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1 Introduction, Definitions And Preliminaries

Let A denote the class of analytic functions in the unit disc U with the nor-
malization f(0) = f

′
(0)− 1 = 0. Also let S∗(α) , K(α), CC(α, β) and C∗(α, β)

denote the subclasses of A consisting of functions which are starlike of order
α, convex of order α, close-to convex of order α type β and quasi-convex of
order α type β in U respectively. For details regarding these subclasses and
various other classes we refer to [1, 2, 8].
Let N be the class of all functions φ which are analytic and univalent in U
and for which φ(U) is convex with φ(0) = 1 and Re{φ(z)} > 0, z ∈ U .
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Making use of the principle of subordination between analytic functions,
several authors have investigated the subclasses S∗(α, φ) and K(α, φ) of the
class A for φ, ψ ∈ N which are defined as follows:

S∗(α, φ) :=

{
f : f ∈ A and

1

1 − α

(
zf

′
(z)

f(z)
− α

)
≺ φ(z), (z ∈ U)

}
, (1)

K(α, φ) :=

{
f : f ∈ A and

1

1 − α

(
1 +

zf
′′
(z)

f ′(z)
− α

)
≺ φ(z), (z ∈ U)

}
(2)

respectively. We now introduce the following:

C ′
(α, β : φ, ψ) :=

{
f : f ∈ A and ∃ g ∈ K(α, φ) s.t.

1

1 − β

(
zf

′
(z)

g(z)
− β

)
≺ ψ(z), (z ∈ U)

}
(3)

U∗(α, β : φ, ψ) :=

{
f : f ∈ A and ∃ g ∈ K(α, φ) s.t.

1

1 − β

(
z(zf

′
(z))

′

g(z)
− β

)
≺ ψ(z), (z ∈ U)

}
.

(4)

Here we note that 0 ≤ α, β < 1 and the symbol ≺ denotes subordination.

Also it can be verified that for the choice of φ(z) = ψ(z) =
1 + z

1 − z
,

C ′(
α, β : φ, ψ

)
= C

′
(α, β), a subclass of close-to-convex function introduced

and studied by Selvaraj [11].
For two functions f, g of the form

f(z) =
∞∑

n=0

anz
n, g(z) =

∞∑
n=0

bnz
n,

their Hadamard product (or convolution) is defined, as usual, by

(f ∗ g)(z) :=

∞∑
n=0

anbnz
n, z ∈ U .
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Let f ∈ A. Denote by Dn : A → A the operator defined by

Dnf =
z

(1 − z)n+1
∗ f(z), (n > −1).

It is obvious that D0f = f(z), D1f = zf
′
(z) and Dn =

z(zn−1f(z))(n)

n!
,

n ∈ N0 = {1, 2, , . . .}. The operator Dnf is called the nth order Ruscheweyh
derivative of f . Analogous to Dnf , Noor [9] (see also Noor and Noor[10])
defined and studied an integral operator In : A → A as follows :

Let fn(z) =
z

(1 − z)n+1
, n ∈ N0 and let f−1

n (z) be defined such that

fn(z) ∗ f−1
n (z) =

z

(1 − z)2
, (n > −1).

Then

Inf(z) = f−1
n (z) ∗ f(z) =

[
z

(1 − z)n+1

]−1

∗ f(z). (5)

The operator In is called the Noor Integral operator of nth order of f .
Define the familiar Gaussian hypergeometric function 2F1(a, b, c; z) by

2F1(a, b, c; z) :=
∞∑

n=0

(a)n(b)n

(c)n

zn

n!
, (a, b > 0; c �= 0,−1,−2, . . . : z ∈ U)

where (x)k is the Pochhammer symbol defined by

(x)k =

{
1 if k = 0

x(x+ 1)(x+ 2) . . . (x+ k − 1) if k ∈ N0 = {1, 2, , . . .}.

