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Abstract 
 

       In this paper we focus on a kind of linear programming with fuzzy numbers and 
multiple objectives. First by using α -cuts and fuzzy ranking ,we transform these 
problems to multi objective problem with fuzzy coefficients  and crisp constraint 
then define necessarily efficiency points for new problem and for solving the 
problem try to find all of these necessarily efficiency points . 
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1.  Introduction 
   
       In conventional mathematical programming, coefficients of problems are 
usually crisp values and determined by the experts. But in real world, it is an 
uncertain assumption that the knowledge and representation of an expert are so 
precise. Hence in order to develop good operation research methodology fuzzy, 
interval and stochastic approaches are frequently used to describe and treat 
imprecise and uncertain elements present in a real decision problem. In fuzzy 
programming problems the constraints and goals are viewed as fuzzy sets and 
assumed that their membership functions are known. But, in reality, to a decision 
maker (DM) it is not always easy to specify the membership function. At least in 
some of the cases, use an interval coefficients may serve the purpose better. Though 
by using α - cuts, fuzzy numbers can be transformed into interval numbers. 
      Moreover, most real word problems are inherently characterized by multiple, 
conflicting and incommensurate aspects of evaluation .these axes of evaluation are 
generally operationalized by objective functions to be optimized in framework of 
multiple objective linear programming models. 
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     In this paper, we focus on multi objective linear programming with fuzzy 
coefficient. By  introducing  α -cuts and Ramik and Raminek  ranking , we 
transforme the problem to a multiobjective linear programming with interval 
objective functions and crisp constraints then define necessarily efficient points and  
find these points for new problems with proposed algorithms. 
 
 
2. Multiobjective linear programming with fuzzy coefficients 
 
     The multi objective linear programming with fuzzy coefficients can be 
formulated as follow: 
 
 

imaizemax   j
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j
kj xc∑

=1

~             p,,1k L=  
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         ijij bxa ~~ ≤∑                     m,,1i L=                                                                 )1(  
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where kjc~ , ija~  and ib~  are fuzzy numbers. 
    To find the necessarily efficiency points for problem (1), we transform it to a 
problem with interval objective function and crisp constraints. So we use  α -cuts to 
transforme coefficients of objective function to interval, as indicated follow, and 
Ramik and Raminek ranking to obtain crisp constraints from our fuzzy constraints. 
 
2.1. Some definitions  
    The α -level set (α -cut) of a fuzzy set M~  is defined as an ordinary set αM~ for 
which the degree of its membership function exceeds the levelα : 

αM~ ={ x  | M~μ  α≥ }, ]1,0[∈α . 
Observe that the α -level set αM~  can be defined by the characteristic function  

αM~C =
⎩
⎨
⎧

<
≥
αμ
αμ

)x(0
)x(1

M

M  

Actually, an α -level set is an ordinary set whose elements belong to the 
corresponding fuzzy set to a certain degree α . 
     A fuzzy number is a convex normalized fuzzy set of the real line R  whose 
membership function is piecewise continuous. 
From the definition of a fuzzy number M~ , it is significant to note that the α -level 
set αM~ of a fuzzy number M~ can be represented by the closed interval which 
depends on interval value of  α . Namely, 

αM~ ={ x  | M~μ  α≥ }= ]M,M[ UL
αα  

Where LMα  or UMα  represents the left or right extreme point of the α -level set αM~ , 
respectively. 
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Especially if ),,(~ βγmM = is a triangular fuzzy number then 

αM~ = )]1(m,m)1([ −−+− αβαγ   and if ),,,(~ βγRL mmM = is a trapezoidal 

fuzzy number then αM~ = )]1(m,m)1([ RL −−+− αβαγ . 
 
