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Abstract

Let A;j, and R?kl denote the Cartan tensor and curvature tensor
respectively. In this paper we show that any Berwald space which sat-
isfies the relations Ff‘j = pkgij for some function p* and AijuRy; = 0is
a Riemannian space of constant sectional curvature. In particular we
give an explicit formula for these metrics.
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1 Introduction

Finsler geometry is a generalization of Riemannian geometry. In Finsler geom-
etry, distance ds between two neighboring points z* and z* + da*.k = 1,...,n
is defined by a scale function

ds = F(z*, ..., 2" dx', ..., dz")

or simply ds = F(2%,dz*), k=1, ...,n.
The Riemannian space with metric tensor g;;(z*) is nothing but the Finsler
space with scale function

F(2", da") = [gij(:15"3)(JlﬂU’dycj}E :

Among the Finsler spaces, Berwald spaces form a very important class. A
Finsler space is called Berwaldian if the Chern connection defines a linear con-
nection directly on the underlying manifold [2]. Berwald spaces are only a bit
more general than Riemannian spaces and locally Minkowskian spaces. Since
the connection is linear, its tangent spaces are linearly isometric to a common



3332 D. Latifi and A. Razavi

Minkowski space. Therefore Berwald spaces behave very much like Rieman-
nian spaces. Since Riemannian spaces have many applications in certain area
of physics, it is hopeful that Berwald metrics will be useful in the study of
some physical problems [1].

In this paper we consider Berwald spaces which in a coordinate system z°, the
Christoffel symbols satisfies the relation T'}; = pFg;.

2 Preliminaries

We will use the following notations. M is a manifold of dimension n with
local coordinate (z%),7 = 1,...,n around a point x. We also use the Einstein’s
convention for summations. If X € T, M, then X = X* ai“ where the X? are
coordinates for the tangent bundle canonically induced from the z* for the base
manifold. F'is a Finsler metric, i.e. a function F': TM — R where

1. F is positive-definite : F(z, X) > 0, with equality iff X = o’
2. F is smooth except on the zero-section:

is  C.

F ‘TM\{(x,7)|xEM}

3. F'is strictly convex: at any (z, X), rank[%} =n—1.
4. F is positively homogeneous : F(z, AX) = AF(z, X) for all A > 0.

Finsler metrics are a natural generalization of Riemannian metrics. A
Finsler space (M, F') is Riemannian if and only if I has the form

F?(2,X) = g;;(2) X' X7,

where the coefficients g;; are independent of the tangent vector X. When this
happens, every unit ball, at any point z,

L={XeT,M|F(X)<1)

is an ellipsoid.

Several commonly used Finsler quantities appear also in Riemannian spaces,
and generally have the same interpretation there, though most Finsler quanti-
ties are functions of T'M rather than M. Some frequently used quantities and
relations are:

10°F?(z, X)
9 X) = S axT
2 1 a 1 i

oxt
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gjkgij = 55

i o 1 ir 9g,r IGjk IGri
Ciuto,X) = 000 ( 925 ) = G200+ 20t

To simplify the computation, we introduce the adapted bases for the bun-
dles T*(T'M \ {o}) and T(TM \ {o}) as :

N D 5 o9 .0 0

; 1 0 s (O09sk | 0955 Og; ik
Nt =2~ is ' . j
4 0ym (g ((%J + ot ows )Y

{dx

where

In fact they are dual to each other. The vector space spanned by % (resp. F 881-)
y

is called horizontal(resp. vertical) subspace of T(T'M \ {o}).

There are several notions of curvature in Finsler geometry. The notion of

Riemannian curvature in Riemannian geometry can be extended to Finsler

metrics. The Riemannian curvature tensor or hh-curvature tensor with com-

ponents R, is defined by
.oy, oy,

IR Sk ox!

i Th i h
+ Dl — T

RYy, satisfies the following properties

R;‘kl = _R;"lka
Ry + Riy; + Rjj, = 0.
We have the following relation
Rijii + Rjim = 2(—AijuRyy)
where A;j;,, is the component of Cartan tensor and denote —A;;, R}, by Biji.

Definition 2.1 Let (M, F) be a Finsler space. Then (M, F) is a Berwald
space if, for any x € M, and y € T, M,

O (i
oyt (Fjlc) lwy) = 0

equivalently, we could say that the Christoffel symbols Fék depend only on the
base point x and not on the tangent vector y.
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3 Main results

Let (M, F') be an n-dimensional Berwald space. Suppose that there is a coor-
dinate system (z') such that the Christoffel symbols satisfy the relation I'}; =

p"g;; for some functions p* on TM. If we set p; = gp* and /g = /det(g;;),
then the relation I'), = 3% (log,/g) implies that p, = 52 (log,/g), this shows
that p,’s are components of a gradient.

In Finsler space we have the following Ricci identity

O\
Aijjk — Nijkg = ARy — R} Fay
where )\;); is the horizontal covariant derivative of A; with respect to 5. Now

since we have p; = gpp® = I'f; and '}, just depend on z, so gp,i =0 and Ricci
identity reduce to pjjx — pirj = pTR”k.

Now writing B for %(%). In the following lemma we prove that B is
constant along all horizontal curve.

