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Abstract

This paper aims to show that Frenet apparatus of an evolute curve
can be formed according to apparatus of involute curve and to present
there are no inclined evolutes in Minkowski space-time.
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1 Introduction

It is safe to report that the many important results in the theory of the curves
in £ were initiated by G. Monge; and G. Darboux pionnered the moving frame
idea. Thereafter, Frenet defined his moving frame and his special equations
which play important role in mechanics and kinematics as well as in differential
geometry. At the begining of the twentieth century, A.Einstein’s theory opened
a door of use of new geometries. One of them, Minkowski space-time, which is
simultaneously the geometry of special relativity and the geometry induced on
each fixed tangent space of an arbitrary Lorentzian manifold, was introduced
and some of classical differential geometry topics have been treated by the
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researchers.

In [7] authors defined a vector product which is similar to E® and they gave
a method to calculate Frenet apparatus of a space-like and a time-like curve
in Minkowski space-time. C. Huygens, who is also known for his works in
optics, discovered involutes while trying to build a more accurate clock. And,
in particular, involute-evolute curve couple, inclined curves and W-curves are
well known concepts in the classical differential geometry (see [6] and [5]).
Nevertheless relations Frenet apparatus of involute-evolute curve couple in the
space E? are given in [3].

In the present study, space-like involute-evolute curve couple in Minkowski
space-time is defined, and Frenet apparatus of this curve couple are described.
Thus, this classical topic is extended to the Minkowski space-time. We hope
these results will be helpful to mathematicians who are specialized on mathe-
matical modelling.

2 Preliminaries

To meet the requirements in the next sections, here, the basic elements of
the theory of curves in the space Ej are briefly presented (A more complete
elementary treatment can be found in [1]).

Minkowski space-time Ej is an Euclidean space E* provided with the stan-
dart flat metric given by

g = —da? + dr3 + da3 + dr}, (1)

where (21,9, 73, 24) is a rectangular coordinate system in Ef.

Since ¢ is an indefinite metric, recall that a vector v € E} can have one
of the three causal characters; it can be space-like if g(v,v) > 0 or v = 0,
time-like if g(v,v) < 0 and null (light-like) if g(v,v)=0 and v # 0. Similary, an
arbitrary curve o = a(s) in E} can be locally be space-like, time-like or null
(light-like), if all of its velocity vectors o/(s) are respectively space-like, time-
like or null. Also, recall the norm of a vector v is given by |[v]| = +/|g(v,v)].
Therefore, v is a unit vector if g(v,v) = £1. Next, vectors v,w in E}{ are said
to be orthogonal if g(v,w) = 0. The velocity of the curve a(s) is given by
o/ (s)||. Let ¥ = 9(s) be a curve in Ef. If tangent vector field of this curve
is forming a constant angle with a constant vector field U, then this curve is
called an inclined curve. Recall that W-curve is a regular curve which has
constant curvatures. Now let us define involute-evolute curve couple. Let ¢
and ¢ be space-like curves in Ef. ¢ is an involute of § if ¢ lies on the tangent
line to ¢ at d(sg) and the tangents to 6 and ¢ at §(sg) and ¢ are perpendicular
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for each sg. ¢ is an evolute of J if § is an involute of ¢. And this curve couple
defined by ¢ = § + AT

Denote by {T'(s), N(s), B(s), E(s)} the moving Frenet frame along the
curve «(s) in the space E}. Then T, N, B, E are, respectively, the tangent,
the principal normal, the binormal and the trinormal vector fields. Space-like
or time-like curve «(s) is said to be parametrized by arclength function s, if
g(a’(s),a'(s)) = *1.

Let a(s) be a curve in the space-time E, parametrized by arclength func-
tion s. Then for the curve « the following Frenet equations are given in [4] as
follows:

Let a be a space-like curve. Then T is space-like vector, so depending on
the causal character of the principal normal vector /N, subcases are written as
follows:

Case 1. N is space-like: Then we will distinguish subcases according to
causal character of the binormal B.

Case 1.1. B is space-like.In this case the Frenet formulae is read

T 0 k 0 0 T
/ —_—
N, _ 0 7 0 N (2>
B 0O —7 0 o B
£’ 0 0 o O E

where T, N, B and E are mutually orthogonal vectors satisfying equations
g(T,T)=g(N,N)=g(B,B)=1,g(E,E) = —1.

