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Abstract. The purpose of this paper is to obtain common fixed point
theorems for compatible maps of type (A-I) and type (A2) on fuzzy metric
spaces. Our results extend, generalize and fuzzify several fixed point theorems
on metric paces, menger probabilistic metric spaces, uniform spaces and fuzzy
metric spaces.
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1. Introduction

Zadeh’s introduction [25] of the notion of fuzzy sets laid down the founda-
tion of fuzzy mathematics. In the last two decades there were a tremendous
development and growth in fuzzy mathematics ([1], [3], [5], [6], [12], [19]). In
[6] Grabiec extended the well known fixed-point theorems of Banach [2] and
Edelsten [4] to fuzzy metric spaces in the sense of Kramosil and Michalek [12].
Moreover it appears that the study of Kramosil and Michalek [12] of fuzzy
metric space paves the way for developing soothing machinery in the field of
fixed-point theorems, in particular, for the study of contractive type maps. In
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[5] Fang proved some fixed point theorems in fuzzy metric spaces, which im-
prove, generalize, extends and unify some main results of [2], [4], [8] and [17].
Following Grabiec [6] and Kramosil-Michalek [12], Mishra-Sharma-Singh [13]
obtained common fixed point theorems for compatible maps and asymptoti-
cally commuting maps on fuzzy metric spaces, which generalize, extend, and
fuzzify several fixed point theorems for contractive type maps on metric spaces
and other spaces.

In this paper we introduce the concept of compatible mappings of type (A-
1) and type (A-2) in fuzzy metric space and show that they are equivalent
to compatible mappings under certain conditions. In the Sequel we prove
some common fixed point theorem for compatible mappings of type (A-1) and
type (A-2) on fuzzy metric spaces which generalize, extend, unify and fuzzify
several well known fixed point theorems for contractive type maps on metric
spaces, Menger spaces, uniform spaces and fuzzy metric spaces.

2. Preliminaries

Following Grabiec [6] and Kramosil-Michalek [12] we have the following no-
tations and definitions.

A fuzzy metric space (Shortly an FM space) is an ordered triplet (X, M, ∗)
consisting of a nonempty set X, a fuzzy set M in X2× [0,∞) and a continuous
T -norm∗. The functions M(x, y, .) : [0,∞) → [0, ] are left continuous and are
assumed to satisfy the following conditions:

(FM − 1)...... M(x, y, t) = 1

for all t > 0 if and only if x = y.

(FM − 2) ...... M (x, y, 0) = 0.

(FM − 3) ........ M (x, y, t) = M (y, x, t) .

(FM − 4) .... M (x, y, t)∗ M (y, z, s) < M (x, z, t + s)

for all x, y, z in X and t, s >= 0.
Gragiec [6] has shown that M(x, y, .) is nondecreasing for all x, y in X.
In all that follows N denotes the set of natural numbers and X an FM

space (X, M,∗ ) with the following condition:

(FM − 5)........ lim
t−>∞

M(x, y, t) = 1 for all x, y in X.

The proof of the following lemma is given in [6].

Lemma 2.1. Let {yn} be a sequence in an FM-space X. If there exists a
positive number k < 1 such that

M(yn+2, yn+1, kt) ≥ M(Yn+1, yn, t), t > 0, n ∈ N

then {yn} is a Cauchy sequence in X.

From (FM − 5), the following lemma follows immediately:
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Lemma 2.2. If for two points x, y in X and a positive number k < 1

M(x, y, kt) ≥ M(x, y, t) then x = y.

3. Compatible Maps of Type (A-1) and Type (A-2)

In this section we show that compatible mappings of type (A-1) and type (A-
2) in fuzzy metric space are equivalent to compatible mappings under certain
conditions.

Definition 3.1. Let S and T be self maps of an FM-space X. The mappings
S and T are said to be compatible if lim

n−>∞
M(STxn, TSxn, t) = 1, whenever

{xn} is a sequence in X such that lim
n−>∞

Sxn = lim
n−>∞

Txn = z for some z in

X.

