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Abstract

A graph G with no isolated vertex is total domination vertex critical
if for any vertex v of G that is not adjacent to a vertex of degree one,
the total domination number of G− v is less than the total domination
number of G. We call these graphs total domination critical or just
γt-critical. If such a graph G has total domination number k, we call
it k-γt-critical. We study an open problem of k-γt-critical graphs and
obtain some results on the characterization of total domination critical
graphs of order Δ(G) + 4.
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1 Introduction

A vertex in a graph G dominates itself and its neighbors. A set of vertices S
in a graph G is a dominating set, if each vertex of G\S is dominated by some
vertices of S. The domination number γ(G) of G is the minimum cardinality
of a dominating set of G. A dominating set S is called total dominating
set if each vertex of G is dominated by some vertices of S, and the total
domination number of G denoted by γt(G) is the minimum cardinality of a
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total dominating set of G,[4]. An end-vertex in a graph G is a vertex of degree
one and a support vertex is one that is adjacent to an end-vertex. A total
dominating set of cardinality γt(G) we call a γt(G)-set. We also let S(G) be
the set of support vertices of G.

A graph G is called vertex domination critical if γ(G − v) < γ(G), for
every vertex v in G. There are some papers on vertex domination critical
graphs,[1,2,5].

T. Haynes et al. in [3] studied the critical concept for total domination.
They defined a connected graph G to be total domination vertex critical or
just γt-critical, if for any vertex v of V (G)\S(G), γt(G − v) < γt(G). In a
total domination vertex critical graph G for every vertex v ∈ V (G)\S(G),
γt(G − v) = γt(G) − 1. If G is γt-critical and γt(G) = k, then G is called k-γt-
critical. If G is a connected graph of order n ≥ 2, then it can be shown that
γt(G) ≤ max{n−Δ(G), 2}. The characterization of those γt-critical graphs of
order Δ(G)+γt(G) is left as an open problem in [3]. We study this problem and
obtain some results on characterization of 4 − γt-critical graphs of the above
order. We first consider total domination critical graphs with an end-vertex.
For this purpose, we recall that the corona cor(H) of a graph H (denoted
H ◦ K1 in [4]) is that graph obtained from H by adding a pendant edge to
each vertex of H . Then we consider total domination critical graphs with no
end-vertex and total domination number three. All graphs in this paper are
connected and for a vertex v ∈ V (G) we let Sv be denoted a γt(G − v)-set.
Also for a dominating set S and a vertex v ∈ S we define the private neighbor
set of v to be pn[v, S] = N [v]\N [S\{v}].

Theorem 1 [3] Let G be a connected graph of order at least 3 with at least
one end-vertex. Then G is k-γt-critical if and only if G = cor(H) for some
connected graph H of order k with δ(H) ≥ 2.

Theorem 2 [3] If a graph G has non-adjacent vertices u and v with v /∈ S(G)
and with N(u) ⊆ N(v), then G is not γt-critical.

2 Graphs with end-vertices

In this section we study total domination vertex critical graphs of order Δ(G)+
4 which have at least one end-vertex. The following is an immediately result.

Observation 3 Let G be a total domination vertex critical graph of order
Δ(G) + 4 with some end-vertices, then Δ(G) ≤ 4

Let G be a connected graph of order at least 3 with at least one end-vertex.
It follows from Theorem 1 that G is k-γt-critical of order Δ(G) + γt(G) if and
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only if G = cor(H) for some connected graph H of order k where δ(H) ≥ 2
and γt(G) = |V (H)| . So we can characterize 4-γt-critical graphs having end-
vertices.

Theorem 4 A graph G with at least one end-vertex is 4-γt-critical of order
Δ(G)+ 4 if and only if G ∈ {cor(C4), cor(K4), cor(K4 − e)} where e ∈ E(K4).

Proof. It is obvious that the graphs cor(C4), cor(K4) and cor(K4 − e)}
where e ∈ E(K4), are total domination critical of order Δ + 4. Let G be a
4-γt-critical of order Δ(G) + 4. It follows from Theorem 1 that G = cor(H)
for some connected graph H of order 4 with δ(H) ≥ 2. Since Δ(G) ∈ {2, 3},
it follows that H ∈ {cor(C4), cor(K4), cor(K4 − e)} where e ∈ E(K4).

3 Graphs without end-vertices

In this section we study total domination critical graphs G of order Δ(G) + 4
with no end-vertex. For Δ(G) = 2 the following characterization follows from
[3].

Theorem 5 A cycle Cn is 4 − γt-critical if and only if n = 6.

We denote the eccentricity of a vertex v by e(v).