Case 1.2. B is time-like.The Frenet formulae has the form

T 0 0 O T
/ —
N/ _ k 0 7 0 N (3)
B 0O 7 0 o B
B’ 0 0 o O 1)

where T, N, B and E are mutually orthogonal vectors satisfying equations
g(T,T)=g(N,N)=g(E,E)=1, g(B,B) = —1.

Case 2. N is time-like. In this case the Frenet equations can be written

T 0 0 O T
N’ k 0 7 O N
Bl |07 0 o B (4)
E 00 —o O FE

where T, N, B and E are mutually orthogonal vectors satisfying equations
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g(T,T) :g(B,B) :g(E,E) =1, g(N,N) =-1L

Here x, 7 and o are, respectively, first, second and third curvature of curve
«. In the same space, in [7] authors defined a vector product and gave a method
to establish the Frenet frame for an arbitrary curve by following definition and
theorem:

Let a = (a1, as,a3,a4), b = (b1,be,b3,04) and ¢ = (cq,ca,c3,¢4) be vec-
tors in E}. The vector product in Minkowski space-time E} is defined by the
determinant

—€1 €2 €3 €4

ap Gz a3z a4
by by by by |’ (5)

C1 Cy C3 (4

aNbANc=—

where e, €9, e3 and ey are mutually orthogonal vectors (coordinate direction
vectors) satisfying equations

et NegNes=eq4 ,eaNesNeg=e1,esNesNep=ey,eqNep N\ey = —es.

Theorem 2.1 Let a = «(t) be an arbitrary space-like curve in Minkowski
space-time E} with space-like tangent, principal normal and binormal and time-
like trinormal vector fields. The Frenet apparatus of a can be written as follows;

C(/

y— (6)

le[|”

m2 n AN AN
N 0" = gla' o)l .

B HHO/H2 o —ga, o) .of

B=uNATAE, (8)
TANANQ"
= 9
MIT AN Ao ®)
)P = gld,a").of
o 1] ,i ) 0)
gl

__ T AN A"l )
lle]* .0 = g(a, a").af

and
gl E)
AN A ||

In this work, we shall study on space-like curves with equations (2).

g
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3 The Frenet apparatus of an involute-evolute
curve couple in E}

Theorem 3.1 Let ¢ and & be unit speed space-like curves and ¢ be an
evolute of 6. The Frenet apparatus of ¢ ({T,, Ny, By, Ep, Ky, Ty, 0,}) can be
formed according to Frenet apparatus of 6 ({T, N, B, E,k,T,0}).

Proof. From definition of involute-evolute curve couple we write
=10+ M. (13)
Differentiating both sides of (13) respect to s we obtain

dy ds, d\ ,
—— L =T+ =T+ \T. 14
ds, ds + ds + (14)

Recalling definition of involute and evolute we can say 75 L 7' . Hence we
have

d\

14+ —==0. 1
erS 0 (15)

And we easily find A = ¢ — s where ¢ is constant. Rewriting (13) we have
o=0+(c—s)T. (16)
Differentiating both sides of this expression respect to s we have following

equation

d
(p% = (c— s)kN. (17)
Taking the norm of both sides we get

T,=N (18)

and
ds,

T = (c — s)k. (19)

Now we will differentiate of (16) four times respect to s. From (17), we know
¢ = (c— s)kN. Then the others have the form

¢ = —(c—8)K*T + [~k + (c — 8)K'| N + (¢ — s)kTB. (20)

av

Let us denote " and ¢!V) with following equations.

" =T + ugN + uzB + uyF. (21)
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gp(lv) =0T +voN +v3B + v E.
Considering (7) we calculate and denote

1117 0" = g(¢', ") = LT + 5N + 13B + I, E.