Now we introduce an integral operator Ip
λ(a, b, c) : A −→ A as follows :

Let Fλ, p(z) = z +
∞∑

n=2

(n+ λ)p

(λ+ 1)p
zn, p ∈ N0, λ �= −1 and let F−1

λ, p(z) be defined

such that

Fλ, p(z) ∗ F−1
λ, p(z) = z2F1(a, b, c; z).

Then,

Ip
λ(a, b, c)f = F−1

λ, p(z) ∗ f(z). (6)

We note that Ip
1 (1, b, b)f = Jpf an operator introduced by Jung,Kim and

Srivastava [5] and also contains various other operators for the special choices
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of the parameters λ, p, a, b, c.
It can be easily verified from the above definition of the operator Ip

λ(a, b, c)f
that

z(Ip+1
λ (a, b, c)f(z))

′
= (λ+ 1)Ip

λ(a, b, c)f(z) − λIp+1
λ (a, b, c)f(z) (7)

and

z(Ip
λ(a, b, c)f(z))

′
= aIp

λ(a + 1, b, c)f(z) − (a− 1)Ip
λ(a, b, c)f(z). (8)

By using the integral operator Ip
λ(a, b, c)f , we introduce the following sub-

classes of analytic functions :

S∗
λ, p(α : a, b, c : φ) :=

{
f : f ∈ A and Ip

λ(a, b, c)f ∈ S∗(α, φ)
}

Kλ, p(α : a, b, c : φ) :=
{
f : f ∈ A and Ip

λ(a, b, c)f ∈ K(α, φ)
}

C ′
λ, p(α, β; a, b, c;φ, ψ) :=

{
f : f ∈ A and Ip

λ(a, b, c)f ∈ C′
(α, β : φ, ψ)

}
and

U∗
λ, p(α, β; a, b, c;φ, ψ) :=

{
f : f ∈ A and Ip

λ(a, b, c)f ∈ U∗(α, β : φ, ψ)
}
.

We note that

f(z) ∈ Kλ, p(α : a, b, c : φ) ⇐⇒ zf
′
(z) ∈ S∗

λ, p(α : a, b, c : φ) (9)

and a similar relationship exists between the classes C ′
λ, p(α, β; a, b, c;φ, ψ) and

U∗
λ, p(α, β; a, b, c;φ, ψ).

In this paper, we shall establish inclusion relation for these classes and
some applications involving integral operators are also considered.
We now state the following lemmas which we may need to establish our results
in the sequel.

Lemma 1.1 [6] Let β, γ ∈ C, φ be convex univalent in U with φ(0) = 1 and
Re(βφ(z) + γ) > 0, z ∈ U and let p(z) = 1 + p1z + p2z

2 + · · · be analytic in
U .Then

p(z) +
zp

′
(z)

βp(z) + γ
≺ φ(z) ⇒ p(z) ≺ φ(z) (z ∈ U).

Lemma 1.2 [7] Let β, γ ∈ C, φ be convex univalent in U and w be analytic
in U with Re{w(z)} ≥ 0. If p is analytic in U and p(0) = φ(0), then the
subordination:

p(z) + w(z)zp
′
(z) ≺ φ(z) =⇒ p(z) ≺ φ(z) (z ∈ U).
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2 Inclusion Properties Involving the Operator

Ipλ(a, b, c)f

We begin with the following

Theorem 2.1 Let φ ∈ N with max
z∈U

Re{φ(z)} < min

(
α + a− 1

α− 1
,
α + λ

α− 1

)
(p, a, b, c > 0; 0 ≤ α < 1).Then

S∗
λ, p(α : a+ 1, b, c : φ) ⊂ S∗

λ, p(α : a, b, c : φ) ⊂ S∗
λ, p+1(α : a, b, c : φ).

Proof. To prove the first part of Theorem 2.1, let f ∈ S∗
λ, p(α : a + 1, b, c : φ)

and set

p(z) =
1

1 − α

(
z(Ip

λ(a, b, c)f(z))
′

Ip
λ(a, b, c)f(z)

− α

)
(10)

where p(z) = 1 + c1z + c2z
2 + . . . is analytic in U and p(z) �= 0 for all z ∈ U .

