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Abstract

Characterizations for a Galois extension of a separable algebra are
given, and applications are derived for Azumaya Galois extensions and
Hirata separable Galois extensions.
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1 Introduction

Galois extensions over an Azumaya algebra have been studied in [1], [2], [3], [7],
and [8], that is, B is a Galois extension of BG with Galois group G such that
BG is an Azumaya algebra over CG where C is the center of B. In the present
paper, replacing the condition of Azumaya CG-algebra BG by a separable CG-
algebra BG, we shall study a broader class of Galois extension B with Galois
group G of BG which is a separable CG-algebra. Such a B is characterized in
terms of the center Z of the skew group ring B ∗G. The following statements
are equivalent: (1) B is a Galois extension with Galois group G of BG which
is a separable CG-algebra; (2) B ∗G is a separable CG-algebra and B is a left
generator of Z where Z is the center of B ∗ G; and (3) B ∗ G is a separable
CG-algebra and there exist {xi, yi ∈ B | i = 1, 2, ..., m for some integer m}
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such that α : D ∼= Z by α(d) =
∑

g∈G

∑m
i=1 xidg(yi)Ug for d ∈ D where D is

the center of BG and {Ug | g ∈ G} is a canonical basis for B ∗ G. Thus these
results can be applied to the class of Azumaya Galois extensions and the class
of Hirata separable Galois extensions of a separable algebra.

2 Definitions and Notations

Let B be a ring with 1, G a finite automorphism group of B, C the center of
B, BG the set of elements in B fixed under each element in G, and A a subring
of B with the same identity 1. We call B a separable extension of A if there
exist {ai, bi in B, i = 1, 2, ..., m for some integer m} such that

∑
aibi = 1,

and
∑

bai ⊗ bi =
∑

ai ⊗ bib for all b in B where ⊗ is over A. An Azumaya
algebra is a separable extension of its center. We call B a Galois extension
of BG with Galois group G if there exist elements {ai, bi in B, i = 1, 2, ..., m
for some integer m} such that

∑m
i=1 aig(bi) = δ1,g for each g ∈ G. Such a set

{ai, bi} is called a G-Galois system for B. An Azumaya Galois extension of
BG with Galois group G is a Galois extension of BG with Galois group G such
that BG is an Azumaya algebra over CG. A ring B is called a Galois algebra
over R if B is a Galois extension of R which is contained in C , and B is called
a central Galois algebra if B is a Galois extension of C . A ring B is called a
Hirata separable extension of A if B ⊗A B is isomorphic to a direct summand
of a finite direct sum of B as a B-bimodule, and B is called a Hirata separable
Galois extension if it is a Galois and a Hirata separable extension of BG.

3 Main Results

Throughout this section, let B be a Galois extension of BG with Galois group
G, C the center of B, B ∗ G the skew group ring with a canonical basis
{Ug | g ∈ G}, Z the center of B ∗ G, and D the center of BG. We shall
characterize a Galois extension B of BG which is a separable CG-algebra.

Theorem 3.1 The following statements are equivalent: (1) B is a Galois
extension with Galois group G of BG which is a separable CG-algebra; (2) B∗G
is a separable CG-algebra and B is a left generator of Z; and (3) B ∗ G is a
separable CG-algebra and there exist {xi, yi ∈ B | i = 1, 2, ..., m for some integer
m} such that α : D ∼= Z as CG-algebra by α(d) =

∑
g∈G

∑m
i=1 xidg(yi)Ug for

d ∈ D.

Proof. (1) =⇒ (2) Since B is a Galois extension of BG with Galois
group G, B ∗ G ∼= HomBG(B, B) and B is a finitely generated and projec-
tive left BG-module. Moveover, by hypothesis, BG is a separable CG-algebra,
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so HomBG(B, B) is a separable CG-algebra ([6], Theorem 1). Thus, B ∗ G is
a separable CG-algebra; and so B ∗G is an Azumaya Z-algebra ([4], Theorem
3.8 on page 55). But then Z is a direct summand of B ∗G ([4], Lemma 3.1 on
page 51). This implies that B ∗ G is a generator of Z. Again, B is a Galois
extension of BG, so B is a left generator of B ∗ G. Therefore, B is a left
generator of Z by the transitivity of generator modules.