(22)

(23)

Thus, we have principal normal and first curvature of ¢ with the equations

LT + IbN + 1B+ LE
N, = 272 1712 4 12
VBB B+
and
V-B+B+B+3
//»'90 =

[(c = s)K]"
Using exterior product, we have T,, A N,A ¢ as

1
=1 [(laug — lyus)T + (lyug — lyur) B + (Isug — lus)E],

where A = \/—l% + 13 + 13 + (3. Thus, we have trinormal of ¢

[(Z3U4 — l4U3)T + (Z1U4 — l4’LL1)B + (l3u1 — ll’LLg)E]
\/—(Z3U4 — l4U3)2 + (Z1U4 — l4u1)2 + (Z3U1 — l1U3)2

E,=p

And easily we have second and third curvatures as follows:

Y

T = (C _ S)K, —(l3U4 - l4U3)2 + (l1u4 - l4ul)2 + (Z3U1 — l1U3)2
’ | BB+ E+0

Uy

(C — S)K.\/—<Z3U4 — l4U3)2 + (Z1U4 — l4u1)2 + (l3u1 — l1U3)2 ‘

O, =

Finally, the exterior product N, AT, A\ E,, gives us binormal vector as

[l3(l3u1 — l1U3) — l4(l1U4 — Z4U1)] T
+ [ll (Z3U1 — l1U3) - l4(l3U4 — Z4U3)] B
1% +l3(l3U4 — Z4U3) - ll (Z1U4 — l4U1)E

F \/—(Z3U4 — l4U3)2 + (Z1U4 - l4u1)2 + (Z3U1 - l1U3)2

©

Y

where F =/~ 18 + 3 + 3 + 3.

(24)

(25)

(26)

(27)

(28)

(29)

(30)
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4 A special characterization of an involute-
evolute curve couple in Ef

Theorem 4.1 Let ¢ and & be unit speed space-like curves and ¢ be an
evolute of & in Minkowski space-time. The evolute ¢ is never an inclined
curve in Ef.

Proof. Considering definition of inclined curves, we write
T,.U = cos b, (31)

where U is a constant space-like vector and 6 is constant angle. From (18) we
easily have

N.U = cosb. (32)
Differentiating both sides of (32) we obtain
(—kT +7B).U = 0. (33)
Therefore, U 1. T and U 1. B. Let us decompose U as
U=tN+tE. (34)

One more differentiating of (34) and using Frenet equations we have ¢t; = 0
and t, = 0. By this result, we write

U =0. (35)

By (31), (35) yields a contradiction. Therefore, evolute ¢ can not be an inclined
curve in the space Ef.

Remark 4.1 In the case when ¢ is space-like curve within other cases in
the space E}, there holds theorems which are analogous theorem (3.1) and
(4.1).

Example 4.1 Now, we present a special application of theorem (3.1). Let
¢ and 0 be unit speed space-like curves and ¢ be an evolute of §. Moreover, let
us suppose 0 is a W —curve. To calculate Frenet apparatus, first we calculate
following derivatives:

¢ = (c—s)kN. (36)

¢" = (s —c)*T — kN + (c — 8)kTB. (37)
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QOHI _ 2/12T+ (S—C)/QN— (c—S)/iTQN_ 2kTB + (C— S)K,TUE. (38)

oIV) = (c — 5) [R2(1+7)|T + [k(2k2 + 372 + 1)| N (39)
+(s —¢)[rk7(7* — 62+ 1)] B — 3k70oFE '
And following prosedure in theorem (3.1), we first form
I 0" = (&, 9")-¢' = (¢ = 8)*K* [T +7B]. (40)
Using (24), we have principal normal of ¢ as
kKT + 1B
Using exterior product we get trinormal of ¢
c—38)tol + (c — s)ko B+ 4kE
g, =y [Crol ) (42)

\/(c — $)%(ko)?(1 — 72) + 16K?

Considering obtained equations, we easily have the curvatures of ¢ as follows:

2 — K
S 43
e (c—s)k’ (43)
(¢ — )% (ko)?(1 — 72) 4 16K2
T, = m'\/ R (44)
and
—30
o, = . (45)
’ [(c—s)k]" \/(c — 5)%(ko)?(1 — 72) + 16K?
And finally exterior product N, A T,, A\ E,, gives us binormal of ¢
B, = p(c—s)°k"r [4I€TT +K*B+ (c—s)o(T? — 02)E} . (46)

Corollary 4.2 In the case of § is a W —-curve, suffice it to say that evolute
@ may not be a W -curve.
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