Applying (8) in (10), we obtain

a
Ip
λ(a+ 1, b, c)f(z)

Ip
λ(a, b, c)f(z)

= (1 − α)p(z) + α + a− 1. (11)

By using the logarithmic differentiation on both side of (11), we have

1

1 − α

(
z(Ip

λ(a+ 1, b, c)f(z))
′

Ip
λ(a + 1, b, c)f(z)

− α

)
= p(z) +

zp
′
(z)

(1 − α)p(z) + α + a− 1
. (12)

Since

max
z∈U

(Re{φ(z)}) < α + a− 1

α− 1
(z ∈ U ; a > 0; 0 ≤ α < 1).

We see that Re{(1 − α)φ(z) + α + a− 1} > 0, (z ∈ U).
Applying Lemma (1.1) to equation (12), it follows that p(z) ≺ φ(z) in U , that
is

f ∈ S∗
λ, p(α : a, b, c : φ).

To prove the second inclusion relationship asserted by the Theorem (2.1), let

f ∈ S∗
λ, p(α : a, b, c : φ)

and put

s(z) =
1

1 − α

(
z(Ip+1

λ (a, b, c)f(z))
′

Ip+1
λ (a, b, c)f(z)

− α

)
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where the function s(z) is analytic in U with s(0) = 1. Then, by using argu-
ments similar to those detailed above with (7), it follows that s(z) ≺ φ(z) in
U , which implies that

f ∈ S∗
λ, p+1(α : a, b, c : φ)

which completes the proof of the Theorem (2.1).

Remark 2.2 By taking λ = 1 , a = 1, b = c and φ(z) =
1 + z

1 − z
(z ∈ U) in

Theorem (2.1), we obtain S∗
p (α) ⊂ S∗

p+1(α), which was asserted earlier by
Jin-Lin-Liu [4].

Theorem 2.3 Let φ ∈ N with max
z∈U

Re{φ(z)} < min

(
α + a− 1

α− 1
,
α + λ

α− 1

)
(p, a, b, c > 0; 0 ≤ α < 1). Then

Kλ, p(α : a+ 1, b, c : φ) ⊂ Kλ, p(α : a, b, c : φ) ⊂ Kλ, p+1(α : a, b, c : φ).

Proof. Applying (9) and Theorem (2.1), we observe that

f(z) ∈ Kλ, p(α : a+ 1, b, c : φ) ⇐⇒ Ip
λ(a+ 1, b, c)f(z) ∈ K(α, φ)

⇐⇒ z(Ip
λ(a + 1, b, c)f(z))

′ ∈ S∗(α, φ)

⇐⇒ Ip
λ(a+ 1, b, c)(zf

′
(z)) ∈ S∗(α, φ)

⇐⇒ zf
′
(z) ∈ S∗

λ, p(α : a+ 1, b, c : φ)

=⇒ zf
′
(z) ∈ S∗

λ, p(α : a, b, c : φ)

⇐⇒ Ip
λ(a, b, c)(zf(z))

′ ∈ S∗(α, φ)

⇐⇒ z(Ip
λ(a, b, c)f(z))

′ ∈ S∗(α, φ)

⇐⇒ Ip
λ(a, b, c)f(z) ∈ K(α, φ)

⇐⇒ f(z) ∈ Kλ, p(α : a, b, c : φ)

and

f(z) ∈ Kλ, p(α : a, b, c : φ) ⇐⇒ zf
′
(z) ∈ S∗

λ, p(α : a, b, c : φ)

=⇒ zf
′
(z) ∈ S∗

λ, p+1(α : a, b, c : φ)

⇐⇒ z(Ip+1
λ (a, b, c)f(z))

′ ∈ S∗(α, φ)

⇐⇒ f(z) ∈ Kλ, p+1(α : a, b, c : φ)

which evidently proves Theorem (2.3).

