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Abstract
In this paper we discuss on the solution of Fredholm integral equation

of the second kind

φ(x) = f(x) + λ

∫ b

a
k(x, t)φ(t)dt (1)

with the Degenerate kernel

k(x, t) =
n∑

k=1

ak(x)bk(t)

and show that the solution of (1) is the form

φ(x) = f(x) + λ
n∑

k=1

Ckak(x)

so that

Ck =
1

�(λ)

∣∣∣∣∣∣∣∣∣∣∣

1 − λa11 · · · −λa1(k−1) f1 −λa1(k+1) · · · −λa1n

−λa21 · · · −λa2(k−1) f2 −λa2(k+1) · · · −λa2n

· · · · · · · · · · · · · · · · · · · · ·
−λan1 · · · −λan(k−1) fn −λan(k+1) · · · 1 − λann

∣∣∣∣∣∣∣∣∣∣∣
.
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and

�(λ) =

∣∣∣∣∣∣∣∣∣∣∣

1 − λa11 −λa12 · · · −λa1n

−λa21 1 − λa22 · · · −λa2n

· · · · · · · · · · · ·
−λan1 −λan2 · · · 1 − λann

∣∣∣∣∣∣∣∣∣∣∣
�= 0.

k = 1, 2, · · · , n and akm =
∫ b
a ak(t)bm(t)dt.

And if m = k, we show that

φ(x) = f(x) + λ
n∑

k=1

fk

1 − λakk
ak(x)

so that {
fk =

∫ b
a bk(t)f(t)dt

akk =
∫ b
a ak(t)bk(t)dt
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1 Introduction

The kernel k(x, t) of a Fredholm integral equation of the second kind is called

”Degenerate” if it is of the form:

k(x, t) =
n∑

k=1

ak(x)bk(t)

We shall consider the functions ak(x) and bk(t) (k = 1, 2, · · · , n )which are

continuous in the square ; a ≤ x, t ≤ b ; and linearly independent.

Therefore we have:

φ(x) = f(x) + λ
n∑

k=1

ak(x)
∫ b

a
bk(t)φ(t)dt (2)

and if we introduce the notation

Ck =
∫ b

a
bk(t)φ(t)dt (3)

then

φ(x) = f(x) + λ
n∑

k=1

Ckak(x) (4)

where Ck are unknown constants.
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2 Solution in the general case

With putting the expression (4) in to the integral equation (2) , we get

n∑
m=1

{Cm −
∫ b

a
bm(t)[f(t) + λ

n∑
k=1

Ckak(t)]dt}am(x) = 0

and

Cm − λ
n∑

k=1

Ck

∫ b

a
ak(t)bm(t)dt =

∫ b

a
bm(t)f(t)dt

We introduce the notations

akm =
∫ b

a
ak(t)bm(t)dt

fm =
∫ b

a
bm(t)f(t)dt

then we will have

Cm − λ
n∑

k=1

akmCm = fm

m = 1, 2, · · · , n
then ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(1 − λa11)C1 − λa12C2 − · · · − λa1nCn = f1

−λa21C1 + (1 − λa22)C2 − · · · − λa2nCn = f2

· · ·
−λan1C1 − λan2C2 − · · ·+ (1 − λann)Cn = fn

(5)

To solve the unknowns Ck ; k = 1, 2, · · · , n ; we should have

�(λ) =

∣∣∣∣∣∣∣∣∣∣∣

1 − λa11 −λa12 · · · −λa1n

−λa21 1 − λa22 · · · −λa2n

· · · · · · · · · · · ·
−λan1 −λan2 · · · 1 − λann

∣∣∣∣∣∣∣∣∣∣∣
�= 0. (6)

Then Ck are obtained from the Cramer’s formula

Ck =
1

�(λ)

∣∣∣∣∣∣∣∣∣∣∣

1 − λa11 · · · −λa1(k−1) f1 −λa1(k+1) · · · −λa1n

−λa21 · · · −λa2(k−1) f2 −λa2(k+1) · · · −λa2n

· · · · · · · · · · · · · · · · · · · · ·
−λan1 · · · −λan(k−1) fn −λan(k+1) · · · 1 − λann

∣∣∣∣∣∣∣∣∣∣∣
.

