)+PX)Y)+P(Y, X) ] (3.2)
and

G(P(X.Y), Z) def G(T(Z, X),Y) (3.3)

From (2.1) and (3.3) we get
PX,Y)=-mX)doY-Q(X, Y)E (3.4)

where 1 (X) = G(X,§)and Q (X, Y)= G(¢X,Y)= —G(X, ¢Y) (3.5)

Now from (2.1), (3.2), (3.4) and (3.5) we get
HX,Y)=—-n (X) ¢Y (3.6)

Then from (3.1) V is given as:

VxY=DxY - n(X)¢Y (3.7)
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Theorem (3.1): The quarter symmetric Finsler connection V on the total space VM of a
Kenmotsu vector bundle, given by (3.7), is metric.

Proof: We have

Vx (G(Y,Z2))=(Vx G)Y,Z2)+G(Vx Y, 2)*+G(Y, Vx Z)
Using (3.7) in the above equation, we get (Vx G)(Y,Z) =0, which shows that V is
metric.

Proposition (3.1): The Finsler tensor field H(X, Y) satisfies:
[HE YT =[TE", Yyt
HEY, Y)Y =[TE", Yy )17
GITX", YU e =0=G[T(XY, YY), £V] (3.8)

Proof: From equations (2.1), (3.5),and (3.6), we have (3.8).

Theorem (3.2): The quarter symmetric metric Finsler connection V on the total space
VM of Kenmotsu vector bundle with Kenmotsu Finsler connection D satisfies

(VEDY™H + (VH mXhH =269 X7, ¢ Y
(VimY)+ (VimX*)=2Go X", ¢ Y") (3.9)
VX, Y € T(VM)

Proof: From (3.7) we have
(Vx )(Y) = (Dx n)(Y)

(Vx n)(Y) + (Vy n)(X) = (Dx n)(Y) + (Dy n)(X) = 2G(¢X, ¢Y);
which gives (3.9) since V is a Finsler connection on VM.
[Since D is a Kenmotsu Finsler connection, we have

(Dx M)(Y) + (Dy N)(X) = 2G(¢X, ¢Y)]

Therefore,

4. Quarter symmetric metric Finsler connection on P-Kenmotsu vector
bundle

Let D be a metrical Finsler connection and let V be quarter symmetric Finsler
connection on VM of P-Kenmotsu (or) SP-Kenmotsu vector bundle. Then

VxY =DxY + H(X, Y); VX, Y eT, (VM) 4.1)
where

H(X,Y) = % {T(X,Y)+P(X,Y) +P(Y, X)} (4.2)
and

G(T(Z,X), Y)= G(P(X.)Y), Z) (4.3)

Then from (2.4) and (4.3), we get
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PCX,Y)= n(X) dY-Q (X, Y) E. (4.4)
where T~'| X)= é (X, %) and

QX Y)=G(X,Y)=G(X ¢Y) 4.5)
Now from equations (2.4), (4 2), (4 4) and (4.5) we get

HX, Y)= n () <|>X 0 X, Y) F, (4.6)
Then from (4.1) and (4.6), V can be written as:

VxY =DxY + 1 (Y) 6X - Q (X,Y) E. 4.7)

Theorem (4.1): The quarter symmetric Finsler connection on the total space VM of a
P-Kenmotsu (or) SP-Kenmotsu vector bundle, given by (4.7), is metric.

Proof: We have
Vx (G(Y,2)=(VxG)Y,Z2)+G(Vx Y, Z2)*+G(Y, Vx Z)
Using (4.7) in the above equation, we get (Vx G) = 0 which shows that V is metric.

Proposition(4.1): The Finsler tensor field H(X, Y), given by (4.6), satisfies:
[HOX, EN = [T(X, &)
[HOXY, E)Y = XY, €Y
GITX™, Y, £} = 0 = GUT(XY Y)Y, €} (4.8)
Proof: From (2.4), (4.5) and (4.6) we have (4.8).

Theorem (4.2): On the total space VM of SP-Kenmotsu vector bundle with quarter

symmetric metric Finsler connection V, we have
VM) — (7 =0
VEmY) - (YmxY) =0 (4.9)

VX, Y e T(VM)

Proof: From (4.7), we have

(Vxm)(Y) = Dx)(Y) - Q (X, Y)

Hence for SP-Kenmotsu Finsler vector bundle, using (4.5), we get
(Vxn)(Y)=G(¢X, ¢Y)- G (X, Y).

Similarly,

Vyn)X)=G(9Y, ¢X)- G(9Y,X).
On subtracting these two and using (4.5), we get (4.9).
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Conclusion. Tt is found from the above result that V is a special quarter symmetric
metric Finsler connection on SP-Kenmotsu vector bundle. Similarly, we can also prove
that “the quarter symmetric metric Finsler connection V on the total space VM of a
P-Kenmotsu vector bundle is special”.
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