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Abstract

In 1970, Yano, [1], studied Riemannian manifolds which admit semi-
symmetric metric connections whose curvature tensors vanish (see also
[2]). The properties of a Riemannian manifold admitting a semi-symmetric
metric connection were studied by many authors ([1], [3]). In [3], an
expression of the curvature tensor of a manifold was obtained under as-
sumption that the manifold admits a semi-symmetric metric connection
with vanishing curvature tensor and recurrent torsion tensor.

In this paper, we study a Darboux function in hypersurface of a Rie-
mannian manifold with semi-symmetric metric connection. The purpose
of this paper is that the relations between the Darboux function with
respect to the linear connection and the Darboux function with respect
to the Levi-Civita connection of a Riemannian manifold are obtained.
In this paper, some theorems about this function are proved.
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1 Introduction

Let M be an n-dimensional Riemannian manifold of class C*°. Let V* be a
linear connection on M. Then the torsion tensor T of V* is given by

T(X,Y)=V5Y — Vi X — [X,Y] (1.1)

for any vector fields X and Y in M and is of type (1,2).
When the torsion tensor T satisfies the relation

T(X,Y)=w)X — wX)Y (1.2)

for a 1-form w, the connection V* is said to be semi-symmetric.
We assume that ¢ is given as a Riemannian metric and V* satisfies the
condition

Vig=0 (1.3)

Such a linear connection is called a metric connection. The equation (1.3)
means

Vx(9(Y,2)) = 9(VXY, Z) + g(Y, Vi Z)

for any vector fields X,Y and Z.
If we denote by V the Levi-Civita connection with respect to the Rieman-
nian metric g, we have

Vx(g(Y.2)) =g(VxY,Z)+g(Y,VxZ)

for any vector fields X, Y and Z.
Particularly, a semi-symmetric metric connection of M, is given by

VY =VxY +wlY)X —g(X,Y)p (1.4)
where p is a vector field defined by

9(X, p) = w(X) (1.5)

Such a linear connection V* is called a semi-symmetric metric connection, [5].
This linear connection has also appeared in [5], [6], [7] and [8].
We denote the curvature tensor of this connection by

R (X,Y)Z = R(X,Y)Z — P(Y, 2)X + P(X, 2)Y — g(Y, Z)AX + g(X, Z)AY
(1.6)

where the relation

R(X,Y)Z =VxVyZ —VyVxZ — VixyZ
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is the curvature tensor of the connection of a Riemannian manifold M with
respect to the Riemannian connection V and P is a tensor field of type (0, 2)
defined on M by

PX,Y) = (Vxw)(¥) — w(X)uw(Y) + gu(pg(X,Y)

and A is a tensor field of type (1,1) defined by
9(AX,Y) = P(X,Y)

for any vector fields X and Y, [1] and [9)].
J.A Shouten,[3], called a linear connection I'}; whose torsion tensor Sy is
of the form

where w; is a certain 1-form of a semi-symmetric connection. Since Sjih is

given by (1.7), using the relation S";; = Sy;“g""g,; is given by

h h h
S ji — ’LUj&i — gl-jw

where w" = ¢™w,;. Thus, the components F;‘i of the semi-symmetric metric
connection V* are in the form

h
[ = o+ oo 13)

Denoting by Rkjih* the curvature tensor of the connection F?Z- and by Rkﬂh
that of {Jhl}, we obtain
Ryi"™ = Riji" — 64 Pji + 00 Pey — Pi"gji + P g (1.9)

where P; = Vjw; — wiw; + 3wpw'g;; and B = Ppg™ and V denotes the
covariant differentiation with respect to the Christoffel symbols. If we consider
the covariant derivative in the formulas with respect to Eisenhart (not Yano)
and we use (1.3), we get

o = {jk} e, St = Gy — G (1.10)

where
Iy = {jk} + dpw; — ggpw' , Q= Q(Sjk + " (grrSim"™ + gnjSkm’))

Specially, let us consider the torsion tensor of the connection V* is given by
(1.10) where w is a 1-form and w; = g;;w’.
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The covariant derivatives of the contravariant vector A" relative to V* and
V denoted, respectively, by V*A and VA are related by

ViAlh = v, AN 4 Qh LA™ (1.11)

where VA" = 0, A + {nffk} A™,

Let M, (V,g) be a hypersurface with coordinates z°(i = 1,2, ...,n) of Rie-
mannian manifold M,,,(V, g) with coordinates y*(a = 1,2, ...,n+1). Suppose
that the metrics of M,, and M, are positive definite and that they are given,
respectively, by g;jdx'dz? and Japdy“dy® which are connected by the relation

o Oy°

9i; = Gap¥ly;  (i,j=1.2,...,ma,b=1,2,..,n+1), (1.12)

where y& denotes the covariant derivative of y® with respect to z'.
If n® are the components of a unit vector in M, ,; normal to M, these
satisfy the relations
Japn®n” = (1.13)

Let v' (r = 1,2, ...,n) be the contravariant components of the n independent
T

vector fields ¢ of an orthogonal ennuple in M,, which satisfy the condition
T

gl-jgigf =6, (r,p=12,..n) (1.14)

