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Abstract

In this paper we obtain a unique common fixed point theorem, for
four self maps using generalized altering distance function in four vari-
ables, which generalizes and improves the main theorem of [2, Theorem
1].
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1 Introduction and Preliminaries

M.S.Khan et.al [10] introduced the altering distances and used it for solving
fixed points problems in metric spaces. Recently many authors, for example
[1,3,4,6,7, 8], used the altering distance function and obtained some fixed point
theorems. Choudhury [2] in 2005 introduced a generalized distance function
in three variables and obtain a common fixed point theorem for a pair of self
maps in a complete metric space. The main aim of this paper is to prove the
existence and uniqueness of common fixed points of two pairs of compatible
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of type (P) or () mappings by using a generalized distance function of four
variables. Our result extends and improves the main theorem of [2]. Also we
give an example to show that our theorem is not valid when the generalized
altering distance functions are functions of five variables.

Definition 1.1 (/5/). Let S and T be two self maps on a metric space
(X,d). The pair (S,T) is said to be compatible of type (P) or (B) if lim
d(S*z,,T?z,) = 0 whenever {x,} is a sequence in X such that lim Sz, = lim
Tx, =t for somet € X. It is clear that STx = T'Sx whenever Sx = Tx for
any v € X.

Let U,, denote the set of all functions v : [0,00)" — [0, c0) such that
()4 is continuous,

(ii)7) is monotone increasing in all the variables,

(iii)e(t1, ta, ..., tp) =0 if and only if t; =t = ... = ¢, = 0.

The functions in W,, are called generalized altering distance functions.

Theorem 1.2 (Theorem 1,[2]). Let S and T be self-mappings of a complete
metric space (X, d) satisfying

¢1(d(Sz, Ty)) < 1 (d(z,y),d(z, Sx),d(y, Ty)) —2(d(x,y), d(x, Sx),d(y, Ty))

for all x,y € X, where 11 and 1y are generalised altering distance functions
and ¢1($) = wl(xa :z:,w)Vx S [07 OO)
Then S and T have a unique common fixed point in X.

2 Main Results

Theorem 2.1 Let P,Q,S and T be self-mappings of a complete metric
space (X, d) satisfying:

d(Sz,Ty),d(Sz, Px),
(i)  ¢1(d(Pr,Qy)) < ( d(Ty, Qy), )
51d(Sz, Qy) + d(Ty, Px))
d(Sxz,Ty),d(Sz, Pz),
—y ( d(Ty, Qy), )
51d(Sz, Qy) + d(Ty, Px)|

for all x,y € X, where 11,1y € Wy and ¢1(x) = 1 (z, x,x, 2)Vr € [0, 00),
(ii) either S and T or P and T or Q and S are continuous,

(iii) (P,S) and (Q,T) are compatible pairs of type (),
(iv)PT(X)UuQS(X) CST(X) and ST =TS.

Then P,Q,S and T have a unique common fixed point in X.
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Proof. Let zyp € X be an arbitrary point. From (iv), construct the se-
quences {x,} and {y,} in X such that PTzy, = STZoy11 = Yont1, @STont1 =
ST-r2n+2 = Yon42, M = 0,1,2... Let a, = d(yrw Yn+1)-

Putting © = T'xa,,y = Sxe,y1 in (1) we get

a a a a a a
le(a?n—l—l) S¢1< 2ny U2n, U2n+1, ) _@Z)2< 2n, W2n, 2n+17> ........ (1)

%[CLQn + agn 1] %d(y%, Yon+2)

If as, < A2n41 then

A2n+1, A2n+1 A2n, A2n,y A2n+1
1(agn+1) < Uy ( b e ) —¢2< no T e D ) < ¢1(a2n+1)

1
A2n 41, G2n+1 gd(?hn, Yon+2)

which is a contradiction.Hence as,11 < as,,n =0,1,2,....

Similarly by putting © = Txs,,y = Sz, in (i) we can show that as, < ag,_1,
n=123, ...

Thus apy1 < an,n = 0,1,2,.... so that {a,} is a decreasing sequence of non
negative real numbers and hence convergent to some a € R . Let b = lim

%d(yna yn+2)-
Letting n — oo in (1) we get

¢1 (CL) S ¢1 (CL, a, a, a) - ¢2 (CL, a, a, b) = le (CL) - 77[)2(@7 a, a, b)

Thus ¥ (a,a,a,b) = 0 so that a = b = 0. Hence lim d(yn, Ynt1) = O....... (2)
To show that {y,} is a Cauchy sequence, it is sufficient to show that the
subsequence {ys,} of {y,} is a Cauchy sequence in view of (2).