2.2. Ranking fuzzy numbers 
     Dubios and prade proposed a method of ranking fuzzy numbers as follow: 
Definition  let M~  and N~  be fuzzy numbers, then we have  

≥M~ N~ ⇔ ∨M~ N~ = M~  
By usind the definition Ramik and raminek suggested the following lemma:  
Lemma  if M~  and N~ be a fuzzy numbers, ∨M~ N~ = M~ if and only if for every 

]1,0[h∈ we have  
inf { :s ≥)s(M~μ  h }≥ inf { :t ≥)t(N~μ  h } 
sup { :s ≥)s(M~μ  h }≥ sup { :t ≥)t(N~μ  h } 

Especially if M~ = LR
RL ),,m,m( βα  and N~ = RL

RL nn ′′),,,( δγ be two trapezoidal 
fuzzy numbers, the above relation is true if and only if  

)h(Lm *L − Lα ≥ L*L )h(Ln β′−     ]1,0[h∈∀  
)h(Rm *R + Rα ≥ R*R )h(Rn β′+     ]1,0[h∈∀  

 
where 

}h)z(L:zsup{)h(L* ≥=  
}h)z(L:zsup{)h(L * ≥′=′  
}h)z(T:zsup{)h(R* ≥=  
}h)z(R:zsup{)h(R * ≥′=′ . 

   
      From the definition of Ramik and Raminek, if M~ = LR),,m( βα  and N~ = 

RLn ′′),,( δγ , be triangular fuzzy numbers, then we have  

≤M~ N~
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If  M~ = LR
RL ),,m,m( βα  and N~ = RL

RL ),,n,n( ′′′δγ be two fuzzy numbers, 
similarly we can compare them as follow 
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      By using above definition and with respect to the kind of fuzzy numbers of the 
problem, we can transform  the fuzzy constraints to crisp ones. 
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In this way, if  kjc~ = ( kjkjkj ,,c βα ), ),,(~

ijijijij aa δγ=  and ),,b(b~ iiii νη=  be 
triangular fuzzy numbers, problem (1) is equivalent to  
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be trapezoidal fuzzy numbers then,  problem (1) is equivalent to  
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3. Necessarily efficient points 
 
     Consider the following MOLP problem with interval objective functions: 
 
max   Cx)x(z =              
  t.s  
         bAx ≤                                                                                                          )4(  



Linear programming problem                                                                               103 
 
         0x ≥  
        Φ∈C . 
Where Φ  is a set of np×  matrices, with elements ]C,C[C U

kj
L
kjkj ∈  for p,,1k L= , 

n,,1j L=  , A is a nm×  matrix and b  is a 1m×   vector. 
A solution is necessarily efficient to problem (4) if and only if it is efficient for any 

Φ∈C . The necessarily efficient solution set )N( E  is obtained by  

I
Φ∈

=
C

EE )C(XN  

Where )C(X E  is the efficient solution set for each Φ∈C . 
     Bitran (1980) proposed an implicit enumeration algorithm that uses a 
subproblem to test efficiency of a given basic solution and a branch and bound 
algorithm to solve subproblem. But his method may result in a high computational 
burden if the solution being analyzed is not necessarily efficient. 
Ida (1999) suggested an extension of the implicit enumeration algorithm.the 
proposed method uses two efficiency test. One of them checks necessary efficiency 
and the other checks non-necessary efficiency. 
Let U

N
1)w,,w,g(

B
)w,,w,g( CNBCR g1g1 −= −LL  , where the columns of the interval 

matrix, , )w,,w,g(
B
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In this context, g  is the tree level, m  is the number of basic variables with interval 
coefficients, jw  is )U(L  if the column elements of the matrix within the tree level 

j are in the lower bounds L
j.BC  (upper bounds R

j.BC ) of the intervals and .g,,1j L=  

Let )w,,w,g(L g1R L  and )w,,w,g(U g1R L be composed of the lower and upper bounds of 
each element belonging to the interval matrix )w,,w,g( g1R L , respectively. The 
operations "sc"  is defined as  
      }R,R{)R(sc )U,w,,w,1g(L)L,w,,w,1g(L)w,,w,g(L g1g1g1 LLL ++=  
and 
     },{)( ),,,,1(),,,,1(),,,( 111 UwwgULwwgUwwgU ggg RRRsc LLL ++= . 
 