Taking φ(z) =
1 + Az

1 +Bz
(−1 ≤ B < A ≤ 1; z ∈ U) in Theorems (2.1) and (2.3),

we have
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Corollary 2.4 Suppose that
1 + A

1 +B
< min

(
α + a− 1

α− 1
,
α + λ

α− 1

)
, (a, b, c; p > 0,

λ > −1). Then

S∗
λ, p(α : a+ 1, b, c : A,B) ⊂ S∗

λ, p(α : a, b, c : A,B) ⊂ S∗
λ, p+1(α : a, b, c : A,B)

and

Kλ, p(α : a+ 1, b, c : A,B) ⊂ Kλ, p(α : a, b, c : A,B) ⊂ Kλ, p+1(α : a, b, c : A,B).

Theorem 2.5 Let φ, ψ ∈ N with max
z∈U

Re{φ(z)} < min

(
σ + a− 1

σ − 1
,
σ + λ

σ − 1

)
.

Then

C ′
λ, p(α, β; a+ 1, b, c;φ, ψ) ⊂ C′

λ, p(α, β; a, b, c;φ, ψ) ⊂ C′
λ, p+1(α, β; a, b, c;φ, ψ)

Proof. We begin by proving that

C ′
λ, p(α, β; a+ 1, b, c;φ, ψ) ⊂ C′

λ, p(α, β; a, b, c;φ, ψ).

Let f(z) ∈ C′
λ, p(α, β; a + 1, b, c;φ, ψ). Then, in view of the definition of the

function class C ′
λ, p(α, β; a + 1, b, c;φ, ψ), there exists a function q ∈ K(α, φ)

such that

1

1 − β

(
z(Ip

λ(a+ 1, b, c)f(z))
′

q(z)
− β

)
≺ ψ(z).

Choose the function g(z) such that q(z) = Ip
λ(a+ 1, b, c)g(z), Then

g ∈ Kλ, p(α : a+ 1, b, c : φ) and
1

1 − β

(
z(Ip

λ(a+ 1, b, c)f(z))
′

Ip
λ(a+ 1, b, c)g(z)

− β

)
≺ ψ(z).

Now let,

p(z) =
1

1 − β

(
z(Ip

λ(a, b, c)f(z))
′

Ip
λ(a, b, c)g(z)

− β

)
(13)

where the function p(z) is analytic in U with p(0) = 1. Using equation (8), we
find that

1

1 − β

(
z(Ip

λ(a+ 1, b, c)f(z))
′

Ip
λ(a + 1, b, c)g(z)

− β

)
=

1

1 − β

(
(Ip

λ(a + 1, b, c)(zf
′
(z)))

Ip
λ(a+ 1, b, c)g(z)

− β

)

=
1

1 − β

(
z
[
Ip
λ(a, b, c)(zf

′
(z))

]′
+ (a− 1)Ip

λ(a, b, c)(zf
′
(z))

z(Ip
λ(a, b, c)g(z))′ + (a− 1)Ip

λ(a, b, c)g(z)
− β

)

=
1

1 − β

( z
[
Ip
λ(a,b,c)(zf

′
(z))

]′

Ip
λ(a,b,c)g(z)

+ (a− 1)
Ip
λ(a,b,c)(zf

′
(z))

Ip
λ(a,b,c)g(z)

z(Ip
λ(a,b,c)g(z))′

Ip
λ(a,b,c)g(z)

+ (a− 1)
− β

)
.
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Since g ∈ Kλ, p(α : a + 1, b, c : φ) ⊂ Kλ, p(α : a, b, c : φ) and using the fact that
every convex function is starlike of order 1/2 (see also jack[3] ), we can set for
some 0 ≤ σ < 1

r(z) =
1

1 − σ

(
z(Ip

λ(a, b, c)g(z))
′

Ip
λ(a, b, c)g(z)

