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Abstract
Since 1934, the regular p-groups have been studied by Hall. A reg-
ular p-group is power closed, exponent closed, strongly semi-p-abelian
and an exact power margin group. In this paper we study the regularity
of two families of finitely presented p-groups where p > 3.
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1. Introduction

Many authors have been studied the power structure, for example one may
see [2, 3, 6]. In particular, F. L. Kluempen [4] investigated power structure for
two generator 2-groups of nilpotency class two.mmnot | n

Let G be a finite p-group. We define a mapping IT: G — G by II;(g) =
g" for all g € G. Denoted \/,(G) = img(I;) = {¢”'|g € G} and A,(G) =
ker(IL;) = {glg” = 1}. Set Ay(G) = (V,(G)) and Q;(G) = (A,(G)). Using by
this notation, we make the following definitions.

Definition 1.1. Let G be a finite p-group. We say that G is power closed if
V.(G) = A;(G) for all i € N, and G is exponent closed if A;(G) = Q;(G) for
allz € N.

Given a word f(x1, 2, ..., T, ) in the variables x1, xs, ..., Z,,, the marginal sub-
group of a group G is the set {a € G|f(g1,...,aGi, ..., gm) = f(g1, ..., gm) for
1 <i<mand g,..0g, € G}. For a p-group G, the p-power margin is
M;(G) = {a € G|(ag)*" = g*', Yg € G}. Now we give the following definition.
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Definition 1.2.[3]. A p-group G is said to be exact power margin if M;(G) =
Ni(G) for all i € N. Also we say that G is semi-p'-abelian, provided that
(zy)?" = 1 if and only if xp P =1 for all x ,y € G and G is strongly semi-p-
abelian, provided G is semi-p’-abelian for all i € .

We consider two families of finitely presented p-groups as:

G, = (a,bla™ =b" =1, [a,b]" = [a,b], [a,b]’ =[a,b]), n>1,
H, = (a:,y|xm2 =y" =1,y oy =2, m>2.

If n = 2" (or m = 2') the power structure of G,, (or H,,) was investigated in
[4]. In this paper we will study in the otherwise.

In section 2 we study the group G, and show that for an integer ¢ > 1 and
for a prime p > 3, let n = p' then G,, is regular. Section 3 is devoted to study
of the groups H,

2. The regularity of G,

First we state a lemma without proof that establishes some properties of
Gp.

Lemma 2.1. Let k be an integer and x,y,z2 € G = G,, . Then
(i) G’ C Z(@G).

(i) [zy, 2] = [2,y]ly, 2] and [z, y2] = [z, y][, 2].
(iii) [2*,y] = [z, y*] = [z, y]".
(iv) (z ) = zhyF[y, ]F-D2,

Also, We recall the following lemma of [1].

Lemma 2.2. Let G = G, then |G,| = n?, |Z(G)| = n and Z(G) = G' =
(x]z"™ = 1).

We now show that every element in the G,,, where n € N, has standard
form:

Lemma 2.2. For every element of the group G = G,, can be written uniquely
in the form @'t/ [b, a]® where 0 < i,s, k <n — 1.
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Proof. Since [a,b]* = [a,b], [a,b]’ = [a,b], then [a,b] € Z(G) also

[a, 67" = ([a,b]" )~ € Z(G),
a8 = ([a,0] ) = [a,8] " € Z(G).

Also, for every x = x'z3* ... 2" in G,, where z; € {a,b} and s1, s9,. .., s are

integers, and using the relations V/a' = a'd’[F,a’], we may easily prove that
every element of G is in the form a't/g where 0 <i<m—1,0<j <n -1
and g € G’ (by induction method on the length of the word z.) Suppose
r = a'tg = e then o't/ € Z(G) and [a,V’] = [a,b]’ = 1 so n|j. Similarly nli,
that is ¢ = 7 = 0 and g = e. The result is now immediate.