If {y2n} is not Cauchy,then there exists an ¢ > 0 and monotone increasing
sequences of natural numbers {2m(k)} and {2n(k)} such that n(k) > m(k),

d(Yam(k)s Yon(ey) = € and d(Yam(k)s Yon(k)—1) < €.....(3)
From (3),

e < d(me(k)’ y2n(k)) < d(me(k), y2n(k)—1) + d(y2n(k)—17 an(k))
< €+ d(Yan(k)—1, Yon(k))

Letting k — oo, using (2), we have lim d(yam(x), Y2n(k)) = € -oen-.. (4)
Letting k — oo, using (4), and (2) in

’d<y2n(l€)+la y2m(k)) - d(y2n(l€)7 y2m(k))‘ < d(an(k)a y?n(k)—l—l) ;

we get im d(Yon(k)+1, Yom(k)) = €-ovnve (5).

Letting k — oo and using (4), (2) in

’d<y2n(k)a y2m(k)fl) - d(an(k)a y2m(k))‘ < d(y2m(k)7 y2m(k)71)

we get im d(Yan(k), Yom@k)-1) = €......(6)

Letting k — oo and using (6) and (2) in

|d(Y2n(e)+15 Yomk)—1) — A(Yan(k)s Yomk)—1)| < d(Yon(k)s Yon(k)+1)
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we get im d(Yank)+1, Yom(k)—1) = € ... (7)
Putting = T,x), ¥y = STom@)—1 in (i) we have

d(an(k)a me(k)fl)a d(an(k)a y2n(k)+1):
1 (d(Yon(e)+1, Yam))) < U d(Yam(k), Yom(k)-1),
5L A(Yanky, Yami) + A(Yank)+15 Y2m(k)-1)]
A(Y2n(k)> Yam(k)—1), A(Y2n(k)> Y2n(k)+1),
— 1ty d(y2m(k)7 yzm(k)q),
%[d(an(k), yzm(k)) + d(y2n(k)+1a me(k)fl)]

Letting k& — oo and using (2),(5), (6),(7) we get

¢1 (6) S ¢1 (67 07 07 6) - wQ(Ea 07 07 6) < wl (67 €, €, 6) = ¢1(6)'

It is a contradiction. Therefore {ys,} is a Cauchy sequence and hence {y,} is
a Cauchy sequence. Since X is complete, there exists z € Xsuch that y, — 2
as n — oo.

Let Txo, = vy, STopi1 = wpi1Vn. Then Pv, — z,Sv, — 2z, Qw,,1 — z and
Twp — 2.

Case : Suppose S and T are continuous.

Step1: Since S is continuous we have SPv, — Sz, S*v, — Sz. Since (P, S)
is compatible of type (3) we have P?v,, — Sz.

Suppose Sz # z.

Putting x = Pu,,y = w,41 in (i) we have

d(SPv,, Tw,11), d(SPv,, P?v,),
¢1 (d(PQUm an+1>> S wl d(Twn-‘rlv an+1)7
%[d(SPvn, Quny1) + d(Twyi1, P?vy,)])
d(SPv,, Twy,11), d(SPuy,, P?v,),
— d(Twp i1, Quny1),
[d(S Py, Qi) + d(Twnqr, P?u,)))

Letting n — oo, we get

$1(d(Sz,2)) < y(d(Sz,2),0,0,d(Sz,2)) — e(d(Sz, 2),0,0,d(Sz,2))
< 1(d(Sz,z2),d(Sz,2),(d(Sz,2),d(Sz,2)) = ¢1(d(Sz, 2).

It is a contradiction . Hence Sz = z.
Putting = z,y = wy,41 in (i) and letting n — oo we get Pz = 2.
Step 2: Since T is continuous we have TQw, 1 — Tz, T?wp4 — Tz.
Since (@, T) is compatible of type (3) we have Q*w, 1 — Tz.
Putting x = v,,y = Quw,11 in (i) and letting n — oo we get T'z = 2.
Putting = v,,y = z in (i) and letting n — oo we get Qz = z.
Thus Pz=Qz=Sz2=Tz = z.
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Case: Suppose P and T are continuous. From Step 2, we have Tz = Qz = z.
Step 3: Since P is continuous we have PSv, — Pz and P?v, — Pz. Since
(P, S) is compatible of type (3) we get S?v,, — Pz. Putting x = Sv,,y = w,41
in (i) and letting n — oo we have Pz = z.

Step 4: Now PTz = Pz = z. Since PT(X) C ST(X), there exists u € X
such that PTz = STu. Let Tu = v so that z = PTz = STu = Swv.

Suppose Pv # z.

