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Abstract

Let (X,,) be a sequence of independent identically distributed ran-
dom variables with zero means and finite third moments and N a posi-
tive integral-valued random variable such that N, X;, Xo,... are inde-
pendent. In this work, we apply a new technique, which is called Stein’s
method, to give uniform and non-uniform bounds in normal approxima-
tion of a random sum X7 + X9 + - -+ Xp.
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1 Introduction

One of the most important theorem in probability theory and statistics is the
central limit theorem(CLT) which is stated as follows.

Let X3, X5, ..., X, be independent random variables with £'X; = 0 and
EX? = 0? < 0o. Then for

Wn: 1+ 2+ + and 52

2
Sn

2 2 2
0'1+O'2+...+O'TL

we have
PW,<z)—®(z) as n— oo

where ®(z) is the standard normal distribution function, that is,

1 v 2
O(z) = —/ e 24t
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To apply the CLT we always need to know a bound between P(W,, < z) and
O(z), ie., |P(W, < x)— ®(x)|. Berry([2]) and Esseen([6]) are the first two
mathematicians who gave this bound. Their bound is of the form

C n
sup |P(W, < z) — ®(z)| < 8—32E]Xi]3. (1)
n =1

z€R

Many authors([2], [6], [20]) find and improve the constant C' in (1) and the best
C'is 0.7655 which is obtained by Shiganov in 1986([12]) in case of X1, Xo, ... , X,
are identically and 0.7915 in case of non-identically([12]).

In many situations, we need to approximation the probability of random
sum. Let X;, Xs,... be independent identically distributed random variables
with EX; = 0 and E|X;> = v < co. Let N be a positive integral-valued
random variable with EN < oo and N, X7, X5, ... are independent.

Let

CXi+ Xo A+ + Xy

%74
vVENo

where 02 = EX? for all i = 1,2,.. ..

The CLT for W are obtained by many mathematicians(see, [14], [1], [22],
9], [13], [15], [11] and [5] for examples). In this work, we concerns on uniform
and non-uniform bounds between P(W < z) and ®(z) by using a new method,
which is called Stein method.

Normally, the method which is used in our literatures is Fourier transform
while in this paper we will use a new method which introduced by Stein in
1972([7]) to obtain bounds of |P(W < x) — ®(x)|. Stein’s method was intro-
duced by Stein in 1972 for normal approximation of dependent random vari-
ables. This method use differential equation which always call Stein’s equation
in stead of Fourier transform. There are three approaches of Stein’s method
for normal approximation, namely, inductive approach(for example, see [4],
[10]), coupling approach(for example, see [16], [8]) and concentration inequal-
ity approach(for example, see [21]). The concentration inequality approach
was originally used by Stein for independent and identically distributed ran-
dom variable(]21]) and it was extended by Chen in([18], [19], [17]). In this
paper, we use concentration inequality approach which used in [18] to find
bounds of |P(W < x) — ®(z)|. A uniform bound in normal approximation is
in section 2 while a non-uniform bound is in section 3.

2 Uniform Bound

Let X, Xs,... be independent identically distributed random variables with
EX; = 0, EX? = ¢% and E|X;]> = v < co. Let N be an integral-valued
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random variable with EN3/? < oo and N, X1, X, ... are independent.
Define

and
W=Yi+Ys+: + Y.

Then EY; =0 and

N 00 n
EW?=E() Y)?=) P(N=n)> EY?=1.
1 n=1 i=1

1=

In this section, we provide a uniform bound between P(W < z) and ®(z).
Our main result is in Theorem 2.1.

Theorem 2.1. There exists a constant C such that

0.125 1.5§EN3? E|N — EN|

PW<z)—® < 10.326
ilel]lg’ (W <) (z)] < +\/W+ (EN)3/2 T EN
where § = 7

VENo3
Corollary 2.2. If N =n, then there exists a constants C' such that

11.82+ 1
P(W < z)—® 4
iﬁﬂ%’ (W <) - &(x)| ag\/ﬁ( +\/ﬁ

To prove Theorem 2.1, we need the following concentration inequality.