(7)

k = 1, 2, · · · , n
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Then the solution of the Fredholm integral equation of the second kind (1) is

the function φ(x) defined by the equality

φ(x) = f(x) + λ
n∑

k=1

Ckak(x)

where the coefficients Ck are determind from formulas (7). Then:

Theorem 1:The solution of Fredholm integral equation of the second kind

φ(x) = f(x) + λ
∫ b

a
k(x, t)φ(t)dt

with the Degenerate kernel k(x, t) =
∑n

k=1 ak(x)bk(t),so that ak(x) and bk(t)

(k = 1, 2, · · · , n )which are continuous in the square ; a ≤ x, t ≤ b ; and

linearly independent, is the form

φ(x) = f(x) + λ
n∑

k=1

Ckak(x)

where the coefficients Ck, k = 1, 2, · · · , n are determined from (7).

Example:

φ(x) = cosx + 2
∫ 2π

0
(

n∑
k=1

sin kx cos kt)φ(t)dt

Solving by formula:

φ(x) = cosx + 2
∫ 2π

0
(

n∑
k=1

sin kx cos kt)φ(t)dt

= cosx + 2
n∑

k=1

sin kx
∫ 2π

0
cos ktφ(t)dt

then

φ(x) = cosx + 2
n∑

k=1

Ck sin kx

where

Ck =
∫ 2π

0
cos ktφ(t)dt

then

Ck =
∫ 2π

0
cos kt(cos t + 2

n∑
k=1

Ck sin kt)dt

then ⎧⎨
⎩ C1 = π

Ck = 0 k = 2, 3, · · · , n
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Then the solution of the Fredholm integral equation is

φ(x) = cos(x) + 2π sin(x)1

3 Remark

Now, if we consider that

⎧⎨
⎩ akm = 0 k �= m

akm �= 0 k = m
(8)

Then

�(λ) =

∣∣∣∣∣∣∣∣∣∣∣

1 − λa11 0 · · · 0

0 1 − λa22 · · · 0

· · · · · · · · · · · ·
0 0 · · · 1 − λann

∣∣∣∣∣∣∣∣∣∣∣
. (9)

or

�(λ) =
n∏

k=1

(1 − λakk)

If �(λ) �= 0 or λ �= 1
akk

, k = 1, 2, · · · , n , then the system (5) has a unique

solution ⎧⎨
⎩ Ck = fk

1−λakk

k = 1, 2, · · · , n
In this case the solution of the Fredholm integral equation of the second kind

is the function φ, defined by the equality

φ(x) = f(x) + λ
n∑

k=1

fk

1 − λakk
ak(x)

therefore we have:

Theorem 2:The solution of the Fredholm integral equation of the second kind

φ(x) = f(x) + λ
∫ b

a
k(x, t)φ(t)dt

defined by the equality

φ(x) = f(x) + λ
n∑

k=1

fk

1 − λakk

ak(x)

1By Adomian decomposition method the solution be φ(x) = cos(x) + 2π sin(x)
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if ⎧⎪⎪⎨
⎪⎪⎩

k(x, t) =
∑n

k=1 ak(x)bk(t)

akm =
∫ b
a ak(t)bm(t)dt

fm =
∫ b
a bm(t)f(t)dt

and if ⎧⎨
⎩ akm = 0 k �= m

akm = 0 k = m

Example:

φ(x) = cos 3x + λ
∫ π

0
cos(x + t)φ(t)dt

Solving by formula: we have

φ(x) = cos 3x + λC1 cosx − λC2 sinx

where

C1 =
∫ π

0
cos tφ(t)dt

C2 =
∫ π

0
sin tφ(t)dt

then

�(λ) =

∣∣∣∣∣∣
1 − λπ

2
0

0 1 + λπ
2

∣∣∣∣∣∣
If λ �= 0 , then we have

f1 =
∫ π

0
cos t cos 3tdt = 0

f2 =
∫ π

0
sin t cos 3tdt = 0

a11 =
∫ π

0
cos2 tdt =

π

2

a22 = −
∫ π

0
sin2 tdt = −π

2

Then the solution of the Fredholm integral equation is

(φ(x) = cos 3x)2

2By Adomian decomposition method the solution be φ(x) = cos 3x
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