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Abstract

In this paper, we concerned with the study of a random iterative
scheme involving two nonexpansive random operators. Using the ran-
dom iterative scheme, we approximate the random common fixed points
of these two operators in a uniformly convex separable Banach space un-
der some appropriate conditions.

Mathematics Subject Classification: 47TH09, 47J05, 47J25

Keywords: Common random fixed point; Condition (A’); Nonexpansive
random operator; Uniformly convex separable Banach space

1 Introduction.

Random nonlinear analysis is an important mathematical discipline which
is mainly concerned with the study of random nonlinear operators and their
properties and is much needed for the study of various classes of random equa-
tions. Of course famously random methods have revolutionized the financial
markets. Random fixed point theorems for random contraction mappings on
separable complete metric spaces were first proved by Spacek [14] and Hans
[7,8]. The survey article by Bharucha-Reid [1] in 1976 arrtacted the attention
of several mathematician and gave wings to this theory. Itoh [9] extended
Spacek’s and Hans’s theorem to multivalued contraction mapping. Now this
theory has become the full fledged research area and various ideas associated
with random fixed point theory are used to obtain the solution of nonlinear
random system(see [2]). Recently Xu [18], Xu and Beg [19], Beg and Shahzad
[4] and many other authors have studied the random fixed points of random
operator. Mann [12], Outlaw [13], Ishikawa [9,10], and Ghosh and Debnath [6]
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had used different iteration processes to obtain fixed points in deterministic
operator theory. The aims of this paper are to study random Ishikawa iterative
schemes and to show that the random iterative scheme converges to a random
common fixed point of two nonexpansive random operators on the setting of
uniformly convex separable Banach space.

2. Preliminaries

Let (€2,%) be a measurable space (X-Sigma algebra) and C' a nonempty
subset of a Banach space X. A mapping £ :  — X is measurable if ~1(U) € &
for each open subset U of X. A mapping T : QxC' — (C'is a random map if and
only if for each fixed z € C, the mapping T'(-,x) :  — C' is measurable, and
it is continuous if for each w € €2, the mapping T'(w, ) : C' — X is continuous.
A measurable mapping £ : 2 — X is a random fixed point of a random map
T:OxC— X if T(w,&(w)) = &(w) for each w € Q.

Throughout this paper the random mapping I : 2 x C' — C' defined by
I(w,z) = = denotes by I, the set of all random fixed points of 7' denotes by
RF(T), respectively.

Definition 2.1. Let C' be a nonempty subset of a separable Banach space
Xand T : Q x C — C be a random operator. T is said to be random
nonexpansive operator if for arbitrary z,y € C

1T (w, z) = T(w, y)ll < llz =yl

for each w € 2.

Definition 2.2. Let X be a separable Banach space, C' a nonempty subset
of X. Suppose that T : 2 x C' — (' is a random operator. Then
(1) T is said to be demiclosed random operator (at y) if {z,} and {y,} are
two sequences such that T(w,z,) = y, and {z,} converges weakly to x and
{T(w, z,,)} converges to y imply that z € C and T'(w, x) =y, for each w € Q.
(2) T is said to be completely continuous random operator if the sequence
{z,} in C' converges weakly to xo implies that {T'(w,x,)} converges strongly
to T'(w, xo) for each w € Q.

Definition 2.3. Let 5,7 : Q x C — C be two random operators, where
C' is nonempty closed and convex subset of a separable Bananch space X.
Then the random Ishikawa iterative process is defined as follows: for any given
measurable mapping xg : Q — C,

Yn(w) = bT(w,z,(w)) + (1 = bp)zn(w)

Tpr1(w) = apS(w,yn(w)) + (1 — ay)z,(w) n >0, (2.1)

for each w € Q,where 0 < a,,b, < 1.
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Remark 1.1. Let C be a closed and convex subset of a separable Banach
space X and the sequence of mappings {z,} defined as in Definition 2.3 be
pointwise convergent, that is, x,(w) — ¢ := z(w) for each w € Q. Then
closedness of C' implies that x is a mapping from 2 to C'. Since C' is a subset
of a separable Banach space X, so, if S, T are two continuous random operators
then by [Lemma 8.2.3 of [5]], the map w — T'(w, f(w)) and w — S(w, f(w))
are measurable mappings for any measurable mapping f from €2 to C. Thus
{z,} is a sequence of measurable mappings. Hence z : Q@ — C| the limit of
the sequence of measurable mappings {x,}, is also measurable.

