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Abstract
In this paper we discuss on the solution of Fredholm integral equation
of the second kind

b
o(a) = (@) + A [ kla)s(t)dt (1
with the Degenerate kernel
k(z,t) =) ag(x)by(t)
k=1
and show that the solution of (1) is the form

o) = F(2) + 1Y Cran(a)

k=1
so that

L=Qain - —Aae-r) S —Aaggry 0 —Aai,

Cp = 1 —Aagr o = Aage—1)  fo —Aagyry 0 —Aagp

—Aap1 Tt _)‘an(kfl) fn _)‘an(kJrl) o 1= Qapn
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and
1-— )\CLH —)\alg cee —)\aln
—A 1—dagy -+ —Aagm
AN = a21 a2 a2 £ 0.
—Aan1 —Aaps o 1= dapun

k=1,2,---,n and apy = ff ag ()b, (t)dt.
And if m = k, we show that

o) = [@) + A3 — ()
k=1

— I—Aakk

so that
{ fe= [ br(t) f(t)dt
ark = 7 ag(t)by(t)dt
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1 Introduction

The kernel k(z,t) of a Fredholm integral equation of the second kind is called

"Degenerate” if it is of the form:

k(x,t) = zi: ag ()b (t)

We shall consider the functions ag(z) and bx(t) (k = 1,2,---,n )which are
continuous in the square ; a < z,t < b ; and linearly independent.

Therefore we have:
3(x) = f(x) + A Y aula) [ bl )
k=1 @

and if we introduce the notation

Ci= [ buloyotoyi ®)
then .
o) = $(@) + 2 X Cron(0) ()

where C), are unknown constants.
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2 Solution in the general case

With putting the expression (4) in to the integral equation (2) , we get

il{cm - /ab bm(t)[f(t) + )\kzn: Ckak(t)]dt}am(x) =0

and

n b b
Con—A) C a ()b, (t)dt = [ by, d
> Ci [ an(@hn(t)dt = [ bu(0)f @)t

We introduce the notations

U = / " (£ (D)t

b
fo= [ a0 (000t
then we will have

k=1

m=1,2,---.n
then
(1 - )\&11)01 —AaipCy — -+ - — Aa,,Cy, = f1
—)\Clglcl + (1 — )\&22)02 — e — )\&ann = f2 (5>
=1 C1 — AapoCy — -+ -+ (1 = Aap,)Cr, = fo
To solve the unknowns Cy ; k =1,2,---,n ; we should have
1-— )\CLH —)\alg tee —)\aln
—A 1—A s —)agy,
am=| TR T o )
— A1 —Aypa 01— Aap,

Then C}, are obtained from the Cramer’s formula

I —XAay - _)\al(lc—l) fi _)\al(k—f—l) T —Aay,
Cn — 1 —Aag1 - —Aagk—1)  f2 —Aagpgry 0 —Aagy
FTAN .
_)\anl to _)\an(kfl) fn _)\an(kJrl) e 1= )\ann

(7)

k=1,2,-.n
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Then the solution of the Fredholm integral equation of the second kind (1) is
the function ¢(z) defined by the equality

b() = f(z) + A3 Crax(2)
k=1

where the coefficients C} are determind from formulas (7). Then:

Theorem 1:The solution of Fredholm integral equation of the second kind

b
B(a) = () + A [ k(e Ho(t)dt

with the Degenerate kernel k(z,t) = Y7_; ap(x)bi(t),s0 that ax(x) and by(t)
(k = 1,2,--+,n )which are continuous in the square ; a < x,t < b ; and

linearly independent, is the form
o(z) = f(z) + XD Crap()
k=1

where the coefficients Cx, k = 1,2,--- n are determined from (7).

Example:

o(r) = cosx + 2 /O%(EH: sin kx cos kt)p(t)dt

k=1
Solving by formula:

o(r) = cosx + 2 /027r(zn: sin kx cos kt)p(t)dt

k=1

n 27
=cosz+2) sin kx/ cos kto(t)dt
0

k=1
then .
¢(x) =cosz+2> Cysinkx
k=1
where )
Oy = / cos kt(t)dt
0

then ) N

C = / cos kt(cost + 2> Cysinkt)dt

0 k=1

then

01:7'('
C,=0 k=2,3,---,n



Fredholm integral equations with degenerate kernel 699

Then the solution of the Fredholm integral equation is

P(x) = cos(x) + 27 sin(x)*

3 Remark
Now, if we consider that
apm =0 k#m
B (8)
agm #0 k=m
Then
1— )\&11 0
0 1-— )\@22 0
A(N) = (9)
0 0 o 1= Aagy,
or

k=1
If A(A) #0or A #
solution

-k =1,2,---,n, then the system (5) has a unique

1
ak

k=1,2,---,n

In this case the solution of the Fredholm integral equation of the second kind

is the function ¢, defined by the equality

therefore we have:

Theorem 2:The solution of the Fredholm integral equation of the second kind

b
O(x) = (@) + A [ k(x, O)p(t)dt
defined by the equality

= f(x ”7fk ap(x
o) = ) 4 A S ()

!By Adomian decomposition method the solution be ¢(z) = cos(x) + 27 sin(z)
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of
k(w,t) = 3oy ar(x)bi(t)
A = J2 g, ()b (t)dt
fon = Iz b (t) f (1)t
and if
apm =0 k#m
{ agm =0 k=m
Example:

d(x) = cos3x + A /07r cos(z + t)p(t)dt

Solving by formula: we have

¢(x) = cos3x + ACy cosz — ACysinx

where
C) = / cost(t)dt
0
Cy = /7r sin to(t)dt
0
then
1— A2 0
A(N) = ?
0 1+ A%

If A # 0, then we have

fi= / costcos3tdt =0
0

fo= / sint cos 3tdt = 0
0

™ ™
ap = / COS2 tdt = —
0 2

(g = —/ sin® tdt = —~
0 2

Then the solution of the Fredholm integral equation is

(¢(x) = cos 3z)?

2By Adomian decomposition method the solution be ¢(z) = cos 3z
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