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Abstract

In this paper a parallel algorithm is presented for the numerical solu-
tion of the heat equation with derivative boundary conditions. The par-
allel algorithm is developed by approximating the second-order spatial
partial derivative by third-order finite-difference approximations and a
matrix exponential function by a rational approximation having distinct
real poles. Problems are solved using the algorithm and comparisons
are made with results from the literature confirming the accuracy of the
algorithm.
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1 Introduction

Consider the one-dimensional heat equation

ut = uxx + s(x, t), 0 < x < X, t > 0, (1)

subject to time-dependent boundary conditions on boundary ∂R of the open-
region R defined by lines x = 0 and x = X given by

ux(0, t) = f1(t), 0 < t ≤ T, (2)

ux(X, t) = f2(t), 0 < t ≤ T, (3)
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with initial condition

u(x, 0) = g(x), 0 ≤ x ≤ X, (4)

where f1(t), f2(t), g(x) and s(x, t) are known, while the function u(x, t) is to
be determined.
The advances in computer technology have provided an impetus to solve phys-
ical problems numerically that arise in many branches of continumn physics,
such as heat flow, diffusion, wave mechanics, bioengineering, fluid dynam-
ics, elastic vibrations. Since it is essential for modern engineering analysis to
have efficient computational schemes to solve complicated mathematical mod-
els of physical processes, the authors propose to study numerical techniques
for approximating the solutions to various mathematical models related to
heat equation with derivative boundary conditions. In this paper the applica-
tion of the method of lines (MOL) to such problems is considered. The MOL
semi-discretization approach will be used to transform the model partial differ-
ential equation into a system of first-order linear ordinary differential equations
(ODEs). The MOL is a method of solving partial differential equations (PDEs)
by discretizing the equation with respect to all but one variable (usually time).
The spatial partial derivative is approximated by finite-difference approxima-
tions. The solution of the resulting system of first-order ODEs satisfies a
recurrence relation which involves a matrix exponential function. Numerical
techniques are developed by approximating the exponential matrix function in
this recurrence relation. The matrix exponential function is approximated by a
rational approximation consisting of three parameters. The parallel algorithm
is developed using the resulting approximation.
The demands of both the scientific and the commercial communities for ever-
increasing computing power led to dramatic improvements in computer archi-
tecture. Initial efforts concentrated on achieving high performance on a single
processor, but the more recent past has been witness to attempts to harness
multiple processors. Multiprocessor systems consist of a number of intercon-
nected processors each of which is capable of performing complex tasks inde-
pendent of the others. In a sequential algorithm all processes are performed by
a single processor turn by turn but in a parallel algorithm independent parts of
the program are performed by different processors simultaneously which save
a lot of time.
Several sequential numerical methods (implicit as well as explicit) have been
proposed in the literature for the solution of this problem [10, 11, 12]. In this
paper, we present O(h3 + l3) L0-stable parallel algorithm for the numerical
solution of the heat equation subject to derivative boundary conditions. The
comparison of numerical results clearly demonstrates the computational supe-
riority of this parallel algorithm.
The paper is organized in the following way: the numerical scheme is described
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in Section 2 and the parallel algorithm is presented in Section 3. In Section
4, the numerical results produced by this scheme are given and summary and
concluding remarks are given in Section 5.

2 Discretization approach and recurrence re-

lation

The interval 0 ≤ x ≤ X is divided into N + 1 subintervals each of width h,
so that (N + 1)h = X and the time variable t is discretized in the steps of
length l. Thus at each time level t = tn = nl(n = 0, 1, 2, · · · ), the open region
R = {0 < x < X} × [t > 0] and its boundary ∂R consisting of lines x = 0 and
x = X and the axis t = 0 have been superimposed by rectangular mesh with
N points within R and open point along each side of ∂R. The solution u(x, t)
of (1) is sought at each point (kh, nl) in R × [t > 0], where k = 1, 2, · · · , N
and n = 0, 1, 2, · · · . The solution of an approximating numerical method will
be denoted by U(x, t). The space derivative in (1) and boundary conditions
will be replaced by the following difference approximations:

∂u(x, t)

∂x
� 1

2h
{u(x + h, t) + 0 u(x, t) − u(x − h, t)}, (5)

∂2u(x, t)

∂x2
� 1

12h2
{11 u(x − h, t) − 20 u(x, t) + 6 u(x + h, t)

+ 4 u(x + 2h, t) − u(x + 3h, t)} , as h → 0.

(6)

Note that implementation of (6) requires some additional values for x =
xN−1, xN . Hence at these points the following third-order approximations will
be used:

∂2u(x, t)

∂x2
� 1

12h2
{u(x − 3h, t) − 6 u(x − 2h, t) + 26 u(x − h, t) − 40 u(x, t)

+ 21 u(x + h, t) − 2u(x + 2h, t)} ,

(7)

∂2u(x, t)

∂x2
� 1

12h2
{2 u(x − 4h, t) − 11 u(x − 3h, t) + 24 u(x − 2h, t)

− 14 u(x − h, t) − 10 u(x, t) − 9 u(x + h, t)} .