− σ

)
(14)

where r(z) ≺ φ(z) in U with the assumption that φ ∈ N . From (13), we have

z
[
Ip
λ(a, b, c)(zf

′
(z))

]′
= (1 − β)p(z)z(Ip

λ(a, b, c)g(z)) + βz(Ip
λ(a, b, c)g(z))

(15)

Upon differentiating both sides of equation (15), we have

z
[
Ip
λ(a, b, c)(zf

′
(z))

]′

(Ip
λ(a, b, c)g(z)

= (1 − β)zp
′
(z) +

[
(1 − β)p(z) + β

][
(1 − σ)q(z) + σ

]
.

(16)

Then, by the virtue of the equations (13),(14) and (15), we have

1

1 − β

(
z(Ip

λ(a+ 1, b, c)f(z))
′

Ip
λ(a + 1, b, c)g(z)

− β

)
= p(z) +

zp
′
(z)

(1 − σ)r(z) + σ + (a− 1)
≺ ψ(z).

(17)

Since a > 0 and r(z) ≺ φ(z) in U with max
z∈U

(Re{φ(z)}) < σ + a− 1

σ − 1
, we have

Re{σ + a− 1 + (1 − σ)r(z)} > 0 (z ∈ U). (18)

Hence, by taking w(z) =
1

σ + a− 1 + (1 − σ)r(z)
in equation (17) and then

applying Lemma (1.2), we can show that p(z) ≺ ψ(z) in U , so that f ∈
C ′

λ, p(α, β; a, b, c;φ, ψ).
For the second inclusion relationship asserted by the Theorem 2.5, using

arguments similar to those detailed above with equation (7), we obtain

C ′
λ, p(α, β; a, b, c;φ, ψ) ⊂ C ′

λ, p+1(α, β; a, b, c;φ, ψ).

Thus, we have completed the proof of the Theorem(2.5).
Using the same method as in Theorem(2.3), we have the following:

Theorem 2.6 Let φ, ψ ∈ N with max
z∈U

Re{φ(z)} < min

(
σ + a− 1

σ − 1
,
σ + λ

σ − 1

)
.

Then

U∗
λ, p(α, β; a+ 1, b, c;φ, ψ) ⊂ U∗

λ, p(α, β; a, b, c;φ, ψ) ⊂ U∗
λ, p+1(α, β; a, b, c;φ, ψ).
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3 Inclusion Properties Involving the Operator

Lμ

In this section,we examine the closure properties of the integral operator Lμ(f)
defined by

Lμ(f) =
μ+ 1

zμ

∫ z

0

tμ−1f(t) dt, (f ∈ A, μ > −1). (19)

We first state and prove the following inclusion relationship for the integral
operator Lμ(f).

Theorem 3.1 Let φ ∈ N with max
z∈U

Re{φ(z)} < α+ μ

α− 1
(c > −1; 0 ≤ α < 1).

If f ∈ S∗
λ, p(α : a, b, c : φ), so is Lμ(f)

Proof. Let f ∈ S∗
λ, p(α : a, b, c : φ) and set

p(z) =
1

1 − α

(
z(Ip

λ(a, b, c)Lμ(f)(z))
′

Ip
λ(a, b, c)Lμ(f)(z)

− α

)
(20)

where the function p(z) is analytic in U with p(0) = 1. From the definition of
(19), it is easily verified that

z(Ip
λ(a, b, c)Lμ(f)(z))

′
= (μ+ 1)Ip

λ(a, b, c)f(z) − μIp
λ(a, b, c)Lμ(f)(z). (21)

Then, by using equations (20) and (21), we obtain

(μ+ 1)
Ip
λ(a, b, c)f(z)

Ip
λ(a, b, c)Lμ(f)(z)

= (1 − α)p(z) + α+ μ. (22)

Differentiating (22) we get

1

1 − α

(
z(Ip

λ(a, b, c)f(z))
′

Ip
λ(a, b, c)f(z)

− α

)
= p(z) +

zp
′
(z)

(1 − α)p(z) + α + μ
(z ∈ U).