Suppose that v® be the contravariant components of the net consider in
T
M, relative to M, 1, then we have, [10],

V=it gavt =0, gan™’ =0 (1.15)

On the other hand, for the tensorel derivative of y&*, we have, [10]

. *y° a ) s 4 m
Ve =—2 o Byt a 1.1
Wi = Ppior {ﬁ”y}yz Yi {Zj}ym (1.16)

Yyl = Qn° (1.17)

and

where V is the tensorel derivative with respect to V.
Similarly, the tensorel derivative of the contravariant vector n® is defined
by
Vin® = —Qumg™ys (1.18)

Suppose that a Riemannian manifold M with metric g, admits a semi-
symmetric metric connection with connection coefficient 1", given by

Flc)Lc: {glc}—i_(sgwb_gbcwa (119)
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where {Ifc } are the Christoffel symbols of M, w, is a covector field and w® =

gabwb

Let M, be a submanifold of M, with induced metric g;; and induced

Christoffel functions {jk} If we take y;, = % and y" = g"guy? then we

have wy, = ySw, and w" = ¢"w,,. Suppose that c%, c4,...,c% _, are unit
orthogonal normal fields on M. Decomposing w® into its unique tangential and

normal components along M, we get
w® = whyl + o (1.20)

where the summation in the index x runs over the range x = 1,2, ...,m — n.
On the other hand, by [11], we obtain the following relations

0
5—1} —Uhvhv —CU (r#p, r,p=1,2,...n) (1.21)
Sr r
0 h a
—v* =0 th = kn? —|—Cv (1.22)
ST r rr rp

The tensorel derivative formulae for the vector field v, we find
T

hvhv = Uhvhvi + Qb vFoh (1.23)
P pr

VIV ™ = g b (1.24)

r

2 A Darboux function in a Riemannian mani-
fold with semi-symmetric metric connection

Let us consider a manifold with semi-symmetric metric connection such that
the torsion tensor of this manifold satisfies the condition (1.10). In this case,
the linear connection of M(V*, g) satisfies the following conditions

T, = {jk}+ij (2.1)

where

ik =55 +9g (9neSim" + gniSem™)) » S = 6wy — 0w

By using the above equation, the tensorel derivatives of y;* relative to V* and
V are denoted by V5ys and Vyf, respectively, and are defined



744 F. Ozen, S. Altay and S. A. Uysal

The coefficients €2 are the components of a symmetric covariant tensor of
the second order in the x’s is obvious from the fact that the functions Viy?
are of this nature. From (1.13) and (2.2), we have

U, = gas(Viyi)n” (2.3)

It is easy to see that the tensorel derivative of A, relative to M, (V*,g) and
M, +1(V*, g) are related by
ViAd =y V.A (2.4)

If we take the tensorel derivative of (1.13) relative to V*, we get gagnaVZnﬂ =
0, so that V*nﬁ regarded as a vector in M, (V*, g) is orthogonal to n®. Let us
express it as

Vin® = — Qg™ (2.5)

the expression V,*;na = Vin® + ngnﬂyz can be put in the form
Vin® = Vin® + ngnﬁyz = Vin® 4 wgn’yg (2.6)
Let v’ (r = 1,2, ...,n) be the contravariant components of the n independent

vector fields ¢ in M,,(V*, g) which satisfy the condition

rr

Let v and v be, respectively, the contravariant components of ¢ v relative
to Mn+1(v 9) "and M, (V*,g), we have

i

v =yt gagn®v® =0 (2.8)
On the other hand, the functions

K, = szv v (2.9)

may be regarded as the invariants of the geodesic torsion of the curve C be-
longing to the congruence with tangent vector v.
T

In particular, taking r = p in (2.9), we get

K, = szv v (2.10)

which we call it the normal curvature of M,(V*, g) in the direction of the
vector of components v*.
T
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On the other hand, using (2.6), (2.9) and (2.10), we have

Gap(v VFVin )’ = — k" Gas (v "Vin® ) = —k* (2.11)
r rp r rr

In [12], the author introduced the operator V* which enabled us to gener-
alised the Darboux function of an ordinary space to the case of a hypersurface
in a Riemannian manifold. We obtain an expression for this function in terms
of various curvatures of a congruence in M, 1(V*, g) and a curve in M, (V*, g).
Let C : 2 : 2°(s) be any curve in M,(V*, g) passing through a point P
and 1Tﬂ and E“ (gijgigj = 07), the contravariant components of the unit tangent

vector to the curve in M,,(V*, g) and M, 1(V*, g), respectively.
Let the operators D* and D be defined in the following form

D* =ytg"Vi D =ylg7V; (2.12)
Consider the expressions Uag T"v and U{QZLU where s, is the arc length along

r p

a curve ¢,(p = 1,2,...,n) of the orthogonal ennuple in M*(V*, g). By means
of (2.12), we find

SD*7 hxT* (,,a ,ikxT%,, ¢
5 = U'VilylgtVin©)

