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Abstract

The Fibonacci numbers and golden section were found to be present in numerous
applications and processes, from the design of our bodies to the structure of DNA.

We introduce Fibonacci numbers as fuzzy sets. Such transforming allows further
applications of fuzzy sets theory in Fibonacci numbers and related topics. In this
paper, three propositions are presented by using the concept of fuzzy entropy and

similarity of fuzzy sets.
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1 Introduction
Mathematics can be considered as the underlying order of the universe, and the
Fibonacci numbers and golden section are two of the most fascinating discoveries

made in the mathematical world since the time of Archimedes [2,3].
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The connection between golden section and Fibonacci numbers is well known.

In this section we include some elementary aspects that are necessary for this paper.

Definition 1.1. Fibonacci numbers starts with 0 and 1, and then produces the next
Fibonacci number by adding the two previous Fibonacci numbers.

Fibonacci number are 0,1, 1, 2, 3,5, 8, 13, ...

and are defined by

fo=4f=Lf =f ,+f, for n>2 neN (1)

Definition 1.2. In mathematics, two quantities are in the golden section if the ratio
between the sum of those quantities and the larger one is the same as the ratio
between the larger one and the smaller. The golden ratio is approximately
1.6180339887.

C
A | B
|
g 1-g
1‘79:% or g°+g-1=0 =g= (*/52)‘1 = 0.6180339

The length of AB is unit.

g is called the golden section and is shown by @.

D= 1- 0.6180339
4
@ =1.6180339

The equation of golden section isg+ ¢ —-1=0 (2)
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The connection between golden section and Fibonacci numbers is well known.
Johannes Kepler pointed out that the ratio of consecutive Fibonacci numbers

converges to the golden ratio as the limit
F

n+l _ (3)

lim

. F
4 lim—"-o
L n+1

n—w

2 Fibonacci numbers as ordered fuzzy sets

Fuzzy sets theory is the extension of classical sets theory [5]. A fuzzy set is defined
as follows.

Definition 2.1. Let X beaset, X ={X;, X,,..., X, }. A fuzzy setin X is given

by
A={(X,us(¥)) | xe X}, w,(x)<[0,1].

The membership function #a(X) €[0.1] s such that #4(X) quantifies the grade of

membership of the element Xof X .

Definition 2.2. The geometric definition of fuzzy entropy of any fuzzy set P [1] is

Ent(P)= il [0,1] (4)

‘ ~ Tiar

and Clarity =1— Entropy

where P

near

and P, are closest and furthest crisp setto P respectively.

Definition 2.3. A set-theoretic operation based similarity measure is defined [4] as

PNQ (5)

simil (P.Q) = 0o
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Here P and Q are two fuzzy sets
P=(py P Py) Q=(a,9,,--0y)

where 1 and U are intersection and union of fuzzy sets respectively. Using the

min and max operators for intersection and union of fuzzy sets respectively

" min{p,.q,
simil(P,Q) = Z;l LIRD, (6)
> .max{p;,q;}
To define Fibonacci numbers as fuzzy set we consider the Fibonacci numbers as the

ratio of

F

E1112,2/3,3/5,58,8113, ... n=12,.
n+l

and also

Fn
1- B .0, 1/2, 1/3, 2/5, 3/8, 5/13, ... n=1,2,...

n+l

For each n, we define a fuzzy set as a string composed of two elements

TR .- (7)
I:n+1 I:n+l

_ I:n I:n+l - I:n
I:n+1 ’ Fn+l

Fibonacci numbers = (p,, p,...., P, )

So we have
Transformed Fibonacci numbers = (1,0), (1/2,1/2) , (2/3,1/3) , (3/5,2/5) , (5/8, 3/8), (8/13,5/13),...

Proposition 2.1. Fuzzy entropy of P, ., is equal to the golden section when n goes
to infinity.

Proof. For defined fuzzy sets nearest and furthest crisp sets are
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Pnear — (11 0) and P far — (O’ 1)
Using the relation (4)

1— En+l + FFn Fn+2 _FFn+1 + Fn
Ent (Pn+ ) — n+2 n+2 _ n+2
! Fn+l +1— Fn Fn+l + Fn+2 — Fn
F F F

n+2 n+2 n+2

Using the relation Fmg - Fn+1 = Fn
we have

I:n
F

Ent (Pn+1) =

n+1

Using the relation ( 3)

limEnt(P,,, )= lim FF“ )

n+1

n— o n— o

Proposition 2.2. For each fuzzy set P,, P, =(Ent(P,,,),Clar(P,.,))

Proof. From Preposition 1, we know that

)= FF” and Clar(P,,)= Fra=hy

Ent(P
nt( =

n+1

n+1l n+1

Regarding the relation ( 7)

Pn = ( Ent (Pn+1)’C|ar(Pn+1) )

Proposition 2.3. Similarity of two fuzzy sets P, and P,,; when N goes to infinity,

is equal to 1.

Proof. If we consider two consequently fuzzy sets of the string P, and P, ,;

Pn = Fn , Fn+l _ Fn P . = I:n+1 I:n+2 B l:n+1
I:n+1 I:n+1 n+1 F ’ F

n+2 n+2

Using the similarity definition (6)
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z H i i I:n F
zmln(pn’ pn+1) + F

n

Similarity (P,,P,,,) = == L Thi2
> max(p), ply)

2 F.—F

i=1 I:n-¢-2 I:n+l
Fn '(2'Fn+1 + Fn)
Fm—l2 + (Fm—l2 - I:n 2)

F?+2F.F,
T E 2_F2?2

n+l n

Similarity (P,,P,,;) =

. 2
By dividing on F,”, we get
F

1+ 20+
similarity (P,,P,.,;) = F—n
2 n+1\2 _ 1
(Tn )
We know that
. F
lim 2L = 1
Fn
Therefore
F
142 ,
. F. ®° +20
lim = -
2—-0

F
2.(Cny? 1
(F)

n
nN—o

Regarding that

d>-Dd-1=0

F. Faghihi
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D° + 20 =2 - O3

We have

lim similarity (P,,P,,;) =1
n— oo

It means that the similarity of two consequent fuzzy sets when n goes to infinity is

equal to one.

3 Conclusions

In this paper, we showed that considering Fibonacci numbers as a fuzzy set makes it
possible to think on Fibonacci numbers and golden section in a new way.
Propositions that presented are some preliminary consequences of this
transformation. Further works should be done to find more theoretical results and
also the applications of these results.
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