(8)

Thus the boundary conditions u(0, t) and u(X, t) can be determined using (2)
and (3) with (5) respectively. Applying (1) to all the interior mesh points
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within R at time level t = nl with the space derivative replaced by (6-8) leads
to a system of N first-order ODE’s of the form

dU(t)

dt
= AU(t) + v(t), t > 0 (9)

with the initial condition

U(0) = g (10)

in which the matrix A is of order N and given by

A =
1

12h2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−20 17 4 −1 ©
11 −20 6 4 −1

11 −20 6 4 −1
. . .

. . .
. . .

. . .
. . .

11 −20 6 4 −1
11 −20 6 4

1 −5 24 −31 11
© 2 −11 24 −23 −10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(11)

In equation (9) the vector v(t) aries from the use of boundary conditions u(0, t)
and u(X, t) in (6-8). Solving (9) subject to (10) gives

U(t) = exp(lA)g +

∫ t

0

exp((t + l − s)A)v(s)ds; (12)

which satisfies [1] the recurrence relation

U(t + l) = exp(lA)U(t) +

∫ t+l

t

exp((t + l − s)A)v(s)ds; t = 0, l, 2l, . . . .

(13)

Following Taj and Twizell [9] third-order accuracy in the temporal component
is accomplished by approximating the matrix exponential function exp(lA) in
(13) by

exp(lA) = G−1N (14)

in which

N =

(
I + (1 − a1)lA + (

1

2
− a1 + a2)l

2A2

)
(15)
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and

G = I − a1l A + a2l
2 A2 − (

1

6
− a1

2
+ a2 − a3)l

3 A3. (16)

The denominator of exp(lA) has distinct real zeros provided that a2
2−3a1a3 > 0

by choosing values a1 = 1.308617, a2 = 0.570502, a3 = 0.082856 and L0-
stability is introduced in [9]. three aims of (h3 + l3) accuracy, L0-stability and
use of real arithmetic are met by this choice of the values of a1, a2 and a3.
The integral term appearing in (13) is approximated by a quadrature formula
of the form ∫ t+l

t

exp((t + l − s)A)v(s)ds �
3∑
j

Wjv(sj)

where all si(i = 1, 2, 3) are different and W1, W2 and W3 are matrices. It can
easily be shown that
− When v(s) = [1, 1, 1, . . . , 1]T

W1 + W2 + W3 = M1 (17)

where M1 = A−1(exp(lA) − I).
− When v(s) = [s, s, s, . . . , s]T

s1W1 + s2W2 + s3W3 = M2 (18)

where M2 = A−1 {t exp(lA) − (t + l) I + A−1(exp(lA) − I)} .
− When v(s) = [s2, s2, . . . , s2]T

s2
1W1 + s2

2W2 + s2
3W3 = M3 (19)

where M3 = A−1[t2exp(lA)−(t+l)2I+2 A−1{t exp(lA)−(t+l)+A−1(exp(lA)−
I)}]. Taking s1 = t, s2 = t + l

2
, s3 = t + l and then solving (17), (18) and (19)

simultaneously and replacing by exp(lA) gives

W1 =
l

6
{(I + (4 − 9a1 + 12a2)lA}G−1, (20)

W2 =
2l

3
{(I − (1 − 3a1 + 6a2)lA}G−1, (21)

and

W3 =
l

6
{(I + (3 − 9a1 + 12a2)lA + (1 − 3a1 + 6a2)l

2A2}G−1. (22)

Hence

U(t + l) = exp(lA)U(t) + W1v(t) + W2v(t +
l

2
) + W3v(t + l) (23)

in which W1, W2 and W3 are given by (20 )-(22) respectively.
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3 Parallel algorithm

We focused on the construction of a rational approximation with real and dis-
tinct poles. So the resulting algorithm readily admits parallelization through
partial fraction expansion [2]. An algorithm for implementing (23) discussed
in [9]. We represent the parallel algorithm using three different processors in
the following form:
Processor 1

(a) Input l, r1, U(0), A

(b) Compute p1, p4, p7, p10 and I − l
r1

A

(c) Decompose I − l
r1

A = L1U1

(d) Evaluate v(t), v(t + l
2
), v(t + l)

(e) use z1(t) = l
6
(p4v(t) + 4p7v(t + l

2
) + p10v(t + l))

(f) Solve L1U1y1(t) = p1U(t) + z1(t)

Processor 2

(a) Input l, r2, U(0), A

(b) Compute p2, p5, p8, p11, and I − l
r2

A

(c) Decompose I − l
r2

A = L2U2

(d) Evaluate v(t), v(t + l
2
), v(t + l)

(e) use z2(t) = l
6
(p5v(t) + 4p8v(t + l

2
) + p11v(t + l))

(f) Solve L2U2y2(t) = p2U(t) + z2(t)

Processor 3
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(a) Input l, r3, U(0), A

(b) Compute p3, p6, p9, p12 , I − l
r3

A

(c) Decompose I − l
r3

A = L3U3

(d) Evaluate v(t), v(t + l
2
), v(t + l)

(e) use z3(t) = l
6
(p6v(t) + 4p9v(t + l

2
) + p12v(t + l))

(f) Solve L3U3y3(t) = p3U(t) + z3(t)

Hence U(t + l) = y1(t) + y2(t) + y3(t).
GOTO step (d) for next time step.
Implementing the algorithm, Processor 1 generates decomposition of I − l

r1
A,

while Processor 2 generates decomposition of I − l
r2

A and Processor 3 gen-

erates decomposition of I − l
r3

A simultaneously. Parallel computing is the
simultaneous execution of the same task (split up and specially adapted) on
multiple processors in order to obtain faster results. The idea is based on the
fact that the process of solving a problem usually can be divided into smaller
tasks, which may be carried out simultaneously with some coordination.