IN

).

Proposition 2.3. (Uniform Concentration Inequality). Let

Wo=> Y and W) =W, =Y, for i=1,2,... n.

i=1
Ifo < ! then f <b
50’ en for a

, 25EN T 1 n )
< (%) < < (b — - S
Pla<W" <b) < - [{Q(b a)+4d} EN+25+\/—N
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Proof. In [18], Chen and Shao defined f : R — R by

—2(b—a)—0d for t<a—4,
—2(b+a) for a—6<t<b+9,

f) =9t
ib—a)+6 for t>b+0

and showed that
EWS (W) > E{I(a < W <b)S} = Pla < W <b)E(]Y;|min{6, |Y;]}),
(2)

EX? OBIXP

> _
ES Z ENO'2 2(5 (ENg?)3/2 )
and
. . 1 .
|EWD f(W)] < {5 —qa) + 0} E[WY] (4)
where
S =>_|Vj|min{s, |Y;]},
j=1
1 ifweAd
I(A = ’
(Aw) {0 ifwd A.
By (3),
n ny n
ES > = )
= EN 2(5(]5?]\702)3/2 2EN (5)

From this fact and the fact that

_ E(Z |Vj| min{d, |Y;]})?

—ZE (IYj min{d, [Y;]}) +ZE [1Yal min{o, [Yi[}[[Y;] min{0, |Y;[}]

z#]

< ZE Y| min{é, |Y;|})? ZE’Y’HHH{(S Y51})?

< 52 ZE;Y;P + E*S
j=1
no>

+ E2S,
“EN T
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we have
0.4n 0.4n
< ) = _ 49> _
P(S < ++7) = P(E(S) = § 2 E(S) = =)
n
< -S>
< PIB(S) =5 2 1)
100(EN)?
< A (s~ m(s)?
2
= 7100(]2]\7 ) (ES* — E%S)
n
50 EN
< .
n

Hence, by (2) and the fact that for s < t,y > 0,c > 0,

I(s<w<tly>cl(s<w<t)—(1-y/o)l(y <c)), (6)
we have
0.4n 2.5SEN 0.4n
EW W) > 2o {Pla < WD <b) = B[(1 = ==—=—=)I($ < =)}

— P(a < W < b)E(|Y;| min{s, |Y;(})

> 0 4”{P(a <WO <b)— BI(S < @)} SEY|
O4n O4n )

> — {P(a<W( <b) — (SgEN)} TEN

> 04”P(agw;§“ ) P

EN VEN'

This implies,

. 2.5EN . : 5
Pla<W® <) < EWD fwW9) 426 + ——
(0 < W <) < =S BWO SOV 425+ |
25EN (1 : 5
< ~(b—a) + )\ E)W |2 + 26 + —
< =GO -0 VB + 20+ —— ]
25EN (1 n §
< ~(b— 420+ ——
< =G0 -a) 1 o) o+ 20+ TN}
where we have used (4) in the second inequality. O

Proof of Theorem 2.1.

To bound P(W < z) — ®(x), it suffices to consider x > 0 as we can apply
result to —W when x < 0. By [18], p. 246, we have

|[P(W <z)—®(x)] <055 for = >0,
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hence we only need to consider the case where

1
0 < —.