For approximating fixed points of deterministic nonexpansive mappings,
Senter and Dotson [16] introduced a Condition (A). Later on, Maiti and Ghosh
[11], Tan and Xu [17] studied the Condition (A) and pointed out that Condition
(A) is weaker than the requirement of demicompactness.

Definition 2.4. A mapping T': C' — C is said to satisfy condition (A)
if there exists a nondecreasing function f : [0,4+00) — [0, +00) with f(0) =
0, f(r) > 0 for all » € (0,+00) such that ||z — Tz| > f(d(xz, F(T))) for all
x € C where d(z, F(T)) = inf{||Jxr —z*|| : * € F(T)}, F(T) is the fixed point
set of T'.

For two random operators, we modify the Definition 2.4 as follows.

Definition 2.5. The random operators S, 7 : Q x C — C are said to
satisfy condition (A’) if there exists a nondecreasing function f : [0, +o0) —
[0, +00) with f(0) = 0, f(r) > 0 for all € (0, +00) such that 3 (||lz—T'(w, )|+
|z — S(w,2)|]) = f(d(x, Fy)) for all z € C and each w € 2, where F} =
RE(S)NRF(T) and d(x, Fy) = inf{||lx — z*| : z* € F1}.

We restate the following lemmas which play important roles in our proofs.

Lemma 2.1 [16]. Suppose that X is a uniformly convex Banach space and
0 <p<t, <q<1forall positive integers n. Also suppose that {z,} and {y,}
are two sequences in X such that limsup, ||z, || <7, limsup,—oo||yn|| <7
and limsupy, oo ||tnTn+(1—1t,)yn|| = 7 hold for some r > 0. Then lim,, ||z, —
Ynll = 0.

Lemma 2.2 [3]. Let X be a real uniformly convex Banach space, C' a
nonempty closed convex subset of X, and let T': C' — X be a deterministic
nonexpansive mapping. Then I — T is demiclosed at zero.

3. Convergence of the iteration scheme.

Lemma 3.1. Let X be a uniformly convex separable Banach space, C a
nonempty closed convex subset of X. Let ST : Q2 x C' — (' be two random
nonexpansive operators. Suppose sequence {z,} is generated by (2.1). If
Fy # 0, then limy, oo ||v,(w) — 2" (w)]| exists for any 2* € Fy = RF(S)NRF(T)
and each w € €.
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Proof. For any z* € F}, then for each w € ), we have

0 < [enpr(w) = 2" (@) = llanS(w, yn(w)) + (1 = an)wn(w) — 2" (W)||
= lan(S(w, yn(w)) = 2%(w)) + (1 = an)(zn(w) — 2" (W))]|
< anlS(w, yn(w)) S(w,z* (W) + (1 = an)llza(w) — 2" (W)
< anflyn(w) = 2" (W) + (1 = an)||zn(w) — 2" (W)]|

)

an [[bn T (w, 2n(w)) + (1 = bn)wn (W) — 2" (W)[| + (1 = an)[Jzn (W) — 2" (W)
an [[bn (T (w, 2n(w)) = 2" (W)) + (1 = bp) (2n (W) — 2" (W))[| + (1 = an)||zn(w) —
nbn|T (W, 2n(w)) = T(w, 2" (W) + an(l = bn)[lzn(w) — 2" (W)[[ + (1 = an)
anbnl|lzn (W) — 2" (W)[ + an(l = bp)llzn(w) — 27 (W)[| + (1 = an)[|lzn(w) — 2
[#n(w) = 2% (W)]-

Thus the sequence {|x,(w) — 2*(w)||} is decreasing and hence {z,(w)} is

bounded. So, lim, . ||zn(w) — 2*(w)|| exists for each x* € F}, for each w € Q.
The proof is completed.

