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Abstract
We take any binormed space (E, ‖.‖1, ‖.‖2) such that (E, ‖.‖2) is a

Banach space and the norm ‖.‖2 is finer than the norm ‖.‖1.
We prove that if a real function f is such that −f is (‖.‖1, ‖.‖2)-locally
Lipschitzian around x ∈ E and regular at this point with respect to
the norm ‖.‖1, then f is (‖.‖1, ‖.‖2)-strictly differentiable at x iff it is
‖.‖1-regular at x iff it is Gâteaux differentiable at x iff the generalized
Clarke subdifferential ∂1,2

0 f(x) ≡ ∂
‖.‖1,‖.‖2

0 f(x), The Michel-Penot sub-
differential ∂2�f(x) ≡ ∂

‖.‖2� f(x), the modified upper Dini subdifferential
∂D,2f(x) or the modified lower Dini subdifferential ∂2

Df(x) is a singleton
iff the upper Dini subdifferential ∂+,2f(x) or the lower Dini subdifferen-
tial ∂−,2f(x) is non empty iff the upper Dini derivative f+(x, .) or the
lower Dini derivative f−(x, .) is subadditive.
Finally, we give an example which shows that our characterization of
strict differentiability given in Theorem 12 is more general and more
adapted for application than the one given by Zili Wu and J.J.Ye in [2].
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ferential, Dini and modified Dini subdifferentials, Regularity

1 An Introduction to Generalized Clarke Sub-

differentiability

In this paragraph, we briefly review some basic notions and results established
by Samir Lahrech and related to the generalized Clarke subdifferential in bi-
normed spaces. For the detail, see [1].
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We shall be working in binormed space (E, ‖.‖1, ‖.‖2) such that (E, ‖.‖2) is a
Banach space and for some c > 0 ‖.‖1 ≤ c‖.‖2.
Let U be an open set of (E, ‖.‖1), and let h2 be a ‖ . ‖2-locally Lipschitz real
function around x̄ ∈ U .
Let v any vector in E. The Clarke generalized directional derivative of h2 at x̄
in the direction v with respect to the norm ‖.‖2, denoted h0,2

2 (x̄, v), is defined
as follows:

h0,2
2 (x̄, v) = lim sup

x′→‖.‖2
x̄,t↓0

h2(x
′ + tv) − h2(x

′)
t

.

The Clarke subdifferential of h2 at x̄ with respect to the norm ‖.‖2, denoted
∂2

0h2(x̄), is the subset of (E, ‖.‖2)
′ given by

∂2
0h2(x̄) = {ξ ∈ (E, ‖.‖2)

′ : h0,2
2 (x̄, v) ≥< ξ, v > ∀v ∈ E}.

According to [3], the generalized Clarke subdifferential of h2 at x̄ with respect
to the pair of norms (‖.‖1, ‖.‖2), denoted ∂1,2

0 h2(x̄), is the subset of (E, ‖.‖2)
′

given by

∂1,2
0 h2(x̄) = {ξ ∈ (E, ‖.‖2)

′ : h0,1
2 (x̄, v) ≥< ξ, v > ∀v ∈ E}.

Notice that the Clarke subdifferential ∂2
0h2(x̄) is smaller than the generalized

Clarke subdifferential ∂1,2
0 h2(x̄). More precisely, we have ∂2

0h2(x̄) ⊂ ∂1,2
0 h2(x̄).

If Moreover, h2 is locally Lipschitz around x̄ with respect to the norm ‖.‖1,
then ∂2

0h2(x̄) = ∂1
0h2(x̄) = ∂1,2

0 h2(x̄).
In particular, if we take ‖.‖1 = ‖.‖2, then ∂2

0h2(x̄) = ∂1
0h2(x̄) = ∂1,2

0 h2(x̄).
So, the generalized Clarke subdifferential is a generalized version of the Clarke
subdifferential.
Let us remark that h0,1

2 (x̄, .) is the support function of the generalized Clarke
subdifferential ∂1,2

0 h2(x̄).

