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Abstract

In 1970, Yano, [1], studied Riemannian manifolds which admit semi-
symmetric metric connections whose curvature tensors vanish (see also
[2]). The properties of a Riemannian manifold admitting a semi-symmetric
metric connection were studied by many authors ([1], [3]). In [3], an
expression of the curvature tensor of a manifold was obtained under as-
sumption that the manifold admits a semi-symmetric metric connection
with vanishing curvature tensor and recurrent torsion tensor.

In this paper, we study a Darboux function in hypersurface of a Rie-
mannian manifold with semi-symmetric metric connection. The purpose
of this paper is that the relations between the Darboux function with
respect to the linear connection and the Darboux function with respect
to the Levi-Civita connection of a Riemannian manifold are obtained.
In this paper, some theorems about this function are proved.
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1 Introduction

Let M be an n-dimensional Riemannian manifold of class C∞. Let ∇∗ be a
linear connection on M. Then the torsion tensor T of ∇∗ is given by

T (X, Y ) = ∇∗
XY −∇∗

Y X − [X, Y ] (1.1)

for any vector fields X and Y in M and is of type (1,2).
When the torsion tensor T satisfies the relation

T (X, Y ) = w(Y )X − w(X)Y (1.2)

for a 1-form w, the connection ∇∗ is said to be semi-symmetric.
We assume that g is given as a Riemannian metric and ∇∗ satisfies the

condition

∇∗g = 0 (1.3)

Such a linear connection is called a metric connection. The equation (1.3)
means

∇∗
X(g(Y, Z)) = g(∇∗

XY, Z) + g(Y,∇∗
XZ)

for any vector fields X, Y and Z.
If we denote by ∇ the Levi-Civita connection with respect to the Rieman-

nian metric g, we have

∇X(g(Y, Z)) = g(∇XY, Z) + g(Y,∇XZ)

for any vector fields X, Y and Z.
Particularly, a semi-symmetric metric connection of Mn is given by

∇∗
XY = ∇XY + w(Y )X − g(X, Y )ρ (1.4)

where ρ is a vector field defined by

g(X, ρ) = w(X) (1.5)

Such a linear connection ∇∗ is called a semi-symmetric metric connection, [5].
This linear connection has also appeared in [5], [6], [7] and [8].

We denote the curvature tensor of this connection by

R∗(X, Y )Z = R(X, Y )Z − P (Y, Z)X + P (X, Z)Y − g(Y, Z)AX + g(X, Z)AY
(1.6)

where the relation

R(X, Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z
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is the curvature tensor of the connection of a Riemannian manifold M with
respect to the Riemannian connection ∇ and P is a tensor field of type (0, 2)
defined on M by

P (X, Y ) = (∇Xw)(Y ) − w(X)w(Y ) +
1

2
w(ρ)g(X, Y )

and A is a tensor field of type (1,1) defined by

g(AX, Y ) = P (X, Y )

for any vector fields X and Y, [1] and [9].
J.A Shouten,[3], called a linear connection Γh

ji whose torsion tensor Sji
h is

of the form
Sji

h = Γh
ji − Γh

ij = δh
j wi − δh

i wj (1.7)

where wi is a certain 1-form of a semi-symmetric connection. Since Sji
h is

given by (1.7), using the relation Sh
ji = Sbj

agbhgai is given by

Sh
ji = wjδ

h
i − gijw

h

where wh = ghiwi. Thus, the components Γh
ji of the semi-symmetric metric

connection ∇∗ are in the form

Γh
ji =

{
h

ji

}
+ δh

j wi − gijw
h (1.8)

Denoting by Rkji
h∗ the curvature tensor of the connection Γh

ji and by Rkji
h

that of
{

h
ji

}
, we obtain

Rkji
h∗ = Rkji

h − δh
kPji + δh

j Pki − Pk
hgji + Pj

hgki (1.9)

where Pij = ∇jwi − wiwj + 1
2
whw

hgij and Pk
h = Pkmgmh and ∇ denotes the

covariant differentiation with respect to the Christoffel symbols. If we consider
the covariant derivative in the formulas with respect to Eisenhart (not Yano)
and we use (1.3), we get

Γi
jk =

{
i

jk

}
+ Ωi

jk , Sjk
i = δi

kwj − δi
jwk (1.10)

where

Γi
jk =

{
i

jk

}
+ δi

kwj − gjkw
i , Ωi

jk =
1

2
(Sjk

i + gim(ghkSjm
h + ghjSkm

h))

Specially, let us consider the torsion tensor of the connection ∇∗ is given by
(1.10) where w is a 1-form and wi = gijw

j.
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The covariant derivatives of the contravariant vector Ah relative to ∇∗ and
∇ denoted, respectively, by ∇∗A and ∇A are related by

∇∗
kA

h = ∇kA
h + Ωh

mkA
m (1.11)

where ∇kA
h = ∂kA +

{
h

mk

}
Am.