20
Let f be the unique bounded solution f, of the Stein equation
fl(w) —wf(w) = I(w < z) — (). (7)

If we replace w in (7) by W, then
Ef(W,) — EW,f(W,) = P(W, <zx)— ®(x).
Set p, = P(N = n). Then, by the fact that

EW,f(W, ZE/fW( + ) M;(t)dt

(eq. (2.17), p.12 of [3]) where
M;(t) = E[Y;(I(0 <t <Y;) = I[(Y; <t <0))],
yields
P(W < z) — &(x)

= ipnP(Wn < 33') - ipnq)(l’)
_an (W, <z) — d(x)]

_ an[Ef’(Wn) — EW,. f(W,)]
_an ZE/ FW t)dt — ZE/ FWVD + )M ()dt)
+an<Ef ZE/ fw )

= A; + Ay (8)

where

Ay = an ZE/ £V, M;(t)dt — ZE/ F W9 M ()dt)
IS (e zE/ o).
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By noting that

1 if w+s<z,w+t>uz,
fllw+s)— fllw+t) << (Jw]+0.63)(|s| +|¢]) if s>t
0 otherwise

(see [18], p. 247), we have

anZE(/ { WO +v;) — f(Wé“—i—t)}MAt)dt)
<zpnz /W dt+zE [

Y >t
WQ +Y<x

< ZP”ZE/t>y Iz —t < W <2 — Y;)M;(t)dt
n=1 =1 i

(W] +0.63)(1Yi| + |t Mi(t)dt )

+ipniE/,> (W] +0.63)([Y3| + [t)) M;(t)dt
< anZEEY />Y v—t < W <a—Y,)M(t)dt
© 3 B0 E [+ Mo
<anZE EY (x—t < W <2 —Y;)M;(t)dt
+anz (EwW)2 —|—0.63)(E\Y;\E\Y}\2+%E\Yé\3)
< ipniilE/in Pz —t < W <z — Y;|Y;) M;(t)dt
+ gipniil(\/;—i— 0.63)E|Y;|?
- ipni];/“ Pla —t < W) < & — Yi|Y;)M;(t)dt
n=1 j -

3y /
+7(EN 3/2032pnn EN—|—063)
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— - 25EN /1 5
SnzlpnizlE/in[ —— ({5004 + %) + 8} %+25+\/ﬁ)Mi(t)dt}

1.59EN?®/2 N 0.945vEN
(EN)203 ~ (EN)3/203

o n
2.5EN (.1, E|Y;]? n
<33 [ (5 Ny By +omypy [+ 20mli?
n= i=

+5E\Y;\2ﬂ 1.56 EN3/2
VEN (EN)3/2
2.56  1.50EN3/2
VEN = (EN)P
0.125 1.50 EN3/2

+ 0.9456

= 9.3750 + +0.9459

< 10.320 + JEN T (BN (9)
where we have used Proposition 2.3 in the seventh inequality.
Similar to (9), we can use the fact that
—1 if w+s>z,w+t<ux,
fllw+s) = fllw+1t) > < —(Jw| +0.63)(|s| + [¢]) if s <t,
0 otherwise,
(see [18], p. 247) to prove that
PSR AR
Hence
< o LD LB
By [18], p. 247,
|f(w)] <1 forall w, (10)
then

| Ao| = )ianf’(Wn)@ — iE/Oo Mi(t)dt)’
n=1 i=1 —0o0
S ipn 1 - i EY?
n=1 =1
[
n=1

1—
EN
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N
:E’l——
EN

_ E|N - EN| a1
~ EN

By combining (8)-(11), we have

0.125 1.5§EN3? E|N — EN|

< — < 10.
|P(W < x) @(x)]_10325+\/m+ (EN)2 + EN

3 Non-uniform Bound

In this section, we will give a non-uniform bound in normal approximation of
W=Yi+Ys+ - +Yy
and further assume that EN® < oo.
Theorem 3.1. There exists a constant C' such that for every real number x,
Ccé EN® C+/(VarN)EN?
POW < 2) = ()| < ———(1+ )+ .
POV =0 =20l e U Eve) * a pEsy
Corollary 3.2. If N = n, then there exists a constants C such that for
every real number x,

(o)
(14 Jz])*

The following proposition concerns a concentration inequality for a non-
uniform bound.

[P(W <) — &(x)] <

Proposition 3.3. (Non-uniform Concentration Inequality) For 0 < a < b,
we have

Pla <WW <p) <

C(b—a+5)<EN+ n’ )
G+af \n TEN)
where C is a constant.

