International Mathematical Forum, 2, 2007, no. 63, 3143 - 3153

Some Classes of Analytic Functions Involving
Generalized Integral Operator
C. Selvaraj

Department of Mathematics, Govt. Arts College (Men)
Nandanam, Chennai-600 035
Tamilnadu, India

K. R. Karthikeyan

Department of Mathematics, R. M. K. Engineering College
R. S. M. Nagar, Kavaraipettai-601206
Tamilnadu, India
kr_karthikeyan1979@yahoo.com

Abstract
The purpose of the present article is to introduce several new sub-
classes of analytic functions using certain integral operator and inves-
tigate various inclusion relations for these subclasses. Some interesting
applications involving a certain class of integral operator are also con-
sidered.
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1 Introduction, Definitions And Preliminaries

Let A denote the class of analytic functions in the unit disc ¢/ with the nor-
malization f(0) = f(0) —1 = 0. Also let S*(a) , K(a), CC(a, 3) and C*(av, 3)
denote the subclasses of A consisting of functions which are starlike of order
a, convex of order «, close-to convex of order o type 3 and quasi-convex of
order « type (8 in U respectively. For details regarding these subclasses and
various other classes we refer to [1, 2, 8].

Let NV be the class of all functions ¢ which are analytic and univalent in I/
and for which ¢(U) is convex with ¢(0) = 1 and Re{¢(2)} >0, z € U.
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Making use of the principle of subordination between analytic functions,
several authors have investigated the subclasses S*(«, ¢) and K(«, ¢) of the
class A for ¢, 1 € N which are defined as follows:

S*(a, 6) = {f . f e Aand ﬁ(zjf(g) - a) Z6(2), (2 u)}, (1)

2f(2)
f'(2)

respectively. We now introduce the following:

K(a,gb)::{f:feAand%(H— —Oz><¢(z), (zEL{)} ()

Clo,B: ¢, 1p) = {f:fEAand Jg e Ko, ¢) s.t.
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1 (z(zf’(Z))' _5) < h(2), (2 eu)}-

1=\ g(2)
(4)
Here we note that 0 < «, # < 1 and the symbol < denotes subordination.
1
Also it can be verified that for the choice of ¢(z) = ¢(2) = . a Z,
-z

C (a, 0 d),w) = C'(a, 8), a subclass of close-to-convex function introduced
and studied by Selvaraj [11].
For two functions f, g of the form

f(z) = Zanz”, g(z) = anz”,
n=0 n=0

their Hadamard product (or convolution) is defined, as usual, by

(f9)(z) =) anby2",  z€lU.
n=0
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Let f € A. Denote by D" : A — A the operator defined by

D'f = x f(2), (n > —1).

It is obvious that D°f = f(z), D'f = zf(2) and D" = w,

n € Ny =1{1,2,,...}. The operator D"f is called the nth order Ruscheweyh
derivative of f. Analogous to D™ f, Noor [9] (see also Noor and Noor[10])
defined and studied an integral operator I, : A — A as follows :

Let fn(2) = ﬁ, n € Ny and let f,'(z) be defined such that

Fal2) * £ (2) = (n>—1).

Then

ﬁ] T, (5)

z

L) = () % £(2) = [(1 :

The operator I, is called the Noor Integral operator of nth order of f.
Define the familiar Gaussian hypergeometric function o F}(a, b, ¢; z) by

7’1

oFi(a,b,c;2) == Z In (a,b>0;¢c#£0,—1,-2,... : 2 €U)

)
(c) n'
n=0 n

where () is the Pochhammer symbol defined by

)= 4! ifk=0
TET V@ D@ +2) (k=1 ifkeNy={1,2,,...}.

Now we introduce an integral operator I%(a,b,c) : A — A as follows :

Let Fy ,(z —Z+Z(n+)\) 2", p € No, N\ # —1 andletF)\p()bedeﬁned

such that
Fy ,(2) * F/\_;(z) = 2 Fi(a,b,c; 2).
Then,
I(a,be)f = Fy (2) * f(2). (6)

We note that I7(1,b,b)f = JPf an operator introduced by Jung,Kim and
Srivastava [5] and also contains various other operators for the special choices
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of the parameters \, p, a, b, c.
It can be easily verified from the above definition of the operator I{(a, b, ¢) f
that

213 Ha,0,0f(2) = A+ DI3(a,b,e) f(2) = AR (a,b,0)f(2)  (7)

and

z(I¥(a, b, c)f(z)), =all(a+1,b,¢)f(2) — (a — 1)I{(a,b,c) f(2). (8)

By using the integral operator I§(a,b,c)f, we introduce the following sub-
classes of analytic functions :