Definition 3.2. Let S and T be self maps of an FM-space X. The mappings
S and T are said to be compatible of type (A) if lim

n−>∞
M(STxn, TTxn, t) =

1 and lim
n−>∞

M(TSxn, SSxn, t) = 1, whenever {xn} is a sequence in X such

that lim
n−>∞

Sxn = lim
n−>∞

Txn = z for some z in X.

Definition 3.3. Let S and T be self maps of an FM-space X. The pair of
mappings (S, T ) is said to be compatible of type (A − 1) if

lim
n−>∞

M(STxn, TTxn, t) = 1, whenever {xn} is a sequence in X such that

lim
n−>∞

Sxn = lim
n−>∞

Txn = z for some z in X.

Definition 3.4. Let S and T be self maps of an FM-space X. The pair of
mappings (S, T ) is said to be compatible of type (A − 2) if

lim
n−>∞

M(TSxn, SSxn, t) = 1, whenever {xn} is a sequence in X such that

lim
n−>∞

Sxn = lim
n−>∞

Txn = z for some z in X.

Clearly, if a pair of mappings (S, T ) is compatible of type (A − 1) then the
pair (T, S) is compatible of type (A − 2). Further from the definitions it is
clear that if S and T are compatible mappings of type (A) then the pair (S, T )
is compatible of type (A − 1) as well as type (A − 2).

We now cite the following propositions which gives the condition under which
the definitions 3.1, 3.3 and 3.4 becomes equivalent.

Proposition 3.5. Let S and T be self maps of an FM-space X.
a) If T is continuous then the pair of mappings (S, T ) is compatible of type

(A − 1) iff S and T are compatible.
b) If S is continuous then the pair (S, T ) is compatible of type (A − 2) iff

S and T are continuous.

Proof. a) Let lim
n−>∞

Sxn = lim
n−>∞

Txn = z for some z in X, and let the

pair (S, T ) be compatible of type (A − I). Since T is continuous we have
lim

n−>∞
TSxn = Tz and lim

n−>∞
TTxn = Tz.
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Therefore it follows that M(STxn, TSxn, t) ≥ M(STxn, TTxn, t/2)∗

M(TTxn, TSxn, t/2) yields lim
n−>∞

M(STxn, TSxn, t) ≥ 1∗1 = 1 and so the

mappings S and T are compatible.
Now let S and T be compatible.
Therefore it follows that M(STxn, TTxn, t) ≥ M(STxn, TSxn, t/2)∗

M(TSxn, TTxn, t/2) yields lim
n−>∞

M(STxn, TTxn, t) ≥ 1∗1 = 1 and so the pair

of mappings (S, T ) are compatible of type (A − 1)
b) Let lim

n−>∞
Sxn = lim

n−>∞
Txn = z for some z in X, and let the pair (S, T )

be compatible of type (A−2). Since S is continuous we have lim
n−>∞

STxn = Sz

and lim
n−>∞

SSxn = Sz.

It follows that M(STxn, TSxn, t) ≥ M(STxn, SSxn, t/2)∗

M(SSxn, T sxn, t/2) yields lim
n−>∞

M(STxn, TSxn, t) ≥ 1∗1 = 1 and so the

mappings S and T are compatible.
Now let S and T be compatible. Then we have M(TSxn, SSxn, t) ≥

M(TSxn, STxn, t/2)∗M(STXn, SSxn, t/2) yields lim
n−>∞

M(TSxn, SSxn, t) =

1∗1 = 1 and so the pair (S, T ) are compatible of type (A − 2).

Next we give some properties of compatible mappings of type (A − 1) and
type (A − 2) which will be used in our main theorem.

Proposition 3.6. Let S and T be self maps of an FM space X. If the
pair (S, T ) are compatible of type (A-I) and Sz = Tz for some z in X then
STz = TTz.

Proof. Let {xn} be a sequence in X defined by xn = z for n = 1, 2, ... and
let Tz = Sz. Then we have lim

n−>∞
Sxn = Sz and lim

n−>∞
Txn = Tz. Since

the pair (S, T ) is compatible of type (A − 1) we have M(STz, T tz, t) =
lim

n−>∞
M(STxn, TTxn, t) = 1. Hence STz = TTz.