Hence by Lemma (1.1), we conclude that p(z) ≺ φ(z) in U for

max
z∈U

Re{φ(z)} < α + μ

α− 1
which implies that Lμ(f)(z) ∈ S∗

λ, p(α : a, b, c : φ).

Theorem 3.2 Let φ ∈ N with max
z∈U

Re{φ(z)} < α+ μ

α− 1
(c > −1; 0 ≤ α < 1).

If f ∈ Kλ, p(α : a, b, c : φ), so is Lμ(f).
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Proof. By applying Theorem(3.1), it follows that

f(z) ∈ Kλ, p(α : a, b, c : φ) ⇐⇒ zf
′
(z) ∈ S∗

λ, p(α : a, b, c : φ)

=⇒ Fμ(zf
′
(z)) ∈ S∗

λ, p(α : a, b, c : φ)

⇐⇒ z
(
Fμ(f)(z)

)′ ∈ S∗
λ, p(α : a, b, c : φ)

⇐⇒ Fμ(f)(z) ∈ S∗
λ, p(α : a, b, c : φ)

which proves Theorem(3.2).

Theorem 3.3 Let φ, ψ ∈ N with max
z∈U

(Re{φ(z)}) < μ+ σ

σ − 1
(c > 0; 0 ≤ σ < 1)

If f ∈ C ′
λ, p(α, β; a, b, c;φ, ψ), then Fμ(f) ∈ C′

λ, p(α, β; a, b, c;φ, ψ).

Proof. Let f(z) ∈ C ′
λ, p(α, β; a, b, c;φ, ψ). Then, in view of the definition of

the function class C ′
λ, p(α, β; a, b, c;φ, ψ), there exists a function g ∈ Kλ, p(α :

a, b, c : φ) such that

1

1 − β

(
z(Ip

λ(a, b, c)f(z))
′

Ip
λ(a, b, c)g(z)

− β

)
≺ ψ(z) (z ∈ U).

We set,

p(z) =
1

1 − β

(
z(Ip

λ(a, b, c)Fμ(f)(z))
′

Ip
λ(a, b, c)Fμ(g)(z)

− β

)
(23)

where the function p(z) is analytic in U with p(0) = 1. Using equation (8), we
find

that
1

1 − β

(
z(Ip

λ(a, b, c)f(z))
′

Ip
λ(a, b, c)g(z)

− β

)

=
1

1 − β

(
z(Ip

λ(a, b, c)zf
′
(z))

Ip
λ(a, b, c)g(z)

− β

)

=
1

1 − β

(
z(Ip

λ(a, b, c)Lμ(zf
′
)(z))

′
+ μIp

λ(a, b, c)Lμ(f)(z)

z(Ip
λ(a, b, c)Lμ(g)(z))′ + μIp

λ(a, b, c)Lμ(g)(z)
− β

)
.

Then, by using the same techniques as in the proof of Theorem(2.5), we con-
clude that

1

1 − β

(
z(Ip

λ(a, b, c)f(z))
′

Ip
λ(a, b, c)g(z)

− β

)
= p(z) +

zp
′
(z)

(1 − σ)r(z) + σ + μ
≺ ψ(z). (24)

Hence, upon setting w(z) =
1

(1 − σ)r(z) + σ + μ
in equation (24), applying

Lemma(1.2), we find that p ≺ ψ in U which yields Fμ(f) ∈ C′
λ, p(α, β; a, b, c;φ, ψ).

Using a similar argument as in Theorem(3.2), we can prove

Theorem 3.4 Let φ, ψ ∈ N with max
z∈U

(Re{φ(z)}) < μ+ σ

σ − 1
(c > 0; 0 ≤ σ < 1).

If f ∈ U∗
λ, p(α, β; a, b, c;φ, ψ), then Lμ(f) ∈ U∗

λ, p(α, β; a, b, c;φ, ψ).
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