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Abstract

Let � be a total preorder on a family X+(Ω,A,P) of nonnegative
random variables on a common probability space (Ω,A,P)
satisfying some appropriate conditions. I present a characterization of
the existence of a probability distortion g such that the Choquet integral
U(X) =

∫
Xdg ◦ P is a utility function for �.
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1 Introduction

The representability of an (extended) real-valued function on a space of
risks (i.e., a space of nonnegative random variables on a common probability
space) has been extensively treated in the literature (see e.g. Wang, Young
and Panjer [6], Wu and Wang [7] and Wu and Zhou [8]). Different version’s of
Greco’s Theorem (see Greco [3] and Denneberg [2]) were presented in order to
guarantee the existence of a capacity with respect to which the representation
by means of a Choquet integral exists.

On the other hand, since the seminal paper of Schmeidler [4], several results
were presented concerning the existence of a Choquet integral representing a
total preorder on a space of risks (see Bosi and Zuanon [1] and Wakker [5]
among the others).

1This work has been supported by the Italian Ministry of University and Scientific
Research under the Project PRIN 2006 named Models and Applications of Generalized
Monotonicity.
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In this paper we use an elegant result in Wu and Zhou [8] in order to
characterize the existence of a probability distortion g such that the Choquet
integral U(X) =

∫
Xdg ◦ P is a utility function for a total preorder � on a

family X+(Ω,A,P) of nonnegative random variables on a common probability
space (Ω,A,P) satisfying some appropriate conditions.

2 Notation and preliminaries

Let (Ω,A,P) be a probability space, and denote by 11A the indicator function
of any subset A of Ω. In the sequel, we shall denote by R+ (Q+) the set of
all nonnegative real (rational) numbers. For any two nonnegative random
variables (i.e., measurable real-valued functions) X,Y on (Ω,A,P) we define
X ∧ Y = min{X,Y }. Further, we denote by X+(Ω,A,P) a family of nonne-
gative random variables (i.e., measurable real-valued functions) on (Ω,A,P)
which contains 11Ω and satisfies the following conditions:

(∗) X ∧ a211Ω −X ∧ a111Ω ∈ X+(Ω,A,P) for every X ∈ X+(Ω,A,P)

and a1, a2 ∈ R+ such that X ∧ a211Ω − X ∧ a111Ω is nonnegative;

(∗∗) aX and X + a11Ω ∈ X+(Ω,A,P) for every X ∈ X+(Ω,A,P) and

a ∈ R+.

A preorder � on X+(Ω,A,P) is a reflexive and transitive binary relation
on X+(Ω,A,P). We shall denote by ≺ the strict part of a preorder � on
X+(Ω,A,P) (i.e., for all X,Y ∈ X+(Ω,A,P), X ≺ Y if and only if X � Y
and not(Y � X)). A preorder � is said to be total if for any two random
variables X,Y ∈ X+(Ω,A,P) either X � Y or Y � X.

Define a non-total preorder �st on X+(Ω,A,P) by requiring that for all
X,Y ∈ X+(Ω,A,P),

X �st Y if and only if P({ω ∈ Ω : X(ω) > t}) ≤ P({ω ∈ Ω : Y (ω) > t})
for every t ∈ R+.

A real-valued function U on X+ is said to be

1. Monotone if U(X) ≤ U(Y ) for all X,Y ∈ X+(Ω,A,P) such that
X(ω) ≤ Y (ω) for ω ∈ Ω P-almost surely;

2. Monotone in stochastic order if U(X) ≤ U(Y ) for all X,Y ∈ X+(Ω,A,P)
such that X �st Y ;
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3. Comonotone Additive if U(X + Y ) = U(X) + U(Y ) for all comonotone
X,Y ∈ X+(Ω,A,P) (i.e., for all X,Y ∈ X+(Ω,A,P) such that (X(ω1)−
X(ω2))(Y (ω1) − Y (ω2)) ≥ 0 for ω1, ω2 ∈ Ω P-almost surely;

4. Countably Comonotone Additive if U(
∞∑

i=1

Xi) =
∞∑
i=1

U(Xi) for every

sequence {Xi}i∈�+ ⊂ X+(Ω,A,P) of pairwise comonotone risks such that

|
∞∑
i=1

Xi |< ∞ P-almost surely.

The condition of countable comonotone additivity was introduced by Wu
and Zhou [8, Axiom 2.1] in order to discuss the representability of a function
by means of a Choquet integral with respect to a distorted probability. Indeed,
the condition of countable comonotone additivity strengthens the classical con-
dition of comonotone additivity.

We recall that a real-valued function U : X+(Ω,A,P) −→ R is a
utility function for a total preorder � on X+(Ω,A,P) if, for all
X,Y ∈ X+(Ω,A,P),

X � Y ⇔ U(X) ≤ U(Y ).

A total preorder � on X+(Ω,A,P) is said to be order separable if there
exists a countable subset D of X+(Ω,A,P) such that for all X,Y ∈ X+(Ω,A,P)
such that X ≺ Y there exists D ∈ D such that X ≺ D ≺ Y . In this case, D is
said to be an order dense subset of the totally preordered set (X+(Ω,A,P), �).

We recall that a capacity μ on A is a function from A into [0, 1] such that
μ(∅) = 0, μ(Ω) = 1 and μ(A) ≤ μ(B) for all A ⊆ B, A, B ∈ A. If g is a
probability distortion (i.e., g : [0, 1] −→ [0, 1] is non-decreasing and g(0) = 0,
g(1) = 1), then it is clear that μ = g ◦ P is a capacity (distorted probability)
on A.