Proof. In the proof of non-uniform concentration inequality in [18], p. 241,
Chen and Shao defined

Z; =YVil(|Y;] <1+ a) = EY;I(|Y;] <1+ a),
TW = ZZj and
j=1
J#
r=> EYI(|Yj|>1+a),

Jj=1
J#i
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and showed that
Pla < W) <b) < Pla+r < T <b+r)+ P(max |Y)| > 1 +a).
>jsn

Hence, by the fact that

3
Pluax V5> 1+ a) < 32 ¥l = Er o
we have
. , )
Pla<W® <p<p <TW < b L 12
(a <WW <) <Pla+r<TV < +T)+EN(1+CL)3 (12)
To prove this proposition, it suffices to bound
Pla+r STS) <b+r).
By Rosenthal inequality(see, for example, [23], p.59) and the fact that
n
E|T® 13
TP < (13)
we have
BT < C{(BITOP)? + S By <1+ a)}
1
7
< c{(nBY2? +n(1+a)EWi[ |
n? n(l+a)d
< C{ } 14
SYNENE T T EN (14)
Case 1. (1 +a)d > 1.
1
By the fact that » < E@V and T a < 6§, we have
Pla+r<TW <b4+r)<PA+a<l—r+TW)
E|l—r+ T
=T (v
C(1+r*+ BTV
(14 a)?
C Cn* C n? n(l+a)o
<
St T ENIral 17 a)4{ EN? T T EN }
<&{1+n+n2 +n4}
= 0+a3 U TEN T (EN2 " (EN)
(01 nt
< -
< Txap Lt E
4
(01 EN n (15)

STraptn TEN
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Case 2. (1+a)d < 1.

—1
Follows the argument in [18], p. 243 and choose C in (6) is ZE—N’ we can
show that
, . —1)(1+a)? ; n—1
70 (1)) > O {Pla+r<TP < ~ P(U < }
ST = By P s sven U 30}
16

where U = an and n; = |Z;| min(d, | Z;|) and

Jj=1
J#i

0 for v <a+1r—9,
f@)y=<A+z—r+d63(x—a—r+0) for a+r—0<z<b+r+4,
(1+z—r+0)>3b—a+20) for >b+4+r+4.

2

d
By the fact that for any ¢,d > 0, min(c,d) > d — i and EY; = 0, we have
c

7.

n 3
|2l

BU >y Bz -}

j,: .
J#i

S BV <14 0) - (BYI(Y) < 1+0))

J=1
J#
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(%] < 1+a)~ EXI(Y| <1+a)|)

ZE(

n

=S { B2V < 1+ 0) — (BYI(Y] > 1+ 0)? )

Jj=1
J#i

3
ZE( (Vi €1+ a) = BY;I(%] < 1+a))
J#Z
> S { BV <1+ a) - BYAI(Y > 1+ a)}
j=1
J#

1 n
=5 2 E(GPIY] < 1+a) + [BY,1(Y| < 1+ o))

J=1
JF
n 2 n
2 3
>y EY? - =Y EY)|
j=1 j=1
J# J#

ENo?  §(ENo?)3/?
n—1
2EN

(n—1)0? 2(n—1)y
/

From this fact and Rosenthal inequality,

P(U < ZE_J\}) < P(EU —-U > ZE_A} ZE_J\})
1(?1(?]1[)>22E]U E(U),
< GO m) - )
i#i i
< %{ (= 1)5Eyzly3)2 + (n =13 E A}
< fn(lfjf)f (- 1)5E1Y1!3)2 +(n—1)(1+a)s B}
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_ E?(EN))Q{<(n— 1)(52)2 N (n—1)(1 +a)(55}
n—1)2 EN EN

:0{54+w
AP

m{l 1)

_(16’:7(;)3{1 @}

IN

- (17)

where we have used the fact that (1 +a)d < 1 in the last inequality.