Let Mn(∇, g) be a hypersurface with coordinates xi(i = 1, 2, ..., n) of Rie-
mannian manifold Mn+1(∇, g) with coordinates yα(α = 1, 2, ..., n+1). Suppose
that the metrics of Mn and Mn+1 are positive definite and that they are given,
respectively, by gijdxidxj and gαβdyαdyβ which are connected by the relation

gij = gαβy
α
i yβ

j (i, j = 1, 2, ..., n; a, b = 1, 2, ..., n + 1) , yα
i =

∂yα

∂xi
(1.12)

where yα
i denotes the covariant derivative of yα with respect to xi.

If nα are the components of a unit vector in Mn+1 normal to Mn, these
satisfy the relations

gαβn
αnβ = 1 (1.13)

Let v
r

i (r = 1, 2, ..., n) be the contravariant components of the n independent

vector fields �v
r

of an orthogonal ennuple in Mn which satisfy the condition

gijv
r

iv
p

j = δr
p (r, p = 1, 2, ..., n) (1.14)

Suppose that v
r

a be the contravariant components of the net consider in

Mn relative to Mn+1, then we have, [10],

v
r

a = ya
i v

r

i gabv
r

av
p

b = δr
p, gabn

av
r

b = 0 (1.15)

On the other hand, for the tensorel derivative of yα
i , we have, [10]

∇̇jy
α
i =

∂2yα

∂xj∂xi
+

{
α

βγ

}
yβ

i yγ
j −

{
m

ij

}
yα

m (1.16)

and
∇̇jy

α
i = Ωijn

α (1.17)

where ∇̇ is the tensorel derivative with respect to ∇.
Similarly, the tensorel derivative of the contravariant vector na is defined

by
∇̇kn

α = −Ωkmgmjyα
j (1.18)

Suppose that a Riemannian manifold M with metric gab admits a semi-
symmetric metric connection with connection coefficient Γa

bc given by

Γa
bc =

{ a

bc

}
+ δa

c wb − gbcw
a (1.19)
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where
{

a
bc

}
are the Christoffel symbols of M, wa is a covector field and wa =

gabwb.
Let Mn be a submanifold of Mm with induced metric gij and induced

Christoffel functions
{

i
jk

}
. If we take yc

h = ∂yc

∂xh and yh
a = ghigaby

b
i then we

have wh = yc
hwc and wh = ghmwm. Suppose that ca

1, c
a
2, ..., c

a
m−n are unit

orthogonal normal fields on M. Decomposing wa into its unique tangential and
normal components along M, we get

wa = whya
h + αxca

x (1.20)

where the summation in the index x runs over the range x = 1, 2, ..., m − n.
On the other hand, by [11], we obtain the following relations

δ

δs
v
r

i = v
r

h∇̇hv
r

i =
p

ζ
r
v
p

i, (r �= p, r, p = 1, 2, ..., n) (1.21)

δ

δs
v
r

a = v
r

h∇̇hv
r

a = κ
rr

na +
p

ζ
r
v
p

a (1.22)

The tensorel derivative formulae for the vector field �v
r
, we find

v
r

h∇̇∗
hv

p

i = v
r

h∇̇hv
p

i + Ωi
khv

p

kv
r

h (1.23)

v
r

h∇̇hv
r

m = κgb
m (1.24)

2 A Darboux function in a Riemannian mani-

fold with semi-symmetric metric connection

Let us consider a manifold with semi-symmetric metric connection such that
the torsion tensor of this manifold satisfies the condition (1.10). In this case,
the linear connection of M(∇∗, g) satisfies the following conditions

Γi
jk =

{
i

jk

}
+ Ωi

jk (2.1)

where

Ωi
jk =

1

2
(Sjk

i + gim(ghkSjm
h + ghjSkm

h)) , Sji
h = δh

i wj − δh
j wi

By using the above equation, the tensorel derivatives of yα
i relative to ∇∗ and

∇ are denoted by ∇̇∗
ky

α
i and ∇̇ky

a
i , respectively, and are defined

∇̇∗
ky

α
i = Ω∗

ikn
α (2.2)
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The coefficients Ω∗
ik are the components of a symmetric covariant tensor of

the second order in the x’s is obvious from the fact that the functions ∇̇∗
ky

α
i

are of this nature. From (1.13) and (2.2), we have

Ω∗
ik = gαβ(∇̇∗

ky
α
i )nβ (2.3)