Proposition 3.7. Let S and T be self maps of an FM-space X. If the
pair (S, T ) is compatible of type (A − 2) and Sz = Tz for some z in X then
TSz = SSz.

Proof. Let {xn} be a sequence in X defined by xn = z for n = 1, 2, ... and
let Tz = Sz. Then we have lim

n−>∞
Sxn = Sz and lim

n−>∞
Txn = Tz. Since

the pair (S, T ) is compatible of type (A − 2) we have M(TSz, SSz, t) =
lim

n−>∞
M(TSxn, SSxn, t) = 1. Hence TSz = SSz.

Proposition 3.8. Let S and T be self maps of an FM-space X with t∗t > t for
all t in [0, 1]. If the pair (S, T ) are compatible of type (A−1) and Sxn, Txn → z
for some z in X and a sequence {xn} in X then, TTxn → Sz if S is continuous
at z.
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Proof. Since S is continuous at Z we have STxn → Sz. Since the pair (S, T )
are compatible of type (A−1), we have M(STxn, TTxn, t) → 1 as n− > ∞.
It follows that M(Sz, TTxn, t) ≥ M(Sz, STxn, t/2)∗M
(STxn, TTxn, t/2) yields lim

n−>∞
M(Sz, TTxn, t) ≥ 1∗1 = 1 and so we have

TTxn → Sz as n− > ∞.

Proposition 3.9. Let S and T be self maps of an FM-space X with t∗t ≥ t for
t in [0, 1]. If the pair (S, T ) are compatible of type (A− 2) and Sxn, Txn → z
for some z in X and a sequence {xn} in X then, SSxn → Tz if T is continuous
at z.

Proof. Since T is continuous at Z we have TSxn → Tz. Since the pair (S, T )
are compatible of type (A− 1), we have M(TSxn, SSxn, t) → 1 as n− > ∞.
It follows that M(Tz, SSxn, t) ≥ M(Tz, TSxn, t/2)∗M
(TSxn, SSxn, t/2) yields lim

n−>∞
M(Tz, SSxn, t) ≥ 1 ∗ 1 = 1 and so we have

SSxn → Tz as n− > ∞.

4. Main Results

Let (X, M,∗ ) be an FM-space with t∗t ≥ 1 for all t in [0, 1] and P, Q, S, T
be self maps of X such that

P (X) ⊆ T (X) and Q(X) ⊆ S(X)(4.1)

[1 + p.M (Sx, Ty, kt)]∗ M (Px,Qy, kt)(4.2)

≥ p [M(Px, Sx, kt)∗M(Qy, Ty, kt) + M(Px, Ty, kt)∗M(Qy, Sx, kt)] + M

(Sx, Ty, t)∗M(Px, Sx, t)∗M(Qy, Ty, t)∗M(Px, Ty, αt)∗M(Qy, Sx, (2 − α)t)

for all x, y in X, p ≥ 0, t > 0 and α ∈ (0, 2) and k ∈ (0, 1).
For some arbitrary x0 in X, by (4.1) we choose x1 in X such that Px0 = Tx1,

and for this x1 there exists x2 such that Sx2 = Qx1. Continuing this process
we define the sequence {yn} in X such that

y2n = Px2n = Tx2n+1 and y2n+1 = Qx2n+1 = Sx2n+2(4.3)

Lemma 4.1. Let P, Q, S and T be self maps of an FM-space (X, M,∗ ) with
t∗t ≥ t for all t in [0, 1] satisfying (4.1) and (4,2). Then the sequence {yn}
defined by (4.3) is a Cauchy sequence.
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Proof. By (4.2) for α = 1 + q, q ∈ (0, 1) we have,

[1 + p.M(y2n.y2n+1, kt)]∗M(y2n+1, y2n+2, kt)

= [1 + p.M(Tx2n+1, Sx2n+2, kt)]∗M(Qx2n+1, Px2n+2, kt)

≥ p[M(Px2n+2, Sx2n+2, kt)∗M(Qx2n+1, Tx2n+1, kt)

+ M(Px2n+2, Tx2n+1, kt)∗M(Qx2n+1, Sx2n+2, kt)]