Syplaabc: )= {f :feAand I{(a,b,c) f ES*(&,¢)}
Kapla:abc:¢):={f:f€eAand I(a,b,c)f € K(a,0)}

C;Mp(a,ﬁ;a, b,c;p,1) = {f :feAand I{(a,b,c)f € C/(a,ﬂ : ¢,¢)}

and

Uy (a,Bra,b,¢;0,0) :={f: f e Aand I§(a,b,c) f € U* (o, f: ¢, 0) }.
We note that

f(z) e Kapla:abc:¢) <= zf/(z)ES;p(a:a,b,c:gb) (9)

and a similar relationship exists between the classes C:\,p(a, B;a,b, c; p,1) and
u;:,p(a7 /8; a? b’ C; gb? /éz))‘

In this paper, we shall establish inclusion relation for these classes and
some applications involving integral operators are also considered.
We now state the following lemmas which we may need to establish our results
in the sequel.

Lemma 1.1 [6] Let 3,y € C, ¢ be convex univalent in U with ¢(0) =1 and
Re(Bgp(z) +v) >0, z €U and let p(z) = 1 + p1z + p2z® + -+ be analytic in
U.Then

2p ()
P(2) + =———— < d(2) = p(z) < o(2 zelU).
() + 5o 0= < 6) = 9l < 0l2) (2 eU)

Lemma 1.2 [7] Let 3,y € C, ¢ be convex univalent in U and w be analytic
in U with Re{w(z)} > 0. If p is analytic in U and p(0) = ¢(0), then the
subordination:

p(2) + w(2)2p (2) < 6(2) = p(2) < 6(2) (z €U).
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2 Inclusion Properties Involving the Operator
IY(a,b,c)f

We begin with the following

Theorem 2.1 Let ¢ € N with max Re{o(2)} < min(
z€E
(p,a,b,c>0; 0 < a < 1).Then

at+a—1 a+ )\
a—1 "a—-1

Sxp(ara+1,bc:¢)CS (a:abce:¢)CS;,(a:abc: ).

Proof. To prove the first part of Theorem 2.1, let f € S;p(a ca+1,bc:¢)

and set
1 (z(I%(a,bc)f(z))
Pl) =17 a( I7(a.b,0(2) ‘O‘) (10

where p(z) = 1+ ¢12 4 2% + ... is analytic in U and p(z) # 0 for all z € U.
Applying (8) in (10), we obtain
I(a+1,b,¢)f(2)
I3(a,b,c) f(2)
By using the logarithmic differentiation on both side of (11), we have

1 z([f(a+1,b,c)f(z))/_a s zp/(z)
1—a( (a+1,b,c)f(2) ) =pE)+ 1-a)p(z)+a+a—1 (12)

=(l—-a)p(z)+a+a—1. (11)

Since

max(Re{o(2)}) < 201

(zeU;a>00<a<l).
zeU a—1

We see that Re{(1 — a)¢(z) +a+a—1} >0, (z €U).
Applying Lemma (1.1) to equation (12), it follows that p(z) < ¢(z) in U, that
1s

fess (aabcc: o).
To prove the second inclusion relationship asserted by the Theorem (2.1), let
fess (aabc:g)

and put

s(2)

_ 1 (b i)
1—a ( I (a,b,c) f(2) )
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where the function s(z) is analytic in & with s(0) = 1. Then, by using argu-
ments similar to those detailed above with (7), it follows that s(z) < ¢(2) in
U, which implies that

f S Sj\,p+1(a - a, b,C : ¢)
which completes the proof of the Theorem (2.1).

1+ 2

Remark 2.2 By taking \=1,a=1,b=c and ¢(z) = (z ceU) in

Theorem (2.1), we obtain Sy(a) C Sy, (), which was asserted earlier by
Jin-Lin-Liu [}).

Th 2.3 Let ith R )
eorem et p € N wi max e{¢(z)}<mzn( 1 a_1

(p,a,b,c>0;0<a<1). Then

a+a—1 a—i—)\)