For an integer ¢ > 1 and for a prime p > 3, let n = p' and x = a™b°![b, a]"*,y =
ab%2[b,a]”? € G then by 2.1, 2.2 and 2.3 we get

( Ty = q 1 b5t [57 &]tl a2 bhs? [b’ (L]t2 = gritr2psits2 [b’ a]81T2+t1+t2
P = gP'mipps [581 amp p'(p'-1) /2[b a]pzn — gP'rippist [b, a]pltﬁnslpl(pul)/z
xpzypz — qP'(ritr2)pp*(si+s2) [ is1 LaP 7“1][() a]p ‘(t1+t2)+(r1s1+ras2)pi(pi—1)/2
p'(ri+r2) pp (81+82)[b ]p ‘(t1+t2)+p2isira+(risi+rase)pt (pP—1)/2 (1)
(xy>p’ _ ap’(Tl-H’Q) ’(81+S2)[b’ a](51+82) (r1+r2)pt(pt—1) /Q[b a] ‘(s1ro+t1+t2)
\ — P (ritr2) ppt(s1+s2) [b, a]p ‘(siratti+te)+(s1+s2)(ri+r2)pt(pi—1)/2

The following proposition is the main result of this section
Proposition 2.3. For every prime p > 3 and every integer k > 1, let n = p”
then G = G, is regular.

Proof. By definition of regularity, we should prove that G is power closed,
exponent closed, exact power margin group and strongly semi-p-abelian

For every ¢ > 1 and for every gll, g; € V.(G) we get
9V % = (q192]91, g2) @' ~V/2)P (by 2.1.4) s0 \/,(G) is subgroup of G and \/,(G) =
A(G).

For exponent closed, suppose g1, g2 € A;(G) thus

(G105 = 7 g7 g5, P @ D2 — [T P12 — 1.

Consequently A;(G) is subgroup of G and A;(G) = Q(G) for all i € N.
Clearly M;(G) = {z € G|(zg)" = ¢*", Vg € G} is subset of A;(G). Let
x € N;(G) then for every g € G, we conclude that;

(xg)pi _ xpigpi [g,x]pi(pi—l)ﬂ _ gpi [g,xpi](pi—l)/2 _ gpi'
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Therefore z € M;(G) and G is an exact power margin group. 0

Lastly, we prove that G is strongly semi-p-abelian. Let z = a™b% [b, a]"*,y =
amb*2[b,a]” € G. Then by (1) and the Lemma 2.2, we get (zy)” = 1 if and
only if all of the following equations

pi(r1 + 72) = 0(mod pr),
p(s1+ s2) = 0(mod p¥), (2)
Pty +to + 1rasy) = 0(mod pr),

hold (for, p*(ry+r2) = 0(mod p*) and [b, a]pk = 0(mod p*).) Similarly, xpiypi =
1 if and only if

p'(r1 +72) = 0(mod p*), (3)

p'(s1 + s2) = 0(mod p*),

Pty + to) + p%sire + (1181 + res)pi(pt — 1) /2 = 0(mod p*).

Since, pir, = —piro(mod p*) and pis; = —pisy(mod p*) then

p2i51r2+(r151+r252)pi(pi—1)/2 = p2islr2—(2r251)pi(pi—1)/2 = pislrg(mod pk)

Therefore, the equations (2) and (3) are equivalent and this yields, G is
strongly semi-p-abelian. O

3. The regularity of H,,

Consider G = H,, = (z,ylz™ = y™ = 1,y 'ay = ™), m > 2. In this
section we study the regularity of H,. First we need the following lemma.

Proposition 3.1. Let G = H,,,. Then Z(G) = G' ~ (z|z™ = 1).

Proof. We first prove that G’ C Z(G). By the relations of G we get [z,y] =

xlz¥ = g7 le™™ = 2™ Then
_ =11 —1,.—-1,,-1,.,2 _ (,—1 -1 2
[z, yl,y] =y o tyzy ey ey = (a7 )Y (z )Yy
— pmp—lemp(14m)? . —2m—1 14 2m4m?
2
=z =1.