1.1 Topological Properties of Generalized Clarke Sub-
differential

Our goals in this paragraph is to give some topological properties of generalized
Clarke subdifferential. For this, we introduce the notion of locally Lipschitzian
mappings with respect to the pair of norms.
We say that h2 is (‖.‖1, ‖.‖2) locally Lipschitzian around x̄ if for some nonneg-
ative scalar K, one has

| h2(y) − h2(y
′) |≤ K‖y − y′‖2

for all y, y′ close to x̄ with respect to the norm ‖.‖1.
The following summarizes some basic properties of the generalized Clarke sub-
differential.
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proposition 1 ∂1,2
0 h2(x̄) is a nonempty, convex, closed subset of

((E, ‖.‖2)
′, ∗ σ((E, ‖.‖2)

′, E)). Moreover, if h2 is (‖.‖1, ‖.‖2) locally Lipschitzian
around x̄, then ∂1,2

0 h2(x̄) is weakly*-compact in ((E, ‖.‖2)
′, ∗ σ((E, ‖.‖2)

′, E)).

Proof.
The set ∂1,2

0 h2(x̄) is nonempty, since ∂2
0h2(x̄) ⊂ ∂1,2

0 h2(x̄). The convexity and
the closedness of ∂1,2

0 h2(x̄) are trivially fulfilled.
Assume now that h2 is (‖.‖1, ‖.‖2) locally Lipschitzian around x̄. Then, ∂1,2

0 h2(x̄)
is bounded in ((E, ‖.‖2)

′, ‖.‖(E,‖.‖2)′) . Therefore, using the Alaoglu’s Theorem,

we deduce the weak*-compactness of ∂1,2
0 h2(x̄).

The assertion below reiterates that the pair of multifunctions (∂2
0h2, ∂

1,2
0 h2) is

closed from (U, ‖.‖1) to ((E, ‖.‖2)
′, ∗ σ((E, ‖.‖2)

′, E)) in the following sense: if
xi and ξi are sequences in U and (E, ‖.‖2)

′ such that ξi ∈ ∂2
0h2(xi), xi converges

to x with respect to the norm ‖.‖1, and ξi converges to ξ for the weak topology
∗ σ((E, ‖.‖2)

′, E), then ξ ∈ ∂1,2
0 h2(x).

proposition 2 The pair of multifunctions (∂2
0h2, ∂

1,2
0 h2) is closed from (U, ‖.‖1)

to ((E, ‖.‖2)
′, ∗ σ((E, ‖.‖2)

′, E)).

Proof. Let xi and ξi be sequences in U and (E, ‖.‖2)
′ such that ξi ∈ ∂2

0h2(xi),
xi converges to x with respect to the norm ‖.‖1, and ξi converges to ξ for the
weak topology ∗ σ((E, ‖.‖2)

′, E).
Let any v ∈ E be given. Then < ξi, v > converges to < ξ, v >.One has
h0,2

2 (xi, v) ≥< ξi, v >, which implies that h0,1
2 (xi, v) ≥< ξi, v >.

By the upper semicontinuity of h0,1
2 with respect to the norm ‖.‖1, we deduce

that h0,1
2 (x, v) ≥< ξ, v >. Since v is arbitrary, ξ belongs to ∂1,2

0 h2(x).

Remark 3 If h2 is (‖.‖1, ‖.‖2) locally Lipschitzian around x̄. Then, ζ ∈
∂1,2

0 h2(x̄) iff h0,1
2 (x̄, v) ≥< ζ, v > ∀v ∈ E.

1.2 Relation to Taylor Derivatives And Generalized Sub-

derivatives

The main result of this section will be that if h2 is (‖.‖1, ‖.‖2) locally Lips-
chitzian around x̄, then ∂1,2

0 h2(x̄) is reduced to a singleton iff h2 is (‖.‖1, ‖.‖2)
strictly Taylor differentiable at x̄.
By B1, respectively, B2, we denote the unit ball in (E, ‖.‖1), respectively, the
unit ball in (E, ‖.‖2).
Let h a map acting from U into a Banach space (Y, ‖.‖), and let x ∈ U .
We shall say that h is (‖.‖1, ‖.‖2)-strictly Taylor differentiable at a point x
if there exists a continuous linear operator from (E, ‖.‖2) to (Y, ‖.‖) denoted
∇h(x) such that for each v, the following holds:

lim
x′→‖.‖1

x,t↓0
h(x′ + tv) − h(x′)

t
= ∇h(x)v,
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where the convergence is uniform for v in compact sets in (E, ‖.‖2). Note that
ours is a Hadamard-type strict derivative.
Let us remark that if h is a (‖.‖1, ‖.‖2)-strictly Taylor differentiable at x, h is
not necessarily ‖.‖1-strictly differentiable at x. But if ‖.‖1 is equivalent to the
norm ‖.‖2, then h is necessarily ‖.‖1-strictly differentiable at x.
So the notion of strict differentiability in terms of Taylor strengthens and
generalizes the elegant notion of Hadamard-strict differentiability.

