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Abstract

The problem of estimation of parameters in factor analysis is one of
the important phase and has attracted several researchers. In all meth-
ods, when identifying of parameters, ¥ (variance-covariance matrix) is
positive definite. In a few studies, when X is not positive definite gen-
eralized inverse (g-inverse) is used [3,6]. So that, when the population
variance-covariance (correlation) matrix is non-negative definite we de-
fine the estimators of unique variances in factor analysis.
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1 Introduction

The observable random vector x, with p components, has mean p and co-
variance matrix 3. Under the factor analysis model x can be written in the

form

x=u+Af+e
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where A = ()\;;) is a prk matrix of factor loadings; £ = (fi, f2, ..., fx) and
e=(e,eg..., ep)' are unobservable random vectors. The elements of f and e
are called the common factors and the unique factors, respectively. We assume
that the means of the elements of f and e are zero and that F (ff') = I} and
E (e€’) = ¥, where I} is the identity matrix of order k£ and ¥ is a diagonal
matrix, of which the diagonal elements W, (> 0) are called the unique variances.
It will furthermore be assumed that F (fe') = 0. From these assumptions we
have

S = AN + T (1)

where the matrix 3 = (0;;) denotes variance-covariance matrix of x [3].

Albert [1] has given a theorem, that leads to a direct procedure for de-
termining whether 3 — W is of rank k. This procedure does not verify that
whether 3 — W positive definite. Suppose that the matrix X partitions as
follows:

211 E12 213
Y= 221 E22 223
231 E32 233

Let k is the maxium rank of the submatrices of 3 that do not include diagonal
elements and ¥, ¥1o = 3%, and Xy are square submatrices of order k and
319 is nonsingular. Then 3 — W is of rank k, if

212: (211 - \111) 2511 (222 - ‘112)

Y= (21— Uy) E2711223
Yigo= 2312511 (Yoo — W9)
gz~ W= 2312511223-

Albert [2] has further shown that if ¥3; and X35 are also of rank k, then
there is a uniquely determined ¥ such that 3 — W is of rank k.

Anderson and Rubin [5] gaved Teorem 5.1 that is a sufficient condition for
identification of ¥ and A up to multiplication on the right by an orthogonal
matrix is that if any row A is deleted there remain two disjoint submatrices of
rank k.

Thara and Kano[3] presumed that the matrix A in (1) satisfies the condition
for identification of W in Theorem 5.1 in [5]. Then, partitioning the matrices
3, A and ¥, they defined an estimator of ¥, by

Wy = spp — S/2p51_2181p7
provided that the submatrix S;, is nonsingular. S is sample covariance matrix
which is partitioned in the same fashion as 3.

Kano [6] proposed a non-iterative estimator using g-inverse matrix in factor

analysis, which is a generalization of Thara and Kano’s estimator [3].
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If there exists an explicit function g (%) of ¥ such that ¥ = g (X), then
g (S) will be a good estimator of ¥ and A can be easily estimated based on
S —g(8) [6]

Thara and Kano [3] found such a function g and showed that the esti-
mate ¥ = g (S) leads to a value rather close to maximum likelihood estimator
(MLE) by using two real data sets.

Kano [6] partitions A as follow:

A 1
A = [A;-I ko
2] ke

k

where ¥ and S are partitioned according to the above A.
Since As and Aj are of full column rank under Anderson and Rubin’s
condition, there are a ky vector a, and a k3 vector ag such as

)\1 = a’QAg = agAg. (2)

Let A~ be any generalized inverse (g-inverse) matrix of A. From the
equation (2), Kano [6] led to the following relation:

A1 = a,=ajAsAla,
— A, AsA, (AAL) AyAa
= A5 (AsA5) AsX)
= 012232031-

Then from this equation v, is found in equation (3)

Y1 = 011 — 012255031 (3)
2 Theoretical Aspects

In this paper by using generalized inverse matrix we give a theorem below,
defining estimators of unique variances in factor analysis, which is generaliza-
tion of Albert’s Theorem[1,2].

Theorem 2.1 Let X = AA'+ W be covariance matriz of observable vector
x and the matrices 3, A and ¥ partition as follows:

211 212 213 m A1 \Ill 0 0
X = 221 222 223 n A= AQ v = 0 \IIQ 0
231 232 233 t A3 0 0 \:[13

m n t



674 S. Stiziilmiis and S. Sakallioglu

Suppose that rank 3150 = m. Then X — W is of rank m if
Yo = (B — W) Xy (B0 — W)
331 = B, (B — ¥y)
Yoz = (Vo — W) B33
33— Wy= N3 X533
(B2 = ¥5) (T Bp%05) = O
S50 (1— T5%12) = Ope.

Furthermore, if m = n, X3 and X3 are also full row rank, then there is a
uniquely determined W such that 3 — W is of rank m.

Proof 2.1 Premultiplication of X — W by

Immm Ommn Ommt
P = - (222 - \]:IQ)nxn EIQnmm Imcn Onxt
- 232tzn EIanm Ota:n It:):t pzp
and post-multiplication by
[ Imacm Omacn Omxt -|
Ota:m Ota:n It:):t pap
then we get,

0 ¥, O
P(S—¥)© A B C
D FE F

where

A=— (B — Vo) X, (X1 — V1) + Xy,
B=—(Sn-W,) (1-3,5;,),
C=— (B —¥y) X533 + X3,

D = =335, (311 — ) + X34,
E = —33307,305 + X,
= —333,33 4 Y33 — Ws.

Since the matrices P and © are nonsingular, then

rank (P (X —¥)0O) =rank (X — ).
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So, the rank of matrices P (3 — ¥)© and (3 — ¥) are equal to m if

o1 = (Bop — W) X1, (X1 — ¥1)
331 = B, (B — ¥y)
Yoz = (Vo — W) X303

Y33 —Wa= N3 X533
(22 = ¥3) (T- £5515) = Oy
B2 (T— 25, %02) = Ot (9)

Since 315 and Yoz are full row rank, pre-multiplication of the equation (5)
by 355 and X4, respectively, then gives,

Y525 = X — Py

4)
5)
6)
7)
8)

A~~~ /N

From this equation we have
W =3 — XXX (10)

Post multiplication of the equation (6) by X153 and X1, respectively, since
Y3 s full row rank, then we get

2232;3212 - (222 — \:[12) Efzzlz. (11)

From the equation (8), the right hand side of the equation (11) will be equal to
(39o — Wy), so we have

Y322y = X — ¥y
lI’Q = 222—22321_3212. (12)

From the equation (7), we have
\1’3 = 233 — Egngzzlg. (13)
So W can be uniquely determined and the proof is completed.

Estimation for ¥, ¥, and W3 are obtained if the corresponding sample co-
variance matrices are used in (10), (12) and (13) instead of the population
covariance matrices we find:

‘i’l = S11 — S1255,531 (14)
‘i’Q = So9 — 523515512 (15)
Uy = Sy — S32515513. (16)

As a result writing m = 1 for equation (10) gives us the equation (3).
m = n =t = k for equations (10), (12) and (13) gives us the Albert’s Theorem

2].
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