Kaplaa+1,bc:¢9) CKypla:abc:¢) CKyprla:abc: ).
Proof. Applying (9) and Theorem (2.1), we observe that

f(z) e Kypla:a+1,bc:¢) <= I{(a+1,b¢c)f(z) € K(a, )
— 2(I%(a+1,b,¢)f(2)) € S, )
= Ra+1,bc)(2f (2) € S, 9)
= z2f (2) €Sy (ara+1,bc:9)
= 2f (2) € S (e a,bc: o)
= a0,0)(2f(2)) € (e, 9)
= (b)) € §(09)
— [(a,b,c)f(z) € K(a, ¢)
<~ f(z) e Ky pla:a,bc: )

and

f(z) € Kapla:abc:d) <= 2f (2) € Syplaabc: o)
— 2f (2) € Sy prilaabc:g)
= 215 (a,b,0)f(2)) € S*(a, 9)
< f(2) € Kxpri(a:a,b,c: o)

which evidently proves Theorem (2.3).
1+ Az

Taking ¢(z) = B

we have

(-1< B< A<1;z€U)in Theorems (2.1) and (2.3),
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1+A —1 A
Corollary 2.4 Suppose that 113 < mm(a j;i 1 ,Z—_f_ 1), (a,b,c;p >0,

A > —1). Then

Siplara+1bc: A B)CS; (a:a,bc: A B)CS; (a:abe: A B)
and

Kiplara+1,b,c: A,B) C Ky pla:abc: A B) C Ky pr1(a:a,bc: A B).
ota—1 a+)\>

)

oc—1 oc—1

Theorem 2.5 Let ¢,1) € N with max Re{¢(2)} < min(
Then
Chpl, Bra+1,b,6:6,9) C € (0, 60,b,¢,6,8) € Cy i (@, B, b, ¢ 6,9)
Proof. We begin by proving that
Chpl, Bra+1,b,ci0,9) C C (0, 0, b,¢:6,9).

Let f(z) € C;Hp(oz,ﬁ;a + 1,b,¢;¢,¢). Then, in view of the definition of the

function class C;\’p(oz,ﬁ;a + 1,b,¢;0,), there exists a function ¢ € K(«, ¢)
such that

1 (z(ﬂ;(a +1,b,0)f(2)) )
—0) <(2).

1-7 q(z)
Choose the function g(z) such that ¢(z) = I{(a + 1,b,¢)g(z), Then
‘ ' 1 (z2(I’(a+1,bc)f(2)) B
g€ Kypla:a+1,bc:¢) and 1 —ﬁ( I%(a—l— 15,09 (%) ﬁ) < (2).
Now let,
1 (z2(I%(a,be)f(2)
=5 (o ) "

where the function p(z) is analytic in U/ with p(0) = 1. Using equation (8), we
find that

1 2(IE(a+1,b,¢)f(2)) B 1 (I(a+1,b,¢)(zf (2))) B
1—5( I{(a+1,b,c)g(2) 6)__1—5( I(a+1,b,c)g(2) ﬁ)

1 (ZU§@%@CszYZDT-%OI—1)KG%QCXZfKZD__ﬂ)

1-p3 2(Iy(a,b,¢)g(2)) + (a — 1)I5(a,b,c)g(z)
2 [2(abof ()] 2(ab.c)(=f (=)
_ 1 I3 (a,b,c)g(z) + (& o 1) I3 (a,b,c)g(2) o ﬁ
1-7 BbaoC) | q) '

If\) (a,b,c)g(2)
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Since g € Ky p(a:a+1,b,c:¢) C Ky p(a:a,b,c: ¢)and using the fact that
every convex function is starlike of order 1/2 (see also jack[3] ), we can set for
some 0 <o <1

o) = o (AEeb ) ) "

T 1-0 I{(a,b,c)g(z)

where 7(z) < ¢(z) in U with the assumption that ¢ € V. From (13), we have

2[B(a,b,0)(=f (2))] = (1= B)p(2)=(3(a, b, €)g(2)) + B2(1}(a.b, 0)9(2')()15)

Upon differentiating both sides of equation (15), we have

2[B(a,b,0)(=f (2))]
(I%(a,b,c)g(z)

= (1=0)2p (2) + [(1 = B)p(2) + B] [(1 — 0)q(=2) + o).

(16)
Then, by the virtue of the equations (13),(14) and (15), we have
1 2(IP(a+1,b,¢)f(2)) B 2p (2)
1-p ( I%(a +1,b,0)9(2) B) =p2)+ (1—o)r(z)+0+(a—1) < 9().
(17)
Since a > 0 and r(z) < ¢(z) in U with me%{X(Re{qb(z)}) < Lil_l, we have
Re{o+a—1+(1—0o)r(2)} >0 (z€lU). (18)

1
ct+a—14+(1—-o0)r(z)
applying Lemma (1.2), we can show that p(z) < ¢(z) in U, so that f €
C)\,p(a7 57 a, ba & ¢7 77Z))

For the second inclusion relationship asserted by the Theorem 2.5, using
arguments similar to those detailed above with equation (7), we obtain

Cy o, Ba,b,c;0,0) C Cy i, Bia, b, c; d,1)).

