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New Identities for Fy, and F, .
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Abstract

In this study, we obtain a new identities for Fibonacci numbers Fs,
and Foy,y1, where n > 1.
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1 Introduction
It is well-known that the Fibonacci numbers are given the recurrence relation
Fooo=F,+F, 4, where n>1 (1)

with the initial conditions Fy = 0, I} = 1. There are a lot of identities about
the Fibonacci numbers. We obtain a new identities for even and odd Fibonacci
numbers.

2 A New Identities for I3, and Fy,

Theorem 2.1 Fy, = F? +2F,F,_ 1 , wheren > 1.
Proof. We write the Fibonacci recurrence relation

Foi1=Fy+ Fy_y. (2)
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By squaring of the each side of equation (2), we get

F3+1:F3+2Fnanl+F3—1: (3>
that s

F2 —F | =F!+2F,F, . (4)
Obtained by setting m=n in equation Fyp = Fp1Fni1 — Fruo1Fno1 (Mana,
1969) is

Fon =F2 + F7 . ()
From equalities (4) and (5), it is clearly seen that
So the theorem is proved.
Theorem 2.2
o1 = Fj_l +2F,F,11, where n>1. (7)

Proof. Proving the identity is to apply the principle of mathematical induction
(PMI). Since

Fy=2FRF,+F}=211+0=2, (8)

the given identity is true when n = 1. Now we assuma that it is true for
arbitrary positive integer k:

Fopsr = F 4 2FFiiq (9)
Then, we write
F? +2F 1 Fevo = (Fip1 — Fim1)® + 2541 Fiopo (
= F = 2Fen By + F )+ 2F 0 (Fr + Fi (
=3¢, — 2F i1 Bt + Fapsn (1
= F7 1+ 2F0 (Fi1 — Fio1) 4 Foe (
= FZ\ + 2F 1 Fy + Fojpr. (
Using the Theorem 1, we obtain
F?Z + 2F 1 Frvo = Fopp1 + Fopo = Fopys. (15)

Thus the formula is true forn = k+ 1. So, by PMI, the identity is true for
every integer n > 1. Since by using Fibonacci numbers, Fibonacci numbers
with negative indices can be written as

F = (-1)""F, n>1. (16)
we conclude the following result.

Theorem 2.3 Forn > 1,

[\
—_ O O — T

Fog, = Fs - 2FnFn+1F—2n+1 - Fg-i-l —2F, F, 1. (17>
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