(2) =⇒ (1) By hypothesis, B ∗ G is a separable CG-algebra, so B ∗ G is
an Azumaya Z-algebra ([4], Theorem 3.8 on page 55). Thus, noting that Z
is a generator of itself, we have that Z is a generator of B ∗ G. But B is a
left generator of Z by hypothesis, so B is also a left generator of B ∗G by the
transitivity of generator modules. This proves that B is a Galois extension of
BG with Galois group G. Moreover, since B ∗ G is a separable CG-algebra,
B ∗G is a separable extension of B. Hence there exists an element c ∈ C such
that TrG(c) = 1 where TrG( ) =

∑
g∈G g( ). Thus BG is a direct summand of B

as a BG-bimodule; and so the group ring BG ∗G is a direct summand of B ∗G
as a BG-bimodule. But BG is a direct summand of BG ∗G as a BG-bimodule,
so BG is also a direct summand of B∗G as a BG-bimodule. On the other hand,
since B has been shown to be a Galois extension of BG with Galois group G,
B is a finitely generated and projective left BG-module. But then B ∗ G is a
finitely generated and projective left BG-module such that BG is also a direct
summand of B ∗ G as a BG-bimodule. Now, B ∗ G is a separable CG-algebra
by hypothesis, so BG is also a separable CG-algebra by the argument as given
on page 55 in [4]. This completes the proof.

(1) =⇒ (3) Since B is a Galois extension of BG with Galois group G,

α : HomBG(B, B) ∼= B ∗ G

where B is a finitely generated and projective right BG-module, and

α(f) =
∑

g∈G

m∑

i=1

f(xi)g(yi)Ug

for a G-Galois system {xi, yi} ([3], Theorem 1). But BG is a separable CG-
algebra by hypothesis, so HomBG(B, B) is a separable CG-algebra ([6], The-
orem 1). Considering B as a right BG-module, we can verify that the center
of HomBG(B, B) is fD where fD = {d ∈ D | fd(b) = bd for each b ∈ B}. In
fact, for any h ∈ HomBG(B, B) and b ∈ B, (fd · h)(b) = fd(h(b)) = h(b)d =
h(bd) = (h · fd)(b), so fd is contained in the center of HomBG(B, B). Also,
for any h in the center of HomBG(B, B), noting that Lb, the left multiplica-
tion map by b, is in HomBG(B, B), we have that h · Lb(1) = Lb · h(1) because
h · Lb = Lb · h. Thus h(b · 1) = b · h(1) for each b ∈ B. In particular, for
each b ∈ BG, h(b · 1) = b · h(1) = h(1 · b) = h(1) · b. Now, let h(1) = d.
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Then bd = db for each b ∈ BG, that is d ∈ D. Thus h = fd ∈ fD; and so
the center of HomBG(B, B) = fD where D is the center of BG. Next, since
α : HomBG(B, B) ∼= B ∗ G where α(f) =

∑
g∈G

∑m
i=1 f(xi)g(yi)Ug for a G-

Galois system {xi, yi ∈ B | i = 1, 2, ..., m for some integer m} for B. The
restriction of α to fD is given by α(fd) =

∑
g∈G

∑m
i=1 fd(xi)g(yi)Ug for each

d ∈ D, which is equal to
∑

g∈G

∑m
i=1(xid)g(yi)Ug ∈ Z, the center of B ∗ G.

Thus α : D ∼= Z as CG-algebra.

(3) =⇒ (1) Since α : D ∼= Z from the center of BG to the center Z of
B ∗ G by α(d) =

∑
g∈G

∑m
i=1 xidg(yi)Ug for d ∈ D for some {xi, yi ∈ B | i =

1, 2, ..., m}, α(1) = 1 =
∑

g∈G

∑m
i=1 xi · 1 · g(yi)Ug. Hence

∑m
i=1 xig(yi) = δ1,g;

and so {xi, yi ∈ B | i = 1, 2, ..., m} is a G-Galois system for B. Thus B is a
Galois extension of BG with Galois group G. Moreover, B ∗ G is a separable
CG-algebra by hypothesis, so by the proof in (2) =⇒ (1), that B ∗ G is a
separable CG-algebra implies that BG is a separable CG-algebra. Thus the
proof is complete.

In [9], the class of Hirata separable Galois extensions was studied. By The-
orem 3.1, we can derive some characterizations for a Hirata separable Galois
extension B of BG which is a separable CG-algebra.

Theorem 3.2 Let B be a Galois extension of BG with Galois group G
such that BG is a separable CG-algebra. Then the following statements are
equivalent: (1) B is a Hirata separable Galois extension of BG; (2) BG satisfies
the double centralizer property in B, that is, VB(VB(BG)) = BG; and (3) B is
an Azumaya CG-algebra.

Proof. (1) =⇒ (2) Since B is a Hirata separable Galois extension of BG,
VB(VB(BG)) = BG ([9], Proposition 4).

(2) =⇒ (3) Since VB(VB(BG)) = BG, C = CG. Thus the separable CG-
algebra B becomes an Azumaya CG-algebra.

(3) =⇒ (1) Since B is a Galois extension of BG with Galois group G, B is
a finitely generated and projective left BG-module. Moreover, by hypothesis,
B is an Azumaya CG-algebra, so B is a Hirata separable Galois extension of
BG ([5], Theorem 1).

By Theorem 3.1, some equivalent conditions for an Azumaya Galois exten-
sion can also be obtained.