proposition 4 Let L be a continuous linear operator from (E, ‖.‖2) to (Y, ‖.‖),
and let x ∈ U . The following are equivalent:
(i) h is (‖.‖1, ‖.‖2)-strictly Taylor differentiable at x and ∇h(x) = L.
(ii) h is (‖.‖1, ‖.‖2)- locally Lipschitzian around x, and for each v in E one
has

lim
x′→‖.‖1

x,t↓0
h(x′ + tv) − h(x′)

t
= Lv.

Proof.
Assume (i). The equality in (ii) holds by assumption, so to prove (ii) it suffices
to show that h is (‖.‖1, ‖.‖2)- locally Lipschitzian around x. If this is not the
case, there exist sequences {xn} and {x′

n} converging to x with respect to the
norm ‖.‖1 such that xn, x′

n lie in x + 1
n
B1 and

‖h(xn) − h(x′
n)‖ > n‖xn − x′

n‖2.

Let us define tn > 0 and vn via x′
n = xn + tnvn and ‖vn‖2 = n− 1

2 . It follows
that tn → 0.
Let V consists of the points in the sequence {vn} together with 0. Note that
V is compact in (E, ‖.‖2), so that by definition of ∇h(x) for any ε there exists
n0 such that, for all n ≥ n0, for all v ∈ V , one has

‖h(xn + tnv) − h(xn)

tn
−∇h(x)v‖ < ε.

But this is impossible since when v = vn, the term h(xn+tnv)−h(xn)
tn

has norm

exceeding n
1
2 by construction. Thus, (ii) holds.

We now posit (ii). Let V any compact subset of (E, ‖.‖2) and ε any positive
number. In view of (ii), there exists for each v in V a number δ(v) such that

‖h(x′ + tv) − h(x′)
t

−∇h(x)v‖ < ε

for all x′ ∈ x + δ(v)B1 and t ∈]0, δ[. Since the norm of

h(x′ + tv′) − h(x′)
t

− h(x′ + tv) − h(x′)
t
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is bounded above by k‖v − v′‖2 (where K is a (‖.‖1, ‖.‖2)-Lipschitz constant
for h and where x′ is sufficiently ‖.‖1 near x and t is sufficiently near 0), we
deduce from the last inequality that for a suitable redefinition of δ(v), one has

‖h(x′ + tv′) − h(x′)
t

− Lv′‖ < 2ε

for all x′ in x + δ(v)B1, v′ in v + δ(v)B2, and t in ]0, δ[. A finite number of the
‖.‖2-open sets {v + δ(v)B2 : v ∈ V } will cover V , say, those that correspond
to v1,...,vn. If we set δ′ = min

1≤i≤n
δ(vi), it follows then that

‖h(x′ + tv′) − h(x′)
t

− Lv′‖ < 2ε

for any v ∈ V , for all x′ ∈ x+δ′B1 and t ∈]0, δ′[. Thus, h is (‖.‖1, ‖.‖2)- strictly
Taylor differentiable at x and ∇h(x) = L, and the proof is complete.
Now we can prove the main result of this section.

Theorem 5 Assume that h2 is (‖.‖1, ‖.‖2) locally Lipschitzian around x̄. Then
∂1,2

0 h2(x̄) is reduced to a singleton {ζ} iff h2 is (‖.‖1, ‖.‖2) strictly Taylor dif-
ferentiable at x̄. In this case, ζ = ∇h2(x̄).
In particular, if ‖.‖1 = ‖.‖2 then ∂1

0h2(x̄) is reduced to a singleton {ζ} iff h2 is
‖.‖1-strictly differentiable at x̄.

Proof.
Suppose first that h2 is (‖.‖1, ‖.‖2) strictly Taylor differentiable at x̄, then
h0,1

2 (x̄, v) = ∇h2(x̄)v. Therefore, ∂1,2
0 h2(x̄) is reduced to a singleton {∇h2(x̄)}.