+ MSx2n+2, Tx2n+1y, t)∗M(Px2n+2, Sx2n+2, t)
∗M(Qx2n+1, Tx2n+1, t)

∗

M(Px2n+2, Tx2n+1, (1 + q)t)∗M(Qx2n+1, Sx2n+2, (1 − q)t)

= p[M(y2n+2, y2n+1, kt)∗M(y2n+1, y2n, kt) + M(y2n+2, y2n, kt)∗M(y2n+1, y2n+1, kt)]

+ M(y2n+1, y2n, t)
∗M(y2n+2, y2n+1, t)

∗M(y2n+1, y2n, t)
∗

M(y2n+2, y2n, (1 + q)t)∗M(y2n+1, y2n+1, (1 − q)t)

= p[M(y2n+2, y2n+1, kt)∗M(y2n+1, y2n, kt) + M(y2n+2, y2n, kt)∗1]

+ M(y2n+1, y2n, t)
∗M(y2n+2, y2n+1, t)

∗M(y2n+1, y2n, t)
∗M(y2n+2, y2n, (1 + q)t)∗1

≥ p[M(y2n+2, y2n+1, kt)∗M(y2n+1, y2n, kt)] + M(y2n+1, y2n, t)
∗

M(y2n+2, y2n+1, t)
∗M(y2n+1, y2n, t)

∗M(y2n, y2n+1, qt)
∗M(y2n+1, y2n+2, t)

∗1

≥ p[M(y2n+2, y2n+1, kt)∗M(y2n+1, y2n, kt)] + M(y2n+1, y2n, t)
∗

M(y2n+2, y2n+1, t)
∗M(y2n, y2n+1, qt).

Thus it follows that

M(y2n+1, y2n+2, kt) ≥ M(y2n+1, y2n, t)
∗M(y2n+2, y2n+1, t)

∗M(y2n, y2n+1, qt)

Since the t-norm ∗ is continuous and M(x, y) is left continuous, letting q → 1,
we have M(y2n+1, y2n+2, kt) ≥ M(y2n, y2n+1, t)

∗M(y2n+1, y2n+2, t).
Similarly we get M(y2n+2, y2n+3, kt) ≥ M(y2n+1, y2n+2, t)

∗M(y2n+2, y2n+3, t).
In general we have M(ym+1, ym+2, kt) ≥ M(ym, ym+1)

∗M(ym+1, ym+2, t).
Consequently it follows that

M(ym+1, ym+2, kt) ≥ M(ym, ym+1, t)
∗M(ym+1, ym+2, t/k

p), m, p ∈ N

By noting that M(ym+1, ym+2, t/k
p) → 1 as n → ∞, we have M(ym+1, ym+2, kt) ≥

M(ym, ym+1, t). Hence by Lemma 2.1 {yn} is a Cauchy sequence.

Theorem 4.2. Let (X, M,∗ ) be a complete FM-space with t∗t ≥ t, t ∈ [0, 1],
and let P, Q, S and T be self maps of X satisfying (4.1),(4.2) and the following:

the pairs (P, S) and (Q, T ) are compatible of type (A − 1) or type (A − 2)
(4.4)

one of S and T is continuous
(4.5)

Then P, Q, S and T have a unique common fixed point in X.
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Proof. Let the pairs (P, S) and (Q, T ) be compatible of type (A − 1) and
suppose T is continuous. By Lemma 2.1 the sequence {yn} defined by (4.3) is a
Cauchy sequence in X and since X is complete it should converge to some point
say z in x. Consequently the subsequences {Pxn}, {Tx2n+1}, {Qx2n+1} and
{Sx2n+2} also converge to the same point z. Since T is continuous TTx2n+1 →
Tz as n → ∞, also since the pair (Q, T ) are compatible of type (A − 1), by
proposition (3.4) we have QTx2n+1 → Tz as n → ∞.