And also the relation [[z,y],z] = 1 holds, so G’ C Z(G) and [z,y]™ = 1.
It is sufficient to show that Z(G) C G'. For every U = uj'u3* ... u;* in G,

where u; € {x,y} and s, ss,..., s, are integers, using the relation y~lzy =
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2™ we may easily prove that U is in the form y"z® where 0 < r < m,0 <
s < m?. Suppose y"z* € Z(G) so y"x = xy" and yx* = x°y. Then

14+m)" —-1,..(14+rn) _ .rm

1=[z,y"] =z "af =z =2

fsx(ler)s — s

=%yl =2°0") =z x

This shows that m|r and m|s, and then y"z* = (2™)" = [z,y]" € G’. Therefore
Z(G)=¢a" O

Corollary 3.2. Let G = H,,. Then |G| = m?.

Proof. By the above calculations, for every element of the group G = H,,
can be written in the form y"2°* where 0 <r < m—1and 0 < s < m?—1. Now,
let y"z® = 1 then 1 = [y"2%, y] = [z, y]*. Therefore m|s, m?|r and uniqueness
of the presentation follows. This yield that |G| = m?. O

For an integer k > 1 and for a prime p > 3, let m = p* and u = y" 2%, v =
yx*? € G. When we are trying to prove that the regularity of H,, we need
to concentrate on the terms uv, u'and (uv)?". By 2.1, 3.1 and 3.2 we get

U = yrleIyTQxSQ — yr1+r2x81+82 [b, &]811”2 _ yr1+r2x31+82+m81r2

pt _ pir pisifpst rpt(pi—-1)/2 _ ) piri plsi+mrisipt(pt—1)/2
uP' =y b @ PPN = gy @ -1/ (4)

p'(ri+r2) .p* (51 +sz)+m(r1S1+r2sz)pi(pi—1)/2[ ]pim (p*s1+mris1pt(pi—1)/2

7 7
ul v =y z, Y

_ ypi(errz)xpi(81+52)+mp2i81r2+m(r181+r282)pi(pifl)/2

(uv)pi _ (yT1+r2xS1+sz+m81T2)pi — ypi(T1+T2)Ipi(51+82+m81r2)
]Pi(7"1+7“2)(51+52+m811“2)(pi*1)/2

x[z,y

— ypi(errz)xpi(31+82+m81r2)+(r1+81)(r2+sg)mpi(pi—l)/2

We can now proceed to the main result of this section.

Proposition 3.3. For every prime p > 3 and every integer k > 1, let m = p*
then G = H,, is regular.
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Proof. In a similar way as for the Proposition 2.3, we can prove that G is
power closed, exponent closed and exact power margin group. Now we prove
that G is strongly semi-p-abelian. Let u = y™2°',v = y™2** € G then by
(4) and the proof of corollary 3.2, we get (uv)? = 1 if and only if all of the
following equations

{ p'(r1 + r2) = 0(mod m)
p'(s1+ so +msire) + (11 + 7o) (51 + s2)mp'(p* — 1)/2 = 0(mod m?)

hold. Since (71 + 72)(s1 + s2)mp'(p* — 1)/2 = 0(mod m?) then it is equivalent
with

pi(r1 + 72) = 0(mod m) (5)
pi(sl + 59+ msy1r2) = 0(mod m2)
s1 + s9 = 0(mod m)

Also u?'vP" =1 if and only if

p'(r1 +rs) = 0(mod m) (6)
p'(s1+ s2) + mp*siry + (r181 + res2)mp'(p' — 1)/2 = 0(mod m?)
s1 + s2 = 0(mod m)

Since, p'ry = —p'ro(mod m) and p'sy = —p's;(mod m) then

mp* siry + m(risy + resy)p'(p' — 1)/2 = mp*siry — m(2rys,)p'(p' — 1)/2

= mp's1ro(mod m?)

Therefore, the equations (5) and (6) are equivalent and this yields, G is
strongly semi-p-abelian. O
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