It is easy to see that the tensorel derivative of A, relative to Mn(∇∗, g) and
Mn+1(∇∗, g) are related by

∇̇∗
kA = yc

k∇̇∗
cA (2.4)

If we take the tensorel derivative of (1.13) relative to ∇̇∗, we get gαβn
α∇̇∗

kn
β =

0, so that ∇̇∗
kn

β regarded as a vector in Mn(∇∗, g) is orthogonal to nα. Let us
express it as

∇̇∗
kn

α = −Ω∗
kmgmjyα

j (2.5)

the expression ∇̇∗
kn

α = ∇̇kn
α + Ωα

βγn
βyγ

k can be put in the form

∇̇∗
kn

α = ∇̇kn
α + Ωα

βγn
βyγ

k = ∇̇kn
α + wβnβyα

k (2.6)

Let v
r

i (r = 1, 2, ..., n) be the contravariant components of the n independent

vector fields �v
r

in Mn(∇∗, g) which satisfy the condition

gijv
r

iv
r

j = 1 (2.7)

Let v
r

a and v
r

i be, respectively, the contravariant components of �v
r

relative

to Mn+1(∇∗, g) and Mn(∇∗, g), we have

v
r

α = yα
i v

r

i , gαβn
αv

r

β = 0 (2.8)

On the other hand, the functions

κ
rp

∗ = Ω∗
ikv

r

iv
p

k (2.9)

may be regarded as the invariants of the geodesic torsion of the curve C be-
longing to the congruence with tangent vector �v

r
.

In particular, taking r = p in (2.9), we get

κ
rr

∗ = Ω∗
ikv

r

iv
r

k (2.10)

which we call it the normal curvature of Mn(∇∗, g) in the direction of the
vector of components v

r

k.
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On the other hand, using (2.6), (2.9) and (2.10), we have

gαβ(v
p

k∇̇∗
kn

α)v
r

β = −κ
rp

∗ , gαβ(v
r

k∇̇∗
kn

α)v
r

β = −κ
rr

∗ (2.11)

In [12], the author introduced the operator ∇∗ which enabled us to gener-
alised the Darboux function of an ordinary space to the case of a hypersurface
in a Riemannian manifold. We obtain an expression for this function in terms
of various curvatures of a congruence in Mn+1(∇∗, g) and a curve in Mn(∇∗, g).

Let C : xi : xi(s) be any curve in Mn(∇∗, g) passing through a point P
and v

r

i and v
r

a (gijv
r

iv
p

j = δr
p), the contravariant components of the unit tangent

vector to the curve in Mn(∇∗, g) and Mn+1(∇∗, g), respectively.
Let the operators D∗ and D be defined in the following form

D∗ = ya
i g

ij∇̇∗
j D = ya

i g
ij∇̇j (2.12)

Consider the expressions �v
r

δ̇D∗�n
δsr

�v
p

and �v
r

δD�n
δsr

�v
p

where sp is the arc length along

a curve cp(p = 1, 2, ..., n) of the orthogonal ennuple in M∗
n(∇∗, g). By means

of (2.12), we find

δ̇D∗�n
δsr

= v
r

h∇̇∗
h(y

a
i g

ik∇̇∗
jn

c)

= v
r

h(∇̇∗
hy

a
i )g

ik∇̇∗
jn

c + v
r

hya
i (∇̇∗

hg
ik)∇̇∗

jn
c + v

r

hya
i g

ik∇̇∗
h∇̇∗

jn
c

(2.13)

and

δD�n
δsr

= v
r

h∇̇h(y
a
i g

ik∇̇jn
c)

= v
r

h(∇̇hy
a
i )g

ik(∇̇jn
c) + v

r

hya
i (∇̇hg

ik)(∇̇jn
c) + v

r

hya
i g

ik∇̇h∇̇jn
c (2.14)

In a Riemannian hypersurface with semi-symmetric metric connection, for
the extended Darboux function relative to the congruence (λ),[13], and �λ = �n,
after some calculations, we get

D∗
rrp = Drrp + κ

rr
wjv

p

j + κ
rp

wjv
r

j − Ωmnwmv
p

ngjkv
r

jv
r

k , r �= p (2.15)

D∗
rpr = Drpr + 2κ

rp
wjv

r

j + (v
p

k∇̇kα)gnjv
r

nv
r

j, r �= p (2.16)