" (W)
[z (w) = 2" (W)

|
@)

I VAN VANl

Lemma 3.2. Let X be a uniformly convex separable Banach space and
C' a nonempty closed convex subset of X. Let S,T : Q2 x C — C be two
nonexpansive random operators. Suppose {x,} is generated by (2.1). If Fy # 0,
then lim,—oo||S(w, 2, (w)) — T (W) || = limy—oo||T(w, 2n(w)) — xn(w)|| = 0, for
each w € ().

Proof. By Lemma 3.1, for any a* € Fy, lim, ||z, (w) — 2" (w)|| exists,
for each w € Q. For given w € Q, assume lim,,_||z,(w) — 2*(w)|| = ¢ > 0.
Since

[yn(w) = 2" (@) = bn(T (w, 2n(w)) = 2" (w)) + (1 = bp) (zn(w) — 27 (w))]
< 0| T (w, 2n(w)) =T (w, 2" (@) [+ (1= bn) 20 (w) —2" (W)
< bpflan (W) = 2 (W) + (1 = ba) [z (w) = 2" (W)
= [lzn(w) — 2" (W)

Taking limsup on both sides in above inequality, we have
limsup,—oo||yn(w) — " ()| < c. (3.1)
Noticing,
15w, yn(w)) — 27 ()] = 1S (w, yn(w)) = S(w, 2" (W))]| < llyn(w) — 27 (W)]].

Taking limsup on both sides in the above inequality and then using (3.1), we
have

limsup, oo ||S(w, yn(w)) — 2" (W)|| < c.
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Further, lim, oo ||Zn+1(w) — 2*(w)|| = ¢ means that
i —oo]|an (S (w, yn(w)) — 2" () + (1 = an)(zn(w) — 2% (W))[| = ¢
Hence applying Lemma 2.1, we obtain that
i o0 || S (W, Yn (@) — 2 (W) = 0. (3-2)
Next,
[2n(w) = 27 (W) < [lzn(w) = S(w, yn(@)]| + [[S(w, yn(w)) — 2" (W)

< [lzn(w) = S(w, yn(W)| + llyn(w) — 2" ()]

gives that ¢ < liminfyo |gn(w) — 2 (@)]] < limsup, —oollyn(w) — @) < .
That is limy, oo ||yn(w) — 2*(W)|| = c.
Now limy—eo||yn(w) — 2*(w)]|| = ¢ is expressible as

Uiy oo ||bn (T'(w, 7 (w)) — 2% (W) + (1 = by) (T (w) — 2" (W))[| = c.

Since limy,_o||zn(w) — " (w)|| = ¢ and limsup,—oo||T(w, z,(w)) — 2*(W)|| <
limsupy—oo||2n(w) — 2*(w)]| < ¢, hence, it follows from Lemma 2.1 that

limy—oo || T (w, 2p(w)) — zp(w)|| =0 (3.3)
Now observe that
1S(w, zp(w)) =z (W) < [|S(w, 20 (w)) =S (W, Yu(W)) |+ (W, yn(w)) =24 (w)]]

< [lzn (W) = ya(W)[| + [[S(w, yn(w)) = zn(W)]]
= [[zn (W) =bn T (@, 2n(w)) = (1=bn) 2 ()| +][S (W, yn(w)) =20 (W)
= bnl[zn(w) = T(w, zn(w))[| + |5 (W, yn(w)) — 2 (W]

Taking limsup on both sides in the above inequality, by (3.2) and (3.3) we
achieve that

limy,—oo||S (w, zp(w)) — 25 (w)]] = 0. (3.4)

Hence lim,—.||S(w, z,(w)) — xp(w)|| = limy—oo||T(w, 2, (w)) — z,(w)|| = 0,
for each w € ). The proof is completed.

Theorem 3.3. Let X be a uniformly convex separable Banach space and
C,S,T,{x,} be same as in Lemma 3.1. If F} # () and S, T satisfy the Condition
(A’), then

(1) Fy is a closed set.