To prove the converse, it suffices to show that the condition of Proposition 4
holds if ∂1,2

0 h2(x̄) is reduced to a singleton {ζ}. We begin by showing that
h0,1

2 (x̄, v) =< ζ, v > for each v.
Let v ∈ E. (Note that h0,1

2 (x̄, v) ≥< ζ, v >). By the Hahn-Banach The-
orem there exists ζ ′ ∈ (E, ‖.‖1)

′ majorized by h0,1
2 (x̄, .) and agreeing with

h0,1
2 (x̄, .) at v. Since h2 is (‖.‖1, ‖.‖2) locally Lipschitzian around x̄, then

ζ ′ ∈ (E, ‖.‖2)
′. It follows then that ζ ′ ∈ ∂1,2

0 h2(x̄). Consequently, ζ = ζ ′.
Therefore, h0,1

2 (x̄, v) =< ζ, v >.
We now calculate:

lim inf
x′→‖.‖1

x̄,t↓0
h2(x

′ + tv) − h2(x
′)

t
= − lim sup

x′→‖.‖1
x̄,t↓0

h2(x
′) − h2(x

′ + tv)

t

= − lim sup
x′→‖.‖1

x̄,t↓0

h2(x
′ + tv − tv) − h2(x

′ + tv)

t

= −h0,1
2 (x̄,−v)

= − < ζ,−v >
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= < ζ, v >

= h0,1
2 (x̄, v)

= lim sup
x′→‖.‖1

x̄,t↓0

h2(x
′ + tv) − h2(x

′)
t

.

This establishes the limit condition of Proposition 4 and completes the proof.

2 Characterization of (‖.‖1, ‖.‖2)-strictly differ-

entiable mappings via various subdifferen-

tials

Assume that all the hypothesis of paragraph 1 are satisfied. Let f be a real
function defined on E. Assume that f is (‖.‖1, ‖.‖2)-locally Lipschitzian around
x ∈ E.
We briefly review some basic notions we will use.

• The Clarke derivative of f at x in the direction v with respect to the
norm ‖.‖1 is

f 0,1(x, v) := lim sup
x′→‖.‖1

x̄,t↓0

f(x′ + tv) − f(x′)
t

.

• The Michel-Penot derivative of f at x in the direction v is

f �(x, v) := sup
y

lim sup
t→0+

f(x + ty + tv) − f(x + ty)

t
.

• The upper Dini derivative of f at x in the direction v is

f+(x, v) := lim sup
t→0+

f(x + tv) − f(x)

t

while the lower Dini derivative of f at x in the direction v is

f−(x, v) := lim inf
t→0+

f(x + tv) − f(x)

t
.

• The modified upper Dini derivative of f at x in the direction v is

fD(x, v) := sup
u∈E

{f+(x, v + u) − f+(x, u)}

while the modified lower Dini derivative of f at x in the direction v is

fD(x, v) := sup
u∈E

{f−(x, v + u) − f−(x, u)}.
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Denote

∂∧,2f(x) := {ξ ∈ (E, ‖.‖2)
′ : f∧(x, v) ≥< ξ, v >, ∀v ∈ E}.

By replacing f∧ with f �, f+, f−, fD, and fD in this pattern we can define the
Michel-Penot subdifferential ∂�,2f(x), the upper Dini subdifferential ∂+,2f(x),
the lower Dini subdifferential ∂−,2f(x), the modified upper Dini subdifferential
∂D,2f(x), and the modified lower Dini subdifferential ∂2

Df(x) of f at x.
It is easy to see that for each v ∈ E we have

f−(x, v) ≤ f+(x, v) ≤ fD(x, v) ≤ f �(x, v) ≤ f 0,1(x, v)

and
f−(x, v) ≤ fD(x, v) ≤ f �(x, v) ≤ f 0,1(x, v).

Therefore the above subdifferentials have the following relationships:

∂−,2f(x) ⊂ ∂+,2f(x) ⊂ ∂D,2f(x) ⊂ ∂�,2f(x) ⊂ ∂0
1,2f(x)

and
∂−,2f(x) ⊂ ∂D

2f(x) ⊂ ∂�,2f(x) ⊂ ∂0
1,2f(x).