3.1. Necessary  efficiency algorithms 
     The necessary efficiency test is obtained in the following way: 
 
Algorithm 1 
Step1. Let { })0(LL RS = . 

Step2. Select one element )w,,w,g(L g1R L  from LS and check whether it is efficient. 
         (a) If it is efficient then remove the element from LS . 
         (b) Otherwise, add )R(sc )w,,w,g(L g1 L  to LS .If  )R()R( )w,w,m()w,w,g( m1g1 KK =  ,                                  
               then R is not necessarily efficient. 
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Step3. If the set LS  is empty, then R is necessarily efficient. 
Step4. Return to step 2. 
 
    This algorithm is based on the following theorem: 
 
Theorem  If all of the elements of LS  are efficient, then R  is necessarily 
efficient.(Ida, 1999) 
If the solution being analyzed is not necessarily efficient, his implicit enumeration 
algorithm may be out of acceptable computational limits due to the branching 
required. Therefore, Ida proposed another algorithm in the following way. 
 
Algorithm  2 
Step1. Let { })0(UU RS = . 

Step2. Select one element )w,,w,g(U g1R L  from US and check whether it is efficient. 
         (a) If it is not efficient, then R is not necessarily efficient. 
         (b) Otherwise, add )R(sc )w,,w,g(U g1 L  to US .If  )R()R( )w,w,m()w,w,g( m1g1 KK =  ,                                  

               Do not add any thing to US  . 
Step3. If the set US  is empty, then R is necessarily efficient. 
Step4. Return to step 2. 
 
    This algorithm is based on the following theorem (Ida, 1999): 
Theorem If there is an element of US that it is not efficient, then R  is not efficient. 
The efficiency is based on chernikova's algorithm (chernikova, 1999) and proceeds 
as follows: 
 
Algorithm  3 
Step1. Compute .R  
Step2. Analyze column and rows of R and proceed as follow:. 
         (a) If there are any columns in R  such that 0. ≥jR  , then eliminate these columns. 
          (b)  If there are any rows in R  such that 0≤.iR , then eliminate these rows.. 
Step3. Analyze columns and rows of R and proceed as follow: 

(a) If there is a column in R such that 0. ≤jR , then R  is not efficient. 
(b) If there is arrow in R  such that 0. >iR , then R  is efficient. 
(c) If there is a row in R  such that 0R .i ≥   and a row ii ≠′  such that 0>′jiR  

( 0=ijR ),then R is efficient. 
Step4. Calculate the summation of the columns( Σ.R ) and rows( .ΣR ) of R . 
         (a) If 0. ≤ΣR  , then R  is not efficient. 
         (b) If 0. >ΣR , then R  is efficient. 
Step5. Let RD −=  and process the rows by using the extreme ray generation method 
(chernikova,1965). Let. simultaneously,  TRD = and process the row in parallel by using 
extreme ray generation method ( D is defined in chernikova(1965) and Ida (2000b)). 
Step6. Return to step 2. 
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4. Numerical Example 
 
     Consider the following MOLP with fuzzy coefficients: 
max   xC~              
  t.s  
         b~xA~ ≤                     
         0x ≥  
     where    
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Let  7.0=α , Then we have the following interval for objective coefficients. 
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If we want to test the necessary efficiency of the extreme point )
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Hence, 

       ⎥
⎦

⎤
⎢
⎣

⎡
−
−

=
630704.122324.0
07676.40181.0

R )0(U  and ⎥
⎦

⎤
⎢
⎣

⎡
−
−

=
446096.168476.0
61524.3.1719.1

R )0(L . 

Since 0)0(
1. ≤UR , then R  is not efficient (there is an element of US which is not 

efficient) 
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Conclusion 
 
     A new solution to a linear multiobjective programming problems with fuzzy 
coefficients proposed based on the necessary efficiency. The method to find the 
necessarily efficiency points is indicated.  
Although we use Ramik and Raminek definition to compare fuzzy numbers, we can 
uses the others linear ranking methods, like loius and wang index, and compare the 
results. An example is given to demonstrate the proposed solution. 
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