If α, in (1.20), is absolute constant then the equation (2.16) reduces to

D∗
rpr = Drpr + 2κ

rp
wjv

r

j , r �= p (2.17)

and

D∗
rpp = Drpp + κ

pp
wjv

r

j + κ
rp

wjv
p

j − Ωjsw
sv
r

jgknv
p

kv
p

n , r �= p (2.18)
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where D∗
rrp and Drrp, respectively, Darboux functions of the direction �v

r
with

respect to the direction �v
p
, (r �= p) relative to the congruence �n for the linear

connection and the Levi-Civita connection.
In the following two theorems, let the torsion S of the connection ∇∗ be

recurrent with respect to connection ∇∗, i.e, the condition

(∇∗
XS)(Y, Z) = λ(X)S(Y, Z) (2.19)

holds, where λ is a 1-form. Using (1.15), (1.20), (2.1), (2.2) and (2.5), after
some calculations, we obtain

gcdv
p

dv
p

γnβv
r

k∇̇∗
kSβγ

c = Ω∗
ksv

r

kws + v
r

k∇̇kα (2.20)

and from (2.6), we get

gcdv
p

dv
p

γnβv
r

k∇̇∗
kSβγ

c = Ωksv
r

kws + v
r

k∇̇kα − αwhv
r

h (2.21)

From (2.19) and (2.21), we get

Ωksv
r

kws = (θ + η)α − v
r

k∇̇kα (2.22)

where
θ = wkv

r

k , η = λkv
r

k (2.23)

We consider the Darboux function belonging to Mn(∇∗, g) and its associate
Riemannian manifold (Mn, g). Then, we prove the following theorems:

THEOREM 2.1 Let the directions of the Darboux function Drpp belonging to
Riemannian manifold Mn(∇, g) be tangent directions of the lines of curvature
belonging to this manifold. If the torsion tensor S of the connection ∇∗ satisfies
the condition (2.19) and

v
r

k∂klnα2 = 2(θ + η) (2.24)

then
D∗

rpp = Drpp

Proof. According to [10], the directions of �v
r

in Mn determined by the

symmetric covariant tensor Ωks are those which satisfy

(Ωks − κ
rr

gks)v
r

k = 0 (r = 1, 2, ..., n) (2.25)

From (2.22) and (2.24), we have

Ωksv
r

kws = 0 (2.26)
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With the help of (2.25) and (2.26), we get

κ
rr

= 0 or �w is orthogonal to �v
r

(2.27)

Since the tangent directions of lines of curvature are not the tangent direc-
tions of asymptotic curves, �w is orthogonal to �v

r
.

Using (2.18), (2.25)-(2.27), the proof is completed

THEOREM 2.2 Let Mn(∇, g) be a totally umbilical hypersurface (M �= 0).
Then, the Darboux functions D∗

rrp and D∗
rpp of Mn(∇∗, g) and the Darboux

functions Drrp and Drpp of Mn(∇, g) are equal.

Proof. Since Mn(∇, g) is totally umbilical hypersurface, we have

Ωks =
M

n
gks (2.28)

On the other hand, from the expressions (2.15), (2.18) and (2.28), the proof
is clear.

In [14], the authors find an explicit formula for the curvature tensor of
the Levi-Civita connection ∇ in the case when the curvature tensor R∗ of the
metric connection ∇∗ vanishes identically, i.e.

R∗(X, Y )Z = 0 (2.29)

and its torsion fulfils additionally the condition

R∗.S = 0 (2.30)

THEOREM 2.3 Let the directions of the Darboux functions Drpr belonging to a
Riemannian manifold be tangent directions of the lines of curvature belonging
to this manifold. If the torsion tensor S of the connection ∇∗ satisfies the
condition (2.19) and

v
p

k∂klnα2 = 2(θ∗ + η∗) , θ∗ = wkv
p

k , η∗ = λkv
p

k

then
D∗

rrp = Drrp.

Proof. Using (1.15), (1.18), (1.20), (2.5) and (2.19), we get

Ωksv
p

kws = (θ∗ + η∗)α − v
p

k∇̇kα

where θ∗ = wkv
p

k, η∗ = λkv
p

k. Using (2.15) and

(Ωks − κ
pp

gks)v
p

k = 0 (p = 1, 2, ..., n)
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and following the similar procedure in Theorem 2.1, the proof is completed.
It is shown that if a Riemannian manifold admits a semi-symmetric met-

ric connection with ω as its associated 1-form is closed and recurrent torsion
tensor, then the manifold admits a torse-forming vector field, [15]. Thus, we
can say that this vector field is concircular.

It is known that,[16], if a conformally flat space admits a proper concircular
vector field then the space is sub-projective space in the sense of Cartan. Thus
we can state the following theorem:

THEOREM 2.4 If a 1-form ω of a Riemannian manifold with semi-symmetric
metric connection is closed and its torsion tensor satisfies the condition (2.19)
and this manifold is conformally flat then the Darboux functions of this man-
ifold are also Darboux functions of the sub-projective space.
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