Lemma 3.1 If (M, F) is a Berwald space satisfying the relations Ffj = pkgij
and Bjip = 0 then, 5—B =0

Proof: From the relation Ffj = p¥g;; we compute the Riemannian curvature
tensor of (M, F)

a a

a op op
ikl = gﬂw - gjk@

SO

Rjiw = GiaRjy
op* op®
giagjlw - giagjk@a

from the relation R = R we have

op* opt op® op®
giagjlw - giagjkw = gjagikw - gjagilw

By multiplication by ¢7' we have :

a a a a

ity o 0P i o O op or"
g gzag]l(smk g gzag]k5 I g g]ang(s g g]agzl5

then
5p‘1 6 @

op® op®

NGia =7 — 6! il 7
g 045 aglaxk
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SO

a a a a

op op op op
NGia =3 — Giae3 = ik = — Jia s
g oxk g oxk gkém“ g ok
thus

op®
B = ia o
Gik g ok

Multiplication by ¢ gives :

op®
g gza(; g gsz
SO 5 N
P

With the aid of the covariant derivative

a _ OP" a
P = 55 + p;p
we get
Pilj = Yaib}j = 9i3B + pipj
further covariant differentiation yields

0B Op; op; s
Dijjk = 9136 A + S kpj +pz(51’ prjp Gik. — PiPsP Gjk

SO
0B  op; op; 0B  Ip; Opk
pi\jk_pﬂk] 91]5 k+5 kp3+5 kpz prp]p Gik— ng(S J 5 ]pk S ]pz+prpkp Gij
To simplify the above equality we compute 5”’ :
5pz d iwrop op”
k = g p + ’L’r‘ pk
ox oxk ox

(gnTsz + gztrrk) p + Gir gp;

= p'prYix + PrDi + 9B

Thus 5B 5B
Pilik = Pilkj = 9ii 55 ~ Jiks 5 + gikpi B — 9ijpi B (1)
Now from the Ricci identity
Pijjk — DPilkj = paR?j;C (2)
and ) 5y 6y

ijk — gzk(sj gijw
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we have
Pl = Pagir0; B — pagijor B
= pigieB — prgi; B
So from (1) and (2) we have

0B 0B
pjgikB - pkgijB = gz‘j@ - gik@ + gikij - gijpkB
SO
B 0B
gijw = gik@
then

so we obtain

Thus 25 =0 Q.E.D.

Theorem 3.1 If in a n-dimensional Berwald space there is a coordinate sys-
tem such that the Christoffel symbols satisfy the relation

Il =p"gij, Bjiu =0

for some functions p* on TM, then V. Ry, =0,
Szt
where V is the covariant derivative defined by Ff]
Proof: Since the space is of Berwald type so it is enough to show that V s R}, =

Szt

0 [4]. From definition we have

= [l'q. @—li A,(Spa
- gzk&rj Gij (5$k

= lzgzk(S;B - lng](SZB
= ,0%B — 1;0¢ B

Now since g—% =0and V 5 l;dx' = 0 with a direct computation we conclude

Sz
that
V{S;;Z ?k‘ -

Q.E.D.
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Corollary 3.1 A Berwald space admitting the condition of theorem 3.1 is pro-
jectwely symmetric space that is if W;kh be the projective curvature tensor of
this space then VLZ ijh =0

Sz

Proof: Following the theorem 3.1 this space satisfies V_s_ R}, = 0 so from [5]
. dx
we have VﬁW}kh =0 Q.E.D.

Theorem 3.2 If for an n-dimensional Berwald space the conditions Ffj =
pkgij and Bjjy = 0, hold in a coordinate system, then this space has constant
flag curvature B.

Proof: We have

a a

op op
Rjip = Giadjts 5 ~ Jiadiks
and with the help of the relation gm% = ¢g;xB and g%z = (5,};3 we conclude
that
Rjin = g19iB — gjx9aB

SO

Ry = VRpl
= Ul'gxB — ;B
= (ga — lkl;)B

gir. — ll; is called angular metric and shown by h;; thus
R, = hiy B.

From the theorem 3.10.1 of [2] this space has scalar flag curvature. A result
given in [1] says that if M is connected and F' is of scalar flag curvature A(x, y)
and \j; = 0 then A must in fact be constant. So from the relation g—g =0, we
conclude that B must be constant.

Q.E.D.

In the previous theorem, we have investigated some geometric properties

of Berwald space with the property Ffj = pF gij- Now we will give some partial
answers about existence of this spaces.
If (M, F) be a locally Minkowski space then at every point x € M, there
is a local coordinate system (z%), with induced tangent space coordinate y°,
such that F' has no dependence on the z*. In this coordinates the Christoffel
symbols T, vanish identically. So we can choose p* identically zero i.e p' =0,
and evidently Bj;,; = 0. Riemannian space with property Ffj = pFg;; have
been detected in [3].
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Theorem 3.3 If for a n-dimensional Berwald space the conditions Ffj = pkgij
and Bjiiy = 0 hold in a coordinate system, Then this space is Riemannian space
with constant sectional curvature.

Proof: In the theorem 3.2 we showed that B is constant. So From the
relation & = §¢B we conclude that p° = Bz’ is a answer for it. This tell
us that we can choose p*’s with no dependence on the y*. Hence the original
relations I'}; = p¥g;; and Bjgy = 0 imply that g;; has no dependence on the 3/,
thus this space is Riemannian.

Q.E.D.

Remark 3.1 Now we determine the Riemannian metric tensor g;; satisfying
the relation Iy = p"gij.
V_o_g"* = 0 implies that

OxJ
a gik
oxJ

whence it follows that

_skoi siok i sk k 5i
= —4;p' — 0;p" = —Bua'd; — Ba";

g% = —Bariz® + ¢
The c’s being arbitrary symmetric constant, so we fined

Bejpa"cjoxt
(1 — Begpatab)

9ij = Cij +
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