Now for α = 1, (4.2) yields,

[1 + p.M(Sx2n, TTx2n+1, kt)]∗M(Px2n, QTx2n+1, kt)

≥ p[M(Px2n, Sx2n, kt)∗M(QTx2n+1, TTx2n+1, kt) + M(Px2n, TTx2n+l, kt)
∗M(QTx2n+1, Sx2n, kt)] + M(Sx2n, TTx2n+1, t)

∗M(px2n, Sx2n, t)
∗M(QTx2n+1, TTx2n+1, t)

∗M(Px2n, TTx2n+1, t)
∗M(QTx2n+1, Sx2n, t)

which gives M(z, T z, kt) ≥ M(z, T z, t)∗1∗1∗M(z, T z, t)∗M(Tz, z, t). This
shows that Tz = z. Again by (4.2) with α = 1, we have

[1 + p.M(Sx2n, T z, kt)]∗M(Px2n, Qz, kt)

≥ p[M(Px2n, Sx2n, kt)∗M(Qz, Tz, kt) + M(Px2n, T z, kt)∗M(Qz, Sx2n, kt)]

+ M(Sx2n, T z, t)∗M(Px2n, Sx2n, t)
∗M(Qz, Tz, t)∗M(Px2n, T z, t)∗M(Qz, Sx2n, t)

which yields M(z, Qz, kt) ≥ 1∗1∗M(Qz, z, t)∗1∗1∗M(Qz, z, t) and so Qz = z.
Hence by (4.1) there exists some u in X such that Qz = Su. By (4.2) with
α = 1 we have,

[1 + p.M(Su, Tz, kt)]∗M(Pu, Qz.kt)

≥ p[M(Pu, Su, kt)∗M(Qz, Tz, kt) + M(Pu, Tz, kt)∗M(Qz, Su, kt)]

+ M(Su, Tz, t)∗M(Pu, Su, t)∗M(Qz, Tz, t)∗M(Pu, Tz, t)∗M(Qz, Su, t)

which yields (Pu, z, kt) ≥ 1∗M(pu, z, t)∗1∗M(Pu, z, t)∗1 and so Pu = z.
Therefore z = Pu = Su and since the pair (P, S) are compatible of type

(A − 1), by proposition 3.2 we have PSu = SSu, i.e. Pz = Sz. Hence

[1 + p.M(Sz, Tz, kt)]∗M(Pz, Qz, kt)

≥ p[M(Pz, Sz, kt)∗M(Qz, Tz, kt) + M(Pz, Tz, kt)∗M(Qz, Sz, kt)] +

M(Sz, Tz, t)∗M(Pz, Sz, t)∗M(pz, Sz, t)∗M(pz, Tz, t)M(Qz, Sz, t)

Which yields M(pz, z, kt) ≥ M(Pz, z, t)∗1∗1∗M(pz, z, t)∗M(z, Pz, t) and so
pz = z. Hence z is a common fixed point of P, Q, S and T . Finally the
uniqueness of z as a common fixed point of P, Q, S and T follows easily from
(4.2).

If we take p = 0 in the Theorem (4.2) we have the following:
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Corollary 1. Let (X, M,∗ ) be a complete FM-space with t∗t ≥ 1, t ∈ [0, 1],
and let P, Q, S and T be self maps of X satisfying (4.1), (4.4), (4.5) and

M(Px,Qy, kt) ≥ M(Sx, Ty, t)∗M(Px, Sx, t)∗(4.6)

M(Qy, Ty, t)∗M(Px, Ty, αt)∗M(Qy, Sx, (2 − α)t)

for all x, y in X, t > 0, and α ∈ (0, 2). Then P, Q, S and T have a unique
common fixed point in X.

If we take S = T and P = Q in Theorem 4.2, we have the following:

Corollary 2. Let (X, M,∗ ) be a complete FM-space with t∗t ≥ t, t ∈ [0, 1],
and let P and S be self maps of X such that the pair (P, S) are compatible of
type (A − 1) or type (A − 2) and P (X) ⊆ S(X).

If S is continuous and there exists a constant k ∈ (0, 1) such that

[1 + p.M(Sx, Sy, kt)]∗M(Px, Py, kt)(4.7)

≥ p[M(Px, Sx, kt)∗M(Py, Sy, kt) + M(Px, Sy, kt)∗M(Py, Sx, kt)]

+ M(Sx, Sy, t)∗M(Px, Sx, t)∗M(py, Sy, t)∗

M(Px, Sy, αt)∗M(Py, Sx, (2 − α)∗t)

for all x, y in X, p ≥ 0, t ≥ 0 and α ∈ (0, 2). Then P and S have a unique
common fixed point in X.