Note that f+(x, .) and f−(x, .) are positive homogeneous. If they are subaddi-
tive then ∂+,2f(x) and ∂−,2f(x) must be nonempty. In this case ∂+,2f(x) and
∂−,2f(x) coincide with ∂D,2f(x) and ∂D

2f(x), respectively.

proposition 6 Let f : E −→] −∞, +∞[ be a (‖.‖1, ‖.‖2)-locally Lipschitzian
mapping around x. Then

(a) f+(x, .) is subadditive iff ∂+,2f(x) = ∂D,2f(x);

(b) f−(x, .) is subadditive iff ∂−,2f(x) = ∂D
2f(x).

Proof.
Since f is (‖.‖1, ‖.‖2)-locally Lipschitzian around x, then it is ‖.‖2-locally Lip-
schitzian near x. Therefore, by (Proposition 2.1, [2]), we deduce the result.

proposition 7 Let f and g be two (‖.‖1, ‖.‖2)-locally Lipschitz functions around
x ∈ E. Then

∂0
1,2(f + g)(x) ⊂ ∂0

1,2f(x) + ∂0
1,2g(x).

Proof.
To derive the result, it suffices to prove that

(f + g)0,1(x, .) ≤ f 0,1(x, .) + g0,1(x, .)
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since f 0,1(x, .) and g0,1(x, .) are respectively the support functions of the gen-
eralized Clarke subdifferentials ∂1,2

0 f(x) and ∂1,2
0 g(x).

Let v ∈ E. Then

(f + g)0,1(x, v) = lim sup
x′→‖.‖1

x

t→0+

f(x′ + tv) + g(x′ + tv) − f(x′) − g(x′)
t

≤ lim sup
x′→‖.‖1

x

t→0+

f(x′ + tv) − f(x′)
t

+ lim sup
x′→‖.‖1

x

t→0+

g(x′ + tv) − g(x′)
t

≤ f 0,1(x, v) + g0,1(x, v).

Hence,

∂0
1,2(f + g)(x) ⊂ ∂0

1,2f(x) + ∂0
1,2g(x).

Thus, we achieve the proof.
Recall that a (‖.‖1, ‖.‖2)-locally Lipschitz function f defined on E is said to
be regular at x ∈ E with respect to the norm ‖.‖1 if for all v ∈ E, the usual
one-sided directional derivative

f ′(x, v) = lim
t→0+

f(x + tv) − f(x)

t
exists and equals f 0,1(x, v).

This means that if f is a (‖.‖1, ‖.‖2)-locally Lipschitz function around x, and if
moreover, f is regular at x with respect to the norm ‖.‖1, then the generalized
Clarke subdifferential ∂0

1,2f(x) is reduced to the subdifferential ∂2f(x) in the
sense of convex analysis given by

∂2f(x) = {ξ ∈ (E, ‖.‖2)
′ : f ′(x, v) ≥< ξ, v > ∀v ∈ E}.

proposition 8 Let f and g be two (‖.‖1, ‖.‖2)-locally Lipschitz functions around
x ∈ E. Assume that f and g are regular at x with respect to the norm ‖.‖1.
Then

∂0
1,2(f + g)(x) = ∂0

1,2f(x) + ∂0
1,2g(x).

Proof.
By Proposition 7, it suffices to show that

(f + g)0,1(x, .) ≥ f 0,1(x, .) + g0,1(x, .).

Let v ∈ E. We have

(f + g)0,1(x, v) = lim sup
x′→‖.‖1

x

t→0+

f(x′ + tv) + g(x′ + tv) − f(x′) − g(x′)
t
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≥ lim sup
t→0+

f(x + tv) + g(x + tv) − f(x) − g(x)

t

≥ lim inf
t→0+

f(x + tv) − f(x)

t
+ lim sup

t→0+

g(x + tv) − g(x)

t
= f ′(x, v) + g′(x, v).

Therefore, since f ′(x, v) = f 0,1(x, v) and g′(x, v) = g0,1(x, v), we deduce that

(f + g)0,1(x, v) ≥ f 0,1(x, v) + g0,1(x, v),

from which
(f + g)0,1(x, v) = f 0,1(x, v) + g0,1(x, v).

Hence,
∂0

1,2(f + g)(x) = ∂0
1,2f(x) + ∂0

1,2g(x).