Theorem 6 Let G be a k-γt-critical graph of order Δ(G) + γt(G) with k ≥ 4.
Let v be a vertex with deg(v) = Δ(G), then e(v) ≤ 3. Furthermore |V1| =
Δ(G) ≥ |V2| ≥ |V3| .

Proof. Let v be a vertex with deg(v) = Δ(G) and for i = 0, 1, 2, ..., d =
e(v) let Vi denotes the set of all vertices of G at distance i from v. So |V1| =
Δ(G), |Sv| = k − 1. It is obvious that Sv = V2 ∪ ... ∪ Vd. Assume that d ≥ 4.
Let x ∈ V4. Since G has no end-vertex, then Sv\{x} is a total dominating set
for G − v which is a contradiction. Hence d ≤ 3.

If there exists a vertex u ∈ V2 such that pn[u, Sv]∩V1 = ∅, then Sv\{u} is a
total dominating set for G− v, which is a contradiction. Hence for any vertex
u ∈ V2, pn[u, Sv]∩V1 
= ∅. So |V2| ≤ Δ(G). Also if there exists a vertex u′ ∈ V3

such that pn[u, Sv] ∩ V2 = ∅, then Sv\{u} is a total dominating set for G − v,
which is a contradiction. Hence for any vertex u′ ∈ V3, pn[u, Sv] ∩ V2 
= ∅.
Hence |V2| ≥ |V3| .

Theorem 7 If G is a 4-γt-critical graph of order Δ(G)+4, then diam(G) = 3.
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Proof. Let v be a vertex with deg(v) = Δ(G) and for i = 0, 1, 2, ..., d =
e(v) let Vi denotes the set of all vertices of G at distance i from v. So |V1| =
Δ(G), |Sv| = 3. Furthermore |Sv ∩ V2| ≥ 2. Since G[Sv] is connected and Sv

dominates V1, it is easily seen that diam(G) ≤ 3. Now assume that V3 = ∅ and
let V2 = {x, y, z}. We may assume that x is adjacent to both of y and z. Let
u ∈ V1 be adjacent to x. Then {v, u, x} is a total dominating set for G which
is a contradiction. So V3 
= ∅ which implies that the vertex in V3 has distance
3 from v. Hence diam(G) = 3.

Hence for a vertex v with maximum degree in a 4-γt-critical graph G of
order Δ(G) + 4 if Vi is the set of all vertices of G at distance i from v for
i = 1, 2, 3, then |V1| = Δ(G), |V2| = 2 and |V3| = 1. Moreover the vertex in V3

is adjacent to both of vertices of V2. In the following we construct 4-γt-critical
graph of order Δ(G) + 4 with Δ(G) = 2k for any integer k ≥ 2.

Theorem 8 For any integer k ≥ 2, there exists a 4-γt-critical graph of order
Δ(G) + 4 with diam(G) = 3 and Δ(G) = 2k.

Proof. Let G be the graph with V (G) = {x, v1, v2, ..., v2k, y, z, t} and
E(G) = {xvi : i = 1, 2, ..., 2k}∪{yvi : i = 1, 2, ..., k}∪{zvi : i = k+1, ...2k}∪
{v1vi : i = k + 2, ..., 2k} ∪{v2vi : i = k + 1, ..., 2k, i 
= k + 2} ∪ ... ∪ {vkvi :
i = k + 1, ..., 2k − 1} ∪ {yt} ∪ {zt}. Then it is obvious that diam(G) = 3
and Δ(G) = 2k. Now neither two vertices nor three vertices of G form a
total dominating set. On the other hand {v1, y, z, t} is a total dominating set.
Hence γt(G) = 4. Now we prove that G is total domination critical. Clearly
{y, z, t} is a γt(G−x)-set, {x, v2k, z} is a γt(G−y)-set, {x, v1, y} is a γt(G−z)-
set and {x, v1, v2k}. Now for any vertex v ∈ {v1, v2, ..., vk} there is a vertex
u ∈ {vk+1, ..., v2k} which u is not adjacent to v. Then {z, u} is a γt(G− t)-set.
Similarly for any vertex u ∈ {vk+1, ..., v2k} there is a vertex v ∈ {v1, v2, ..., vk}
which v is not adjacent to u and so {y, v, t} is a γt(G − u)-set. Hence G is
total domination critical.

Now we study 4-γt-critical graph of order Δ(G) + 4 where Δ(G) is an odd
number.

Theorem 9 There is no 4-γt-critical graph of order Δ(G)+4 with Δ(G) = 3.

Proof. Let G be a 4-γt-critical graph of order Δ(G) + 4 with Δ(G) = 3
and let x be a vertex of degree Δ(G). There is two cases.