Theorem 3.3 By keeping the notations of Theorem 3.1, let B be a Galois
extension of BG with Galois group G such that BG is a separable CG-algebra.
Then the following statements are equivalent: (1) D = CG (that is, B is an
Azumaya Galois extension); (2) Z = D where Z is the center of B ∗ G; and
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(3) there exist {xi ∈ VB(D), yi ∈ B | i = 1, 2, ..., m for some integer m} such
that α : D ∼= Z as CG-algebra by α(d) =

∑
g∈G

∑m
i=1 xidg(yi)Ug for d ∈ D.

Proof. (1) =⇒ (2) Since D = CG, BG is an Azumaya CG-algebra. Hence B
is an Azumaya Galois extension of BG with Galois group G. Thus D = CG = Z
([2], Theorem 1).

(2) =⇒ (1) Since Z = D, Z ⊂ BG ⊂ B. Thus Z = CG ([2], Theorem 1).

(1) =⇒ (3) By hypothesis, D = CG, so VB(D) = VB(CG) = B. Thus
xi ∈ VB(D) for each i where {xi, yi ∈ B | i = 1, 2, ..., m} are as given in
Theorem 3.1.

(3) =⇒ (2) By Theorem 3.1, α : D ∼= Z by α(d) =
∑

g∈G

∑m
i=1 xidg(yi)Ug

for d ∈ D. In particular, let d = 1; then α(1) = 1 =
∑

g∈G

∑m
i=1 xig(yi)Ug.

Thus {xi, yi ∈ B | i = 1, 2, ..., m} is a G-Galois system for B; that is,∑m
i=1 xig(yi) = δ1,g. Now by hypothesis, xi ∈ VB(D) for each i, so α(d) =∑
g∈G

∑m
i=1 xidg(yi)Ug =

∑
g∈G

∑m
i=1 dxig(yi)Ug = d. Therefore D = Z.

We conclude the present paper with three examples of Galois extensions B
of a separable algebra to demonstrate the results: (1) B is an Azumaya Galois
extension of BG and B is also a Hirata separable Galois extension of BG, (2) B
is an Azumaya Galois extension of BG but B is not a Hirata separable Galois
extension of BG, and (3) B is a Galois extension of a separable algebra BG

but not an Azumaya Galois extension. Firstly, we show a theorem.

Theorem 3.4 Let B be an algebra over R, G a finite automorphism group
of B, C the center of B, and K = {g ∈ G | g(c) = c for all c ∈ C}. If B is
a central Galois algebra over C with Galois group K and C is a commutative
Galois algebra over R with Galois group G/K, then B be a Galois algebra over
R with Galois group G.

Proof. Let {ai, bi ∈ B | i = 1, 2, ..., m for some integer m} be a Galois
system for B over C with Galois group K and {cj , dj ∈ C | j = 1, 2, ..., k for
some integer k} a Galois system for C over R with Galois group G/K. Then
it can be checked that {aicj, bidj ∈ B | i = 1, 2, ..., m, j = 1, 2, ..., k} is a Galois
system for B over R with Galois group G.

Example 3.5 Let A = C[i, j, k] be the quaternion algebra over the complex
field C, H = {1, αi, αj, αk |αl(x) = lxl−1, for l = i, j, k and for each x ∈ A},
τ (a + bii + cjj + dkk) = ā + b̄ii + c̄jj + d̄kk for a, b, c, d ∈ C, and G = 〈τ,H〉
the automorphism group generated by τ and the elements in H. Then (1) A is
a central Galois algebra over C with Galois group H and C is a commutative
Galois algebra over the real field R with Galois group G/H ∼= {1, τ}; (2) A
is a Galois algebra over R with Galois group G by Theorem 3.4; and (3) let
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B = M2(C)⊗� A where M2(C) is the matrix algebra of order 2 over C. Then B
is an Azumaya Galois extension of B1⊗H (∼= M2(C)) with Galois group 1⊗H
and B is also a Hirata separable Galois extension of B1⊗H.

Example 3.6 Let A, C, R, and G be as given in Example 3.5 and B =
M2(R) ⊗�A. Then B is an Azumaya Galois extension of B1⊗G (∼= M2(R))
with Galois group 1 ⊗ G, but B is not a Hirata separable extension of B1⊗G

because B is not an Azumaya algebra over R.

Example 3.7 Let C be the complex field, R the real field, and G = {1, α}
where α(c) = c̄ for each c ∈ C. Then C is a Galois algebra over R with Galois
group G. Let B = C ∗G the skew group ring of G over C. Then B is a Galois
extension of BG with Galois group G where G is the inner automorphism group
of B induced by the elements in G. Since G is inner, B is a Hirata Galois
extension of BG with Galois group G ([9], Corollary 3). Also BG = R ∗ G, a

commutative separable algebra over R, so BG is not an Azumaya algebra over
R. Thus B is not an Azumaya Galois extension of BG.
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