In [6] Grabiec presented the fuzzy version of the Banach contraction theorem
as follows:

Corollary 3. Let (X, M,∗ ) be a compatible FM-space with t∗t ≥ 1, t ∈ [0, 1],
and let P be self map of X. If there exists a constant, k ∈ (0, 1) such that

M(Px, Py, kt) ≥ M(x, y, t) for all x, y in X and t ≥ 0,(4.8)

then P has a unique common fixed in X.

Proof. This corollary follows from our Corollary 4.4 since (4.7) with P = S
and p = 0 includes (4.8).

The above fixed point theorem extend ,generalize and fuzzify several fixed
point theorems on metric spaces, Menger probabilistic metric spaces, uniform
spaces and FM-spaces ([6] − [11], [13] − [15], [20] − [23]).

5. An Application

In this section, we apply Corollaries (4.4) and (4.5) to establish the following
result on the product space.

Theorem 5.1. Let (X, M,∗ ) be a complete FM-space with t∗t ≥ t, t ∈ [0, 1],
and let P and Q be two maps on the product X ×X with values in X. If there
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exists a constant k ∈ (0, 1) such that

[1 + p.M(x, u, kt)]∗M(P (x, y), Q(u, v), kt)
(5.1)

≥ pM(P (x, y), x, kt)∗M(Q(u, v), u, kt) + M(P (x, y), u, kt)∗M(Q(u, v), x, kt)]
∗M(P (x, y), x, t)∗M(Q(u, v), u, t)∗M(x, u, t)∗M(y, u, t)∗

M(P (x, y, u, αt)∗M(Q(u, v, x, (2 − α)t)

for all x, y in X, p ≥ 0, t > 0 and α ∈ (0, 2), then there exists exactly one point
w in X such that P (w, w) = w = Q(w, w).

Proof. By (5.1) we have

[1 + p.M(x, u, kt)]∗M(p(x, y), Q(u, y), kt)

≥ p[M(P (x, y), x, kt)∗M(Q(u, y, u, kt) + M(p(x, y), u, kt)∗M(Qu, y), x, kt)]

+ M(p(x, y), x, t)∗M(Q(u, y), u, t)∗M(x, u, t)∗

M(P (x, y), u, αt)∗M(Q(u, y), x, (2 − α)t)

for all x, y, u in X. Therefore, by Corollary 4.4 for each y in x, there exists
one and only one z(y) in X such that

P (z(y), y) = z(y) = Q(z(y), y).(5.2)

Now for any y, y′ in X by (5.1) with α = 1, we have

[1 + p.M(z(y), z(y′), kt)]∗M(P (z(y), y), Q(z(y′), y′), kt)

≥ p[M(P (z(y), y), z(y), kt)∗M(Q(z(y′), y′), z(y′), kt)+M(P (z(y), y), z(y′), kt)
∗M(Q(z(y′), y′), z(y), kt)] + M(P (z(y), y), z(y), t)∗M(Q(z(y′), y′), z(y′), t)
∗M(z(y), z(y′), t)∗M(y, y′, t)∗M(P (z(y), y), z(y′), t)∗M(Q(z(y′), y′), z(y), t)

i.e.

M(z(y), z(y′), kt)

≥ 1∗1∗M(z(y), z(y′), t)∗M(y, y′, t)∗M(z(y), z(y′), t)∗M(z(y′), z(y), t)

i.e.

M(z(y), z(y′), kt) ≥ M(z(y), z(y′), t)∗M(y, y′, t)
≥ M(z(y), z(y′), t/kn)∗M(y, y′.t)
→ M(y, y′, t)

Therefore, Corollary 4.5 yields that the map z(.) of X into itself has exactly
one fixed point w in X, i.e. z(w) = z. Hence by (5.2) w = z(w) = P (w, w) =
Q(w, w). This completes the proof.
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