Case 1. e(x) = 3.
Let V1 = N(x) = {v1, v2, v3} and V2 = {y, z} be the set of all vertices of

G at distance 2 from x and let t be the vertex at distance 3 from x. If y is
adjacent to z, then Sy does not dominate t which is a contradiction. So y is not
adjacent to z. Now we may assume that N(y) = {v1, v2, t} and N(z) = {v3, t}.
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In order to V (G)\{v1} is dominated by Sv1 , it follows that v2 is adjacent to
v3. But then {y, v2, t} is a total dominating set for G, a contradiction.

Case 2. e(x) = 2.
Let V1 = N(x) = {v1, v2, v3} and V2 = {y, z, t} be the set of all vertices of

G at distance 2 from x. Since |Sx| = 3, then we may assume that t is adjacent
to both y and z. If |N(y) ∩ N(x)| = |N(z) ∩ N(x)| = |N(t) ∩ N(x)|, then
{x, t} ∪N(t) ∩N(x) is a total dominating set for G, which is a contradiction.
So we may assume that N(y)∩N(x) = {v1, v2} and N(z)∩N(x) = {v3}. Now
in order to V (G)\{v1} is dominated by Sv1 , it follows that v2 is adjacent to v3.
But then {y, v2, t} is a total dominating set for G, a contradiction.

Theorem 10 There is no 4-γt-critical graph of order Δ(G)+4 with Δ(G) = 5.

Proof. Let G be a 4-γt-critical graph of order Δ(G) + 4 with Δ(G) = 5
and let x be a vertex of degree Δ(G). There is two cases.

Case 1. e(x) = 3.
Let V1 = N(x) = {v1, v2, v3, v4, v5} and V2 = {y, z} be the set of all vertices

of G at distance 2 from x and let t be the vertex at distance 3 from x. If y is
adjacent to z, then Sy does not dominate t which is a contradiction. So y is
not adjacent to z. Now there is the following subcases.

1) |N(y) ∩ N(x)| = 1.
We may assume that N(y) = {v1, t} and N(z) = {v2, v3, v4, v5, t}. In order

to V (G)\{v5} is dominated by Sv5 , it follows that y ∈ Sv5and v1 is adjacent
to at least one vertex u ∈ {v2, v3, v4}. Now Su does not dominate V (G)\{u},
since y ∈ Su. This is a contradiction.

2) |N(y) ∩ N(x)| = 2.
We may assume that N(y) = {v1, v2, t} and N(z) = {v3, v4, v5, t}.
If v1is adjacent to all of the vertices of {v3, v4, v5}, then in order to V (G)\{v5}

is dominated by Sv5 , it follows that v2 is adjacent to a vertex u ∈ {v3, v4}. But
then Su does not dominate V (G)\{u}, a contradiction. So none of v1 and v2

is adjacent to all of the vertices of {v3, v4, v5}.
If v1 is adjacent to both v3 and v4. Then Sv1 = {v2, v5, z} which implies

that v2 is adjacent to v5. If v2 is adjacent to v3, then Sv3 does not dominate
V (G)\{v3}, so v2 is not adjacent to v3 or v4. Now in order to Sv3 dominates
V (G)\{v3}, it follows that v5 is adjacent to v4. But then Sv4 does not dominate
V (G)\{v4}. This is a contradiction. Hence none of v1 and v2 is adjacent to
two vertices of {v3, v4, v5}.

Suppose that v1 is adjacent to v3 and v2 is adjacent to v4. For V (G)\{v4}
to be dominated by Sv4 , it is required that v1or v2 is adjacent to v5, a contra-
diction.

Case 2. e(x) = 2.
Let V1 = N(x) = {v1, v2, v3, v4, v5} and V2 = {y, z, t} be the set of all

vertices of G at distance 2 from x. We may assume that t is adjacent to both
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y and z and v2 is adjacent to t. Then {x, v2, t} is a total dominating set for
G, a contradiction.

Let G be a 4-γt-critical graph of order Δ(G) + 4 and v is a vertex with
deg(v) = Δ(G). Let Vi be the set of all vertices of G at distance i from v for
i = 1, 2, 3. We know that |V1| = Δ(G), |V2| = 2 and |V3| = 1. Let V2 = {y, z}
and V3 = {x}. The following facts are easily verified.

Fact 1. x /∈ Sw for any w ∈ V1.
Fact 2. y is not adjacent to z.
Fact 3. N(y) ∩ N(z) ∩ V1 = ∅.
Fact 4. y ∈ Sz and z ∈ Sy.
We believe that:
1) There is no 4-γt-critical graph of order Δ(G) + 4 with Δ(G) odd.
2) The only 4-γt-critical graph of order Δ(G) + 4 with Δ(G) even is the

graph constructed in Theorem 8.
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