(2) {x,} converges to a common random fixed point of S and 7.
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Proof. (1). Let {{,} C F} be such that ¢, (w) — z(w) as n — oo, for each
w € Q. Since {,} is a measurable sequence, the limit = of {,} is measurable,
too. In addition

1T (w, z(w))—z(W)|| = [T(w, 2(w)) =T (w, &n(w))+&n(w) =z (W) || < 2[&n(w)—2(W)]|

This implies that T'(w, z(w)) = x(w), for each w € Q, therefore, z € RF(T).
Similarly, we have x € RF(S). Thus, z is a common random fixed point of S
and 7T'. Hence F] is a closed set.

(2). For any z* € Fj, by Lemma 3.1, for each w € Q, lim, ||z, (w) —
x*(w)|| exists. Let it be ¢ for some ¢ > 0. If ¢ = 0, there is nothing to prove.

If ¢ > 0, by Lemma 3.2, lim,,— || S(w, Tn(w)) =2 (W) || = lim,—oo||T(w, 2, (w))—
zp(w)| = 0, for each w € Q. Moreover, ||z,41(w) — 2*(W)]| < ||zn(w) — z*(w)]|
gives that

inforerm || tnpn (W) — 2" (W) < inforen llon(w) — 2" (W)

That implies that 0 < d(z,41(w), F1) < d(x,(w), F1). Thus lim,_.d(z,(w), F)
exists, for each w € €.
Since S, T satisfy Condition (A’), we have

1
5 (lzn(w) = T(w, za(@)] + llzn(w) = Sw, za(@)]) 2 f(d(za(w), F1))
It follows from (3.2) and (3.3) that we have lim,,_ f(d(x,(w), F1)) < 0. Since
f is a nondecreasing function with f(0) = 0, therefore, lim,,_d(z, ( ), F1) =
0, for each w € €.

For any ¢ > 0 and any given w € €, since lim,_od(z,(w), F1) = 0, there
exists natural number n; such that when n > ny, d(z,(w), F1) < §. Thus,
there exists x* € F} such that for above € and w there exists positive integer

N > nq such that asn > N;

lea(w) = (@) < 5.

Now for arbitrary n,m > N;, consider

ln(@) = 2n(@)]] < la(w) = 2" @)l + lam(w) = 2" @) < S +5 =<
It implies that {z,(w)} is a cauchy sequence in C. Let z,(w) — z(w). Since
{z,} is a sequence of measurable mappings, so x, the limit of the sequence
of measurable mapping {z,}, is measurable, too. In addition, it follows from
Lemma 2.2 and Lemma 3.2 that T'(w,z(w)) = z(w) = S(w,z(w)). There-
fore, x is a common random fixed point of S and 7. Thus, by Lemma 3.1,
limy—oo||Tn(w) — z(w)|| = 0, for each w € Q. This implies that {x,} converges
to the common random fixed point x of S and T". The proof is completed.
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Theorem 3.4. Let X be a uniformly convex separable Banach space and
C,S,T,{x,} be same as in Lemma 3.1. If F} # (), one of S and T is completely
continious random operator, then {x,} converges to a common random fixed
point of S and T.

Proof. For any z* € Fy, by Lemma 3.1, lim,_||zn(w) — z*(w)]| exists
for each w € (.

By the condition of Theorem 3.4, we may assume that T is completely
continuous random operator. Since, {x,(w)} is a bounded sequence and X is
uniformly convex separable Banach space, there exists convergent subsequence
{zn, (W)} of {z,(w)} such that {T(w, z,, (w))} is convergent, for each w € .
Let {z,, (w)} — &(w) for each w € Q, then T'(w,&(w)) = £(w) for each w € €.
The mapping & : 2 — C' being a pointwise limit of the measurable mappings
{zn(w)}, is measurable, by the continuity of 7" and (3.3). That is £ € RF(T)

By (3.4) and z,, (w) — &(w) as k — oo, we have S(w,¢{(w)) = &(w), for
each w € Q. So, £ € RF(S). Hence & € I1.

Since limy—col|Tn(w) — {(w)|| exists and limg_oo||Zn, (w) — {(w)|| = 0 for
each w € Q. Therefore, lim,, ||z, (w) —&(w)|| = 0, for each w € Q. The proof
is completed.
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