By (13), (14), (16) and (17),

Pla+r<T9 <b+r)
1 AEN "

<P < T3+ e rap 20
S T ) i (o F 2O+ T =74 )
s ENY CEN N .
< (1+a)3{1 — gt a2+ BT+ BITOL)
< (o) ] EN}
(1 —|—a)3{ n
+ngii)3{(6 a+5){1+(EN) VE’T’@’“(E@V)ﬁn({gtva)é}}
< (o) {1 EN}
~ (1+a)? n
CEN N 72
n(1+a)3{( +25>{\/— EN T (ENE T (EN)W}}
s ENY CEN(b—a+ ) nt
: (1+a)3{1 } n(l+a)? { (EN)4}
Clb—a+9) n?
S T +ap & +(EN)3)' (18)

By (12), (15) and (18), we have

4

Pla < W <b) < C((b1_+aa)+3 : <Erfv - (E7;V)4)'
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Lemma 3.4. Let f, be the solution of (7) and g(w) = (wf(w))’.

1. For x > 0, there exists a constant C' such that

BRI < s (14 77 )

2. Forx >4 and |u| <1+ %, we have

By, +u) < fx)g {a+an (% - %)}

fori=1,2,... . n
Proof.

1. Using the argument of Lemma 5.1 in [18], p.248 and the fact that

n

EW? = —
" EN’

we have

Elfa(Wa)l < (1fx) (1 2%):

2. Use the argument of Lemma 5.2 in [18], p.248 and Proposition 3.3.
]

Proof of Theorem 3.1.

In view of Theorem 2.1, we may without loss of generality, assume x > 4.
If (14 x)d > 1, then, the arguments in (14) and (15) yield

PW zz) < (1+x)3

(o) EN*
1+ (EN)4)
which implies
|F(z) — ®(x)] < P(W xz)+1—o(x)
EN4 C
) (1+a2)*

1—|—x <

S+ W)
1—|—3:

Hence, we assume (1 + z)d < 1.
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By the same argument as (8), we have

F(w) — O(2)

- an ZE( (VI <1+5) [ v +¥) - FOVD + )Mo

—00

n an ZE(I(M -1+ ) / W Y = SOV + )Mot

+an<Ef ZE/ £, )
= A1+ Ay + As.

One can follows the argument of [18] on p.251-252 to show that

]A1]<anZ’E< (vl <1+2 / Mi(t /Eg(W( +u)dudt))
+anZE< yYy<1+4)

« /_OO Pla—max(Y;,t) < W <z — min(¥;, )] ) M (1)

(e 9]

= A + Ao

Then Proposition 3.3 and Lemma 3.4(2) yields
Au] < (H% ipn i E(rvl<1+3)
/ M (t / (1+ 6z )<ETJLV+ (E% )dudt))
< LS (B i) e
= m%pip”@év * (E%)Zl)gfv
- (Hiﬁ ipn <EN + %)
g (B * ()
Cs EN?
- (1+x)3< * (EN)5)
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where we have used the fact that (1 + x)d < 1 in the third inequality, and

4

[Ara] < 1+x3zpn< n EN))
xZE( yYy<1+4)/

[t|<1+%

(It + Vil -+ 0) K (1)t

n

<72 <@+ i ) S (B + SB[V
= W rap &P\ 7 (BN) ’ ’

=1

1+x3zp”< n EN) )(ngJfng)
:af%@N§¥4EN+@%F)
= e (o)

Hence

Co EN®
Al = (1+2)3 <1 * (EN)5)'

By (10), we have

o0 n T
421 < 3 PV > 14 )

Follows the argument of (11) and Lemma 3.4(1), we have

= (1+ Zp”<1+EN)’1 EN’
 CE|N?— (ENY?|
BETEIE
Cy/(VarN)EN?
(1+2)2(EN)2

| As|
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Hence,

o) EN?® C+/(VarN)EN?
(1 ) * 0 e
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