We shall denote by
∫

Ω
Xdμ the Choquet integral of X ∈ X+(Ω,A,P) with

respect to a capacity μ on A, namely

∫
Ω

Xdμ =

∫ ∞

0

μ(X ≥ t)dt.

3 Characterization of a Choquet utility arising

from a probability distortion

For reader’s convenience, we first restate Theorem 3.1 proved by Wu and
Zhou [8] in a particular version which appears suitable to our aims.
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Theorem 3.1 (Wu and Zhou, 2006) Let U be a real-valued function on
X+(Ω,A,P). Then there exists a probability distortion g such that, for all
X ∈ X+(Ω,A,P),

U(X) =

∫
Ω

Xdg ◦ P =

∫ ∞

0

g ◦ P(X ≥ t)dt

if and only if U is countably comonotone additive, monotone in stochastic order
and U(11Ω) = 1.

We are now ready to present a characterization of the existence of a proba-
bility distortion g such that the Choquet integral X −→ ∫

Xdg ◦P is a utility
function for a total preorder � on X+(Ω,A,P).

Theorem 3.2 Let � be a total preorder on X+(Ω,A,P). Then the follo-
wing condition are equivalent:

(i) There exists a probability distortion g such that the Choquet integral
U : X+(Ω,A,P) −→ R+, U(X) =

∫
Xdg ◦ P is a utility function for

�;

(ii) The following conditions hold:

(a) � on X+(Ω,A,P) is order separable and {r 11Ω : r ∈ Q+} is an order
dense subset of (X+(Ω,A,P), �) such that for every X ∈ X+(Ω,A,P)
there exists r ∈ Q+ with X ≺ r 11Ω;

(b) r1 11Ω ≺ r2 11Ω for all r1, r2 ∈ Q+ such that r1 < r2;

(c) �st⊂�;

(d) For every sequence {Xi}i∈�+ ⊂ X+(Ω,A,P) of pairwise comono-

tone risks such that |
∞∑
i=1

Xi |< ∞ P-almost surely and for every

sequence {ri}i∈�+ of nonnegative rational numbers such that
∞∑
i=1

ri < ∞ the following conditions hold:

(d1) If Xi ≺ ri1Ω for all i ∈ N+ then
∞∑
i=1

Xi ≺
∞∑
i=1

ri 11Ω;

(d2) If ri 11Ω � Xi for all i ∈ N+ then

∞∑
i=1

ri 11Ω �
∞∑
i=1

Xi.
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Proof. (i) ⇒ (ii). Assume that there exists a probability distortion g
such that the Choquet integral U(X) =

∫
Xdg ◦P is a utility function for the

total prorder � on X+(Ω,A,P). It is easily seen that conditions (a), (b) and
(c) hold. In particular, the validity of conditions (a) and (b) is an immediate
consequence of the fact that U(r11Ω) = r for every r ∈ Q+ while condition
(c) directly comes from the definition of the Choquet integral with respect to
a distorted probability g ◦ P . Since U is the Choquet integral with respect
to a distorted probability, then from Theorem 3.1 U is countably comonotone
additive and therefore conditions (d1) and (d2) also hold.

(ii) ⇒ (i). Define a real-valued function U on X+(Ω,A,P) as follows:

U(X) = inf{r ∈ Q+ : X ≺ r11Ω) (X ∈ X+(Ω,A,P).

First observe that U is well defined as a consequence of the second part of
condition (a). Further, from the definition of U it is clear that U(11Ω) = 1 and
also that U(r11Ω) = r for all r ∈ Q+ by condition (b).
We claim that U is a utility function for the total preorder �. Consider any two
random variables X,Y ∈ X+(Ω,A,P) such that X � Y . Then we have that
U(X) ≤ U(Y ) from the definition of U since Y ≺ r11Ω implies that X ≺ r11Ω

for all r ∈ Q+. Now let X,Y ∈ X+(Ω,A,P) be such that Y ≺ X. Then
from condition (a) there exists r ∈ Q+ such that Y ≺ r11Ω ≺ X and therefore
we have that U(Y ) < r < U(X) which obviously implies that U(Y ) < U(X).
Hence we have shown that U is a utility function for the total preorder � on
X+(Ω,A,P).
It remains to show that U is the Choquet integral with respect to some dis-
torted probability g ◦ P . From Theorem 3.1, it suffices to show that U is is
countably comonotone additive and monotone in stochastic order. It is clear
that U is monotone in stochastic order since U is a utility function for � and
condition (c) holds.
Let us prove that U is countably comonotone additive. By contraposition,
assume that there exists a sequence {Xi}i∈�+ ⊂ X+(Ω,A,P) of pairwise

comonotone risks with |
∞∑
i=1

Xi |< ∞ P-almost surely such that U(
∞∑
i=1

Xi) �=
∞∑
i=1

U(Xi). Assume that
∞∑
i=1

U(Xi) < U(
∞∑
i=1

Xi). From the definition of U

there exists a sequence {ri}i∈�+ ⊂ Q+ such that Xi ≺ ri 11Ω for every i ∈ N+

and
∞∑
i=1

U(Xi) <
∞∑
i=1

ri < U(
∞∑

i=1

Xi). Then by condition (d1) we should have

that

∞∑
i=1

Xi ≺
∞∑
i=1

ri 11Ω, or equivalently U(

∞∑
i=1

Xi) < U(

∞∑
i=1

ri 11Ω) =

∞∑
i=1

ri.
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Hence,

∞∑
i=1

U(Xi) < U(

∞∑
i=1

Xi) is contradictory. In an analogous way it may

be shown that also U(
∞∑
i=1

Xi) <
∞∑
i=1

U(Xi) is contradictory by condition (d2).

This consideration completes the proof. �
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