It is known by Proposition 4 and Theorem 5 that a real function f defined on E
is (‖.‖1, ‖.‖2)-strictly differentiable at x iff f is (‖.‖1, ‖.‖2)-locally Lipschitzian
at x and the generalized Clarke subdifferential ∂0

1,2f(x) is a singleton. Apply-
ing this fact to a (‖.‖1, ‖.‖2)-locally Lipschitz function, we obtain the following
characterization of the (‖.‖1, ‖.‖2)-strict differentiability.

proposition 9 Let f be a (‖.‖1, ‖.‖2)-locally Lipschitz function around x ∈ E.
Then f is (‖.‖1, ‖.‖2)-strictly differentiable at x iff both f and −f are ‖.‖1-
regular at x.

Proof.
Assume that f is (‖.‖1, ‖.‖2)-strictly differentiable at x, then

lim
x′→‖.‖1

x,t↓0+

f(x′ + tv) − f(x′)
t

= ∇f(x).v = lim
t↓0+

f(x + tv) − f(x)

t
= f ′(x, v),

which means that
f 0,1(x, v) = f ′(x, v).

Thus, f is ‖.‖1-regular at x. Using the same argument, we deduce that −f is
also ‖.‖1-regular at x.
Conversely, if f and −f are both ‖.‖1-regular at x, then by Proposition 8 we
have

{0} = ∂0
1,2(f − f)(x) = ∂0

1,2f(x) + ∂0
1,2(−f)(x).

Consequently, ∂0
1,2f(x) is a singleton. Hence, by Theorem 5, we conclude that

f is (‖.‖1, ‖.‖2)-strictly differentiable at x.
To derive more characteristics for the (‖.‖1, ‖.‖2)-strict differentiability of a
(‖.‖1, ‖.‖2)-locally Lipschitz function f , we need the next two propositions.

proposition 10 Let f : E −→] − ∞, +∞[ be a (‖.‖1, ‖.‖2)-locally Lipschitz
function around x. Then f is ‖.‖1-regular at x iff f−(x, .) is subadditive and
∂D

2f(x) = ∂0
1,2f(x).
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Proof.
By definition, f is ‖.‖1-regular at x iff f−(x, v) = f 0,1(x, v) for each v ∈ E,
which is equivalent to ∂−,2f(x) = ∂2

Df(x) = ∂0
1,2f(x).

But, according to Proposition 6, this holds if and only if f−(x, .) is subadditive
and ∂2

Df(x) = ∂0
1,2f(x).

proposition 11 Let f : E −→] − ∞, +∞[ be a (‖.‖1, ‖.‖2)-locally Lipschitz
function around x such that −f is ‖.‖1-regular at x. Then ∂−,2f(x) = ∂+,2f(x)
and ∂D

2f(x) = ∂D,2f(x) = ∂�
2f(x) = ∂0

1,2f(x).

Proof.
Let v ∈ E. Since f is (‖.‖1, ‖.‖2)-Locally Lipschitzian around x and −f is ‖.‖1-
regular at x, then (−f)′(x, v) exists and equals (−f)0,1(x, v) for each v ∈ E.
Thus, for each v ∈ E, f ′(x, v) exists, and hence f−(x, v) = f+(x, v) from which
it follows that ∂−,2f(x) = ∂+,2f(x).
Since for all v ∈ E there hold the following inequalities:

(−f)′(x, v) ≤ (−f)D(x, v) ≤ (−f)�(x, v) ≤ (−f)0,1(x, v),

and
(−f)′(x, v) ≤ (−f)D(x, v) ≤ (−f)�(x, v) ≤ (−f)0,1(x, v),

then we obtain that

(−f)′(x, v) = (−f)D(x, v) = (−f)D(x, v) = (−f)�(x, v) = (−f)0,1(x, v).

Moreover, we have

fD(x,−v) = (−f)D(x, v) and f 0,1(x,−v) = (−f)0,1(x, v).

Hence,
fD(x, v) = (−f)D(x,−v) = (−f)0,1(x,−v) = f 0,1(x, v)

and
fD(x, v) = (−f)D(x,−v) = (−f)0,1(x,−v) = f 0,1(x, v).

Therefore,
∂D,2f(x) = ∂0

1,2f(x) and ∂D
2f(x) = ∂0

1,2f(x).

These two equalities imply that

∂D,2f(x) = ∂D
2f(x) = ∂�

2f(x) = ∂0
1,2f(x)

holds since
∂D,2f(x) ∪ ∂D

2f(x) ⊆ ∂�
2f(x) ⊆ ∂0

1,2f(x).