Putting * = v,y = z in (i) we have

d(Puv,z)) = ¢1(d(Pv,Qz))

d(Sv,Tz),d(Sv, Pv), d(Sv,Tz),d(Sv, Pv),
< 77[)1 ( TZ QZ) ) - ¢2 ( d(TZ, Qz)a )
11d(Sv, Qz +d(Tz Pv)] [d(Sv,Qz) + d(Tz, Pv)]
d

= 1 (0, d (z, Pv)0,d(z, Pv)) — 19(0, d(z, Pv)g, (z, Pv))
< wl (d(z Pv) d(z Pv) d(z, Pv),d(z, Pv))
#(d(z, Pv))

It is a contradiction . Hence Pv = z. Since Pv = Sv = z, (P, S) is compatible
of type () we have Pz = Sz. Thus Pz =Qz =Tz = Sz = z.

Case: Suppose  and S are continuous.

From Step 1, we have Sz = Pz = 2. As in Step 3, we have (Qz = z. Since
QS(X) C ST(X), as in Step 4, we have Qz = Tz. Thus Pz = Qz = Sz =
Tz = z. Uniqueness of common fixed point follows easily from (i).

Remark 2.2 :Theorem 2.1 does not ensure the existence of common fixed
point of P,Q,S and T  when P and () are only continuous in view of the
following.

Example 2.3:Let X = [0, 1] with the usual metric d(z,y) = |z — y| . Define
P,S:X — Xas Pr=§,Sc =xifx#0,5 = 1. Let ¢(t1,ls,13,t4) =
max{tl, tg, tg, t4},¢2 = %¢1 Then ¢1(t) =tVt € [O, OO).SiHCG

l\’)

d((Pz, Py)) < % max {d(Sm, Sy),d(Sz, Pz),d(Sy, Py), %[d(Px, Sy) + d(Py, Sm)]}

for all z,y € X , it follows that the condition (i) is satisfied with @ = P and
T=S5.

Here S(X) = (0,1] and hence PS(X) = (0, 3] € S*(X).

Let {z,} be any sequence in X such that Pz, — t, Sz, — t for some ¢t € X.
Then t = 0. Clearly d(P?x,, S*z,) — 0 asn — oco.Hence (P, S) is a compatible
pair of type (). But P and S have no common fixed point in X.

Remark 2.4: Theorem 2.1 is not true if the condition (i) is replaced by

d(Sxz,Ty),d(Sz, Pz), d(Sz,Ty),d(Sz, Pz),
(A)p1 (d(Pr,Qy)) < ¥ ( d(Ty, Qy), ) Uy ( d(Ty, Qy), )
d(Sz,Qy),d(Ty, Px) d(Sz,Qy),d(Ty, Px)
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Va,y € X , where 11,19y € U5 and ¢4 (z) = ¢ (x, 2, z, 2, 2)Ve € [0,00) in view
of the following.
Example 2.5: Let X ={0,1,2,3,...},d(n,n) =0¥n € X ,

1, if m+4n s odd
if m+n is even

Define P,Q : X — X as P(2n) = P(2n+1) = 2n + 2,
Q2n)=2n+1,Q2n+1)=2n+3,n=0,1,2,......

Let ¢y (b1, ta, 3, ta, t5) = max{ty, ty, t3, ta, 15}, 1ha = 591

Then ¢,(t) = tVt € [0, 00).Since

d(Pz,Qy) < ymax{d(x,y),d(z, Px),d(y, Qy), d(x, Qy),d(y, Px)}

for all x,y € X it follows that the condition (A) is satisfied with S =T =T
(identity map). But P and @ have no common fixed point in X.

A number of fixed point results may be obtained by assuming different forms for
the functions v¢; and 1)5. Here, for example, we derive the following corollaries
from our theorem.

Corollary 2.6: Theorem 2.1 with the inequality (i) is replaced by

d((Pz,Qy)) < kmax {d(Sx, Ty),d(Sxz, Px),d(Ty, Qy), %[d(Sx, Qy) + d(Ty, Pa:)}}

for all x,y € X, where 0 < k < 1.

Proof. Let 77[)1 (tl, tg, tg, t4) = mam{tl, tg, t3, t4} and ¢2 (tl, tg, t3, t4) =

(1 — k)1 (te, ta, t3,t4). Then ¢1(t) = tVt € [0,00). The corollary then follows
from Theorem 2.1.

Finally we give a Gregus [9]and Sessa et.al.[11] type common fixed point
theorem for four maps.

Corollary 2.7 Theorem 2.1 with the inequality (i) is replaced by

&*(Px, Qy) < 6(ald*(Sz, Ty)+(1—aymaz{d*(Sz, Px), d*(Ty, Qy)})Va, y € X,
where s is any positive integer and ¢ : [0, 00) — [0, 00) is continuous, decreasing
and ¢(t) > 0 for all t > 0.

Proof. Let 1 (t1,t,t3,t4) = at] + (1 — a)max{t3, 15},

Po(ty, ta, 3, ta) = U1 (t1, ta, t3, ta) — G(U1 (1, ta, T3, ta)).

Then ¢4(t) = 11(¢,t,t,t) = t* . Now the corollary follows from Theorem 2.1.
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