%, a\ ikT*,,C a(T* ik\XT*,,C a kT T, C (213)
=v "(Viyi)g kvjn +7T}hyz'( n9 k)v]’n +Ehyz’9 kvhvjn
and
o = UVl me) .10

= j’h(vhyz) (V;n°) + vhyd(Vig™) (V,ne) + v hyye v N,V e

In a Riemannian hypersurface with semi-symmetric metric connection, for
the extended Darboux function relative to the congruence (\),[13], and A = 7,
after some calculations, we get

D;krp DTTP + ijv + gwjgj anwmgngjkgjgk ) r 7é p (2'15)
Dy = Drpr + 27{;1%‘33]' + (gkvka)gnjynyj, r#Dp (2.16)

If o, in (1.20), is absolute constant then the equation (2.16) reduces to
D:pr = Drpr + 21’:ij$j , TH#D (2'17)
and

Dy, = Dypp + kwjv? + kwjv? — Qv gg,o™v™ . r#£p (2.18)
pp v TP p r7p p

PP
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where Dy, and D,,, respectively, Darboux functions of the direction v with
T
respect to the direction ¥, (r # p) relative to the congruence 7 for the linear
p

connection and the Levi-Civita connection.
In the following two theorems, let the torsion S of the connection V* be
recurrent with respect to connection V*, i.e, the condition

(Vx9)(Y, Z) = M(X)S(Y, Z) (2.19)

holds, where A is a 1-form. Using (1.15), (1.20), (2.1), (2.2) and (2.5), after
some calculations, we obtain

gcdgdgvnﬁngZng = stgkws + gkvk@ (2.20)
and from (2.6), we get
gcdgdg”*nﬁngZng = kazrjkws + g}kvkoz — awhgh (2.21)
From (2.19) and (2.21), we get
kagkws =0+na-— Ekvka (2.22)

where
0= wkvk , N = )\kl)k (223)

We consider the Darboux function belonging to M,,(V*, ¢) and its associate
Riemannian manifold (M, g). Then, we prove the following theorems:

THEOREM 2.1 Let the directions of the Darboux function D,,, belonging to
Riemannian manifold M,(V,g) be tangent directions of the lines of curvature

belonging to this manifold. If the torsion tensor S of the connection V* satisfies
the condition (2.19) and

V*OIna® = 2(0 + 1) (2.24)
then
D:pp = DTPP

Proof. According to [10], the directions of ¢ in M, determined by the

T
symmetric covariant tensor €2, are those which satisfy

(s — 5gks)g’f =0 (r=1,2,..,n) (2.25)

From (2.22) and (2.24), we have
Qe v*w® = 0 (2.26)
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With the help of (2.25) and (2.26), we get

k=0 or W is orthogonal to U (2.27)

rr

Since the tangent directions of lines of curvature are not the tangent direc-
tions of asymptotic curves, w is orthogonal to .

Using (2.18), (2.25)-(2.27), the proof is completed

THEOREM 2.2 Let M,(V,g) be a totally umbilical hypersurface (M # 0).
Then, the Darboux functions D% and D = of M,(V* g) and the Darboux

Trp Tpp

functions D,,, and D,,, of M,(V,g) are equal.

Proof. Since M, (V,g) is totally umbilical hypersurface, we have

M

On the other hand, from the expressions (2.15), (2.18) and (2.28), the proof
is clear.

In [14], the authors find an explicit formula for the curvature tensor of
the Levi-Civita connection V in the case when the curvature tensor R* of the
metric connection V* vanishes identically, i.e.

R (X,Y)Z =0 (2.29)
and its torsion fulfils additionally the condition
R*S=0 (2.30)

THEOREM 2.3 Let the directions of the Darboux functions D, belonging to a
Riemannian manifold be tangent directions of the lines of curvature belonging

to this manifold. If the torsion tensor S of the connection V* satisfies the
condition (2.19) and

vPORIna® = 2(0* +n*) | 0" = wyv* | n* = Ak
p p p

then
D}, =Dypp.

TP

Proof. Using (1.15), (1.18), (1.20), (2.5) and (2.19), we get
Qs w® = (0" 4+ 1" ) — VPV
P P
where 0* = wyvk, n* = \pv*. Using (2.15) and
P p

(ka - ﬁgks)vk =0 (p = 1,2, 7n)
pp p
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and following the similar procedure in Theorem 2.1, the proof is completed.

It is shown that if a Riemannian manifold admits a semi-symmetric met-
ric connection with w as its associated 1-form is closed and recurrent torsion
tensor, then the manifold admits a torse-forming vector field, [15]. Thus, we
can say that this vector field is concircular.

It is known that,[16], if a conformally flat space admits a proper concircular
vector field then the space is sub-projective space in the sense of Cartan. Thus
we can state the following theorem:

THEOREM 2.4 If a 1-form w of a Riemannian manifold with semi-symmetric
metric connection is closed and its torsion tensor satisfies the condition (2.19)
and this manifold is conformally flat then the Darboux functions of this man-
ifold are also Darboux functions of the sub-projective space.
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