Thus, we achieve the proof.
With the above propositions it easy to prove that if −f is (‖.‖1, ‖.‖2)-locally
Lipschitzian around x and ‖.‖1-regular at x, then the (‖.‖1, ‖.‖2)-strict differ-
entiability, the ‖.‖1-regularity and the Gâteaux differentiability of f at x are
all equivalent.
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Theorem 12 Let f be a (‖.‖1, ‖.‖2)-locally Lipschitz function around x such
that −f is ‖.‖1-regular at x. Then the following conditions are equivalent: (a)
f is (‖.‖1, ‖.‖2)-strictly differentiable at x;
(b) f is ‖.‖1-regular at x;
(c) f is Gâteaux differentiable at x;
(d) ∂0

1,2f(x), ∂�
2f(x), ∂D,2f(x), or ∂D

2f(x) is a singleton ;
(e) ∂+,2f(x) or ∂−,2f(x) is nonempty;
(f) f+(x, .) or f−(x, .) is subadditive.
In particular, if the norm ‖.‖1 coincides with the norm ‖.‖2, then our result is
equivalent to the result established by Zili Wu and J.J.Ye (see [2]).

Proof.
We prove this theorem in the following route:

(a) ⇒ (b) ⇒ (f) ⇒ (e) ⇒ (c) ⇒ (d) ⇒ (a).

(a) ⇒ (b) is direct from Proposition 9.
Since −f is ‖.‖1-regular at x, then for each v ∈ E (−f)′(x, v) exists and hence
f ′(x, v) exists, i.e., f−(x, v) coincides with f+(x, v). Hence, if f is ‖.‖1-regular
at x then, by Proposition 10, both f−(x, .) and f+(x, .) are subadditive. There-
fore, (b) ⇒ (f).
(f) ⇒ (e) follows directly from Proposition 6 and the fact that both ∂D,2f(x)
and ∂D

2f(x) are nonempty.
To show (e) ⇒ (c), since by Proposition 11 , ∂−,2f(x) = ∂+,2f(x), we only
need to prove that the nonemptiness of ∂−,2f(x) implies the Gâteaux differ-
entiability of f at x. But this is obvious as long as we note that f is Gâteaux
differentiable at x iff both ∂−,2f(x) and ∂−,2(−f)(x) are nonempty and that
∂−,2(−f)(x) = ∂0

1,2(−f)(x) from the ‖.‖1-regularity of −f at x.
(c) ⇒ (d) follows from Proposition 11 and the fact that ∂�2f(x) is a singleton
when f is Gâteaux differentiable at x.
(d) ⇒ (a) is also immediate from Theorem 5. Thus, the proof is complete.
Let us give now an example which shows that our characterization of strict
differentiability given in theorem 12 is more general and more adapted for
application than the one given by Zili Wu and J.J.Ye in [2].

Example 13 Let Ω a bounded domain in R2, E = W 1,2
0 (Ω) the Sobolev space

with the usual norm ‖.‖2 = ‖.‖W 1,2
0 (Ω). Let also p and ε such that 0 < ε < 1,

ε + 2 < p < ∞. Set ‖.‖1 = ‖.‖Lp(Ω). Remark that (E, ‖.‖2) is a Banach
separable space.
Since W 1,2

0 (Ω) ↪→ Lp(Ω) then (E, ‖.‖1, ‖.‖2) is a binormed space such that for
some c > 0 ‖.‖1 ≤ c‖.‖2.
Set g(u) =| u |ε+2 and consider the functional G defined on E by

G(x) =
∫
Ω

g(x(s))ds.
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Then G is ‖.‖2-twice Fréchet differentiable at every x ∈ E and

G(1)(x)h =
∫
Ω

g′(x(s))h(s)ds,

G(2)(x)(h1, h2) =
∫
Ω

g′′(x(s))h1(s)h2(s)ds.

We assert that G is (‖.‖1, ‖.‖2)- Fréchet strictly differentiable at every x ∈ E.
Indeed, suppose by the contrary that there exists x ∈ E, ε > 0, x′

m ∈ E, hm ∈ E
such that x′

m → x in (E, ‖.‖1), hm → 0 in (E, ‖.‖1) and | r(x′
m, hm) |> ε‖hm‖2,

where
r(x′, h) = G(x′ + h) − G(x′) − G(1)(x)h.

Then,

| r(x′
m, hm) |= |

∫
Ω

∫ 1

0
[g′(x′

m(s) + thm(s)) − g′(x(s))]hm(s)dtds|.