4 Computational results

In order to test the behavior of L0-stable scheme, three problems from the
literature are considered. The parallel algorithm is tested on a sequential
computer (Intel. 933 MHz, BD815 Glly, 128MB(Kingstung), HDD 20 GB
(SeaCate), OS Win2000 Professional, Developer Stuido ) for the solutions of
the heat equations.
Problem 1. Consider the heat equation with

s(x, t) = −2ex−t

g(x) = ex

f1(t) = e−t

f2(t) = e1−t

The analytical solution is u(x, t) = ex−t. Using algorithm, this problem is
solved for h = 0.125, 0.1, 0.05, 0.025 with each l = 0.125, 0.1, 0.05, 0.025. The
absolute relative errors |(u − U)/u| at time t = 1.0 are shown in Table 1.
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h −→ 0.125 0.1 0.05 0.025
l = 0.125 0.45D-4 0.32D-4 0.10D-4 0.46D-5
l = 0.1 0.34D-4 0.11D-4 0.65D-5 0.31D-5
l = 0.05 0.11D-4 0.46D-5 0.23D-5 0.47D-6
l = 0.025 0.34D-5 0.11D-5 0.45D-6 0.22D-6

Problem 2. Consider the heat equation with

s(x, t) = xt2

g(x) = sin(x)

f1(t) = 1

f2(t) = sin(t)

Using the algorithm, this problem is solved for h = 0.125, 0.1, 0.05, 0.025 with
each l = 0.125, 0.1, 0.05, 0.025. The absolute relative errors |(u−U)/u| at time
t = 1.0 are shown in Table 2.

h −→ 0.125 0.1 0.05 0.025
l=0.125 0.74D-4 0.24D-4 0.13D-4 0.10D-4
l=0.1 0.31D-4 0.16D-4 0.13D-4 0.41D-5
l=0.05 0.27D-4 0.11D-4 0.57D-5 0.32D-5
l=0.025 0.11D-4 0.22D-5 0.15D-5 0.12D-5

Problem 3. Consider the heat equation with

s(x, t) = 0

g(x) = sin(πx)

f1(t) = πe−π2t

f2(t) = −πeπ2t

The problem has analytical solution u(x, t) = e−π2tsin(πx). The results of
u(0.5, 1.0) with different number of time steps are shown in Table 3. The results
obtained using the new scheme developed in this paper are more accurate than
those from the scheme of [12]. Note that the new scheme will require less CPU
time. It is clear that as far as efficiency is concerned, the scheme introduced
in this paper is a better candidate for the model problem.
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Time Steps [12] Parallel Algorithm
10 0.001127 0.00003415
20 0.00828 0.00002131
30 0.002514 0.00002137
40 0.003616 0.000021164
50 0.004299 0.00002211
60 0.004718 0.00003212
70 0.004974 0.00001281
80 0.005130 0.00001248
90 0.005225 0.000011381
100 0.005284 0.00001121
110 0.005319 0.00001323
120 0.005341 0.00001232
130 0.005354 0.00001121
140 0.005362 0.00001271
150 0.005367 0.00001323

5 Concluding remarks

In this paper a parallel algorithm was applied to the one-dimensional heat
equation with derivative boundary conditions. The algorithm, which may be
implemented on a parallel architecture using three processors requires the ap-
plication of tridiagonal solvers (only). This scheme developed for a parabolic
equation subject to Neumann boundary conditions. The second-order spatial
derivative was discretized to result in an approximating system of ODEs. The
exact solution of this system of first order ODEs satisfies a recurrence rela-
tion involving the matrix exponential function. This function is approximated
by a rational function possessing real and distinct poles which consequently
readily admits a partial fraction expansion thereby allowing the distribution
of the work in solving the corresponding linear algebraic systems on concur-
rent processors. The method developed does not require the use of complex
arithmetic and need only real arithmetic in its implementation. This technique
worked very well for one-dimensional parabolic equation subject to Neumann
boundary conditions. The use of only real arithmetic especially in the three-
dimensional models can yield large saving in CPU time used. For the model
problem considered, the parallel algorithm was found to be about three times
faster than the standard implicit finite difference scheme of [12]. A compari-
son with the standard finite difference schemes for the model problem clearly
demonstrates that the new technique is computationally superior. The numer-
ical tests obtained by using the method described in this article give acceptable
results and suggests convergence to the exact solution when h goes to zero.
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