Thus, we have completed the proof of the Theorem(2.5).
Using the same method as in Theorem(2.3), we have the following:

oc+a—1 a+)\>

Hence, by taking w(z) = in equation (17) and then

)

oc—1 oc—1

Theorem 2.6 Let ¢,1) € N with max Re{p(2)} < min(
S
Then

Z/{;;p(Oé,ﬁ;CL—f- ]-)ba (6% ¢,¢) C u;\k7p(aaﬁ; a, b7 G ¢) ¢) C u;\k7p+1(a7ﬁ;a7 ba & qquvz))
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3 Inclusion Properties Involving the Operator
Ly

In this section,we examine the closure properties of the integral operator L, (f)

defined by

pt1
=~

Lu(f) | et (e > -, (19)

We first state and prove the following inclusion relationship for the integral
operator L, (f).

Theorem 3.1 Let ¢ € N with maJ(Re{qﬁ(z)} < (c>-1;0<a<1).
z€E

If f € S5 (arabe:¢), sois L(f)

a—+
a—1

Proof. Let f € S5 (a:a,b,c: ¢) and set

1 (2B@boL(NE) _
( I2(a,b,¢)L,(f)(z) ) (20)

where the function p(z) is analytic in U with p(0) = 1. From the definition of
(19), it is easily verified that

p(z) =

2B (a,b,e) Lu(£)(2)) = (+ D) 15(a,b,0) f(2) = plR(a,b,e) Lu(f)(2). (1)
Then, by using equations (20) and (21), we obtain

I{(a,b,c)f(z)
I3(a,b,¢) L (f)(2)

Differentiating (22) we get

L (ABeb ) N 2 (2) .
1—a( 1(a,0,0) /(=) )‘p(”(l—a)p(z)mw( ).

Hence by Lemma (1.1), we conclude that p(z) < ¢(z) in U for
a—+ U

gy feloa)} <

which implies that L,(f)(z) € S5 (a:a,b,c:¢).

(k+1) = (L —a)p(z) +a+p. (22)

Theorem 3.2 Let ¢ € N with max Re{¢(2)} < (c>-10<a<l).
zZE

If fe Ky pla:abe: ), sois L,(f).

a—+
a—1
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Proof. By applying Theorem(3.1), it follows that
f(z) € Kapla:abc:d) <= 2f (2) € Syplaabc: o)
— F,(2f (2)) € Syp(arabc: )
— z(FM(f)(z))l € S;p(& sa,b,c: @)
= F.(f)(z) € S5 (a:ia,bc:9)
which proves Theorem(3.2).

Theorem 3.3 Let ¢,1) € N with ngc(Re{gb(z)}) < i? (c>0,0<0<1)
zE —

If f €C, (a,B5a,b,¢;0,9), then F,(f) € Cy (e, B;a,b,¢; 0, 0).

Proof. Let f(z) € C;Hp(oz,ﬁ; a,b,c;¢,1). Then, in view of the definition of

the function class C;m(a,ﬂ;a, b,c; ¢,1), there exists a function g € Ky ,(a
a,b,c: ¢) such that

1 (z([f(a, b,c)f(2))

— ﬁ) <Y(z) (z €U).

11— ﬁ If(% b’ C)g(z)
We set,
1 (2((ab, ) Fu(f)(2)
W= 15 (" Rerarue ) 29)

where the function p(z) is analytic in ¢/ with p(0) = 1. Using equation (8), we
find

1 2(Ia,b,0)f(2))
that (If(abc)m ‘ﬂ)

B z(IY(a,b, c zf( )

B ﬂ I{(a,b,c)g(2) ﬁ)

_ ( 2(1R(a,b, ) Ly(2f )(2)) + pIR(a,b, ) L,(f)(2) _ﬁ>
L=0\ 2(I3(a;b,¢)Lu(9)(2)) + nlx(a,b,¢)L,(g)(2) '

Then, by using the same techniques as in the proof of Theorem(2.5), we con-
clude that

1 2(I2(a,b,c) f(2)) B ol 2 (2) .
1 —ﬁ( I{(a,b,c)g(z) ﬁ) =p(2) + 1—o)r(z)+o+u < P(z). (24)

Hence, upon setting w(z) =

1
(I1—o)r(z)+o+u
Lemma(1.2), we find that p < ¢ in & which yields F),(f) € Ci\m(oz,ﬁ; a,b,c; ).

Using a similar argument as in Theorem(3.2), we can prove

Theorem 3.4 Let ¢, € N with meagc(Re{qb(z)}) < ii (c>0,0<0<1).
z g —

If f el (a,B;a,b,¢;0,%), then L, (f) €Uy (a, B;a,b,c;d,9).

in equation (24), applying
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