Let p′ > 1 such that 1
p

+ 1
p′ = 1. Since p > ε + 2 then p > p′(ε + 1). Thus,

x′
m → x in (E, ‖.‖Lp′(ε+1)(Ω)) and hm → 0 in (E, ‖.‖Lp′(ε+1)(Ω)). Without loss of

generality we can suppose that there exists Z1 ∈ Lp′(ε+1)(Ω) such that almost
everywhere in Ω

| x′
m(s) | + | hm(s) |≤ Z1(s), hm(s) → 0, x′

m(s) → x(s).

Using the Holder inequality, we deduce that

| r(x′
m, hm) |≤ [

∫
Ω

∫ 1

0
|g′(x′

m(s) + thm(s)) − g′(x(s))|p′dtds]
1
p′ ‖hm‖Lp(Ω).

Consequently,

| r(x′
m, hm) |≤ c[

∫
Ω

∫ 1

0
|g′(x′

m(s) + thm(s)) − g′(x(s))|p′dtds]
1
p′ ‖hm‖2.

But this contradicts the fact that | r(x′
m, hm) |> ε‖hm‖2 since

∫
Ω

∫ 1

0
|g′(x′

m(s) + thm(s)) − g′(x(s))|p′dtds → 0,

by the dominated convergence theorem.
Hence, G is (‖.‖1, ‖.‖2)- Fréchet strictly differentiable at every x ∈ E. This
implies that G is (‖.‖1, ‖.‖2)-Hadamard strictly differentiable at every x ∈ E,
from which it follows that for each v ∈ E, G and −G are both ‖.‖1-regular at
x and (‖.‖1, ‖.‖2)-Locally Lipschitzian around x. Therefore, by Theorem 12,
we deduce that for every x ∈ E

∂0
1,2G(x) = ∂�

2G(x) = ∂D,2G(x) = ∂D
2G(x) = {∇G(x)}
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Let us remark that in our case, the (‖.‖1, ‖.‖2)-Hadamard strictly differen-
tiability is equivalent to the (‖.‖1, ‖.‖2)-Fréchet strictly differentiability since
(W 1,2

0 (Ω), ‖.‖2) is a reflexive Banach space.
Note that G is not ‖.‖1-Fréchet differentiable at any point x ∈ E and hence G
is not ‖.‖1-Hadamard differentiable at any point x ∈ E . Indeed, let αm → ∞
and dm → ∞ such that | g(dm) |≥ αm | dm |p. By the countable additivity of
the Lebesgue measure

∃C > 0 ∃Ω′ ⊂ Ω such that μ(Ω′) > 0, dist(Ω′, ∂Ω) > 0 and ∀s ∈ Ω′ | x(s) |≤ C.

In this case, put D = max{g(u) :| u |≤ C} < ∞. Choose Ωm ⊂ Ω′ such that

μ(Ωm) =| dm |−p| αm |− 1
2 for large m.

Let hm defined by

hm(s) =

{
dm − x(s), s ∈ Ωm,
0, s ∈ Ω \ Ωm.

It follows then that ‖hm‖1 → 0 and

| G(x+hm)−G(x) |≥ αm | dm |p μ(Ωm)−Dμ(Ωm) =| αm | 12 −Dμ(Ωm) → +∞.

Let km ∈ C∞
0 (Ω) such that ‖km−hm‖1 → 0. Then ‖km‖1 → 0, but G(x+km)−

G(x) → ∞ since the Lebesgue integral is absolutely continuous. Therefore, G
is not ‖.‖1-Fréchet differentiable at x, from which it follows that G is not
‖.‖1-Fréchet strictly differentiable at x. Thus, G is not ‖.‖1-Hadamard strictly
differentiable at x. Consequently, since G is (‖.‖1, ‖.‖2)-Hadamard strictly
differentiable at x, we deduce that G is not ‖.‖1-locally Lipschitzian around
x. Therefore, the characterization of the ‖.‖1-Hadamard strict differentiability
given by Zili Wu and J.J.Ye in [2] cannot be used in our example. So, our
characterization of strict differentiability given in theorem 12 is more general
and more adapted for application than the one given by Zili Wu and J.J.Ye in
[2].
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schitziennes et non Lipschitziennes. Comptes Rendus de l’Académie des
Sciences de Paris, 298:269-272, 1984.

Received: May 25, 2007


