
International Mathematical Forum, 2, 2007, no. 62, 3063 - 3072

The Δ-Product Structure of

Right C-qrpp Semigroups

Dongfei Rao

Department of Natural Science
Nanchang Teachers College

Nanchang, Jiangxi 330200, P.R. China
dongfeirao2006@126.com

Xiaojiang Guo 1

Department of Mathematics
Jiangxi Normal University

Nanchang, Jiangxi 330022, P.R. China
xjguo@jxnu.edu.cn

Abstract

As an analogue of right C-rpp semigroups and a dual of left C-wrpp
semigroups, right C-qrpp semigroups were defined and investigated by
Rao-Guo [10]. In this paper, we continue the research of such semigroups
and obtain a structure of right C-qrpp semigroups. It is proved that a
semigroup is a right C-qrpp semigroup if and only if it is isomorphic to
a right Δ-product of a C-wrpp semigroup and a right regular band.
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1 Introduction

Green’s relations L,R,H,D and J play an important role in the investigation
of semigroups, in particular, in the investigation of regular semigroups. It is an
important technique for probing semigroup theory to find relations similar to
Green’s relations. Fountain al et introduced Green’s ∗-relations L∗,R∗,H∗,D∗

and J ∗. In terms of Green’s ∗-relations, Fountain defined rpp semigroups
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(dually lpp semigroups) and abundant semigroups. These three kinds of gen-
eralized regular semigroups have been attracting due attentions. In 1997, Tang
[13] defined so-called Green’s ∗∗-relations L∗∗ and R∗∗. Furthermore, Tang [13]
and [14] researched C-wrpp semigroups.

Completely regular semigroups form an important class of regular semi-
groups. In generalizing completely regular semigroups, Guo-Shum-Zhu [7] de-
fined strongly rpp semigroups. After then, many kinds of strongly rpp semi-
groups have been investigating (see [3], [4], [5], [6], [11], [12] and others).
Recently, Du-Shum [1] defined adequate wrpp semigroups which are gener-
alizations of strongly rpp semigroups. In the same reference, they further
investigated left C-wrpp semigroups and obtained a structure of left C-wrpp
semigroups. In [10], Rao-Guo introduced strongly qrpp semigroups which is
another generalization of strongly rpp semigroups. We investigate right C-qrpp
semigroups which are special cases of strongly qrpp semigroup and the dual of
left C-wrpp semigroups. In particular, we note that right C-qrpp semigroups
are indeed analogue of right C-rpp semigroups.

Guo-Ren-Shum [6] introduced the concept of Δ-product. Later on, Shum-
Ren [12] introduced right Δ-products and showed that the right Δ-product is
a powerful device in the construction of right C-rpp semigroups. In this paper,
we will give a structure of right C-qrpp semigroups in terms of Δ-product.

2 The structure theorem

Throughout this paper we shall use the notations of Howie [8] and Petrich [9].
A semigroup S is called left [right] κ-cancellative if for all a, x, y ∈ S, ax κ ay
[xa κ ya] implies that xκy, where κ is an equivalence relation on S. S is called
κ-cancellative if it is both left κ-cancellative and right κ-cancellative.

We define relations on S given by: for any a, b ∈ S,

aL∗∗b ⇔ (∀x, y ∈ S1) (ax, ay) ∈ R ↔ (bx, by) ∈ R;
aR∗∗b ⇔ (∀x, y ∈ S1) (xa, ya) ∈ L ↔ (xb, yb) ∈ L.

It is noted that L∗∗ is a right congruence on S and L ⊆ L∗ ⊆ L∗∗ while R∗∗ is
a left congruence on S and R ⊆ R∗ ⊆ R∗∗ (see [13]).

As in [1], we can define Green’s (†)-relations as follows:

R(†) = R; L(†) = L∗∗.
H(†) = R(†) ∩ L(†); D(†) = R(†) ∨L(†).

and
aJ (†)b ⇔ J (†)(a) = J (†)(b)

where J (†)(a) is the smallest ideal containing a and is saturated by both L(†)

and R(†). In other words, J (†)(a) is the union of some L(†)-classes and R(†)-
classes.
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A semigroup S is called a qrpp semigroup if each L∗∗-class of S contains at
least one idempotent. A qrpp semigroup S is called a strongly qrpp semigroup
if for any a ∈ S, there exists a unique idempotent a† such that a†L(†)a and
aa† = a = a†a. A strongly qrpp semigroup S is called a right C-qrpp semigroup
if the following conditions are satisfied:

(1) D(†) is a congruence on S;
(2) For all e ∈ E(S), Se ⊆ eS;
(3) D(†)|Reg(S) = D|Reg(S), where Reg(S) is the set of regular elements of S.

It is easy to see that an adequate wrpp semigroup [1] is a strongly qrpp semi-
group. Recall from [13], a C-wrpp semigroup is indeed a qrpp semigroup S
in which E(S) (the set of idempotents of S) is central. Equivalently, a semi-
group S is a C-wrpp semigroup if and only if S is a strong semilattice of left
R-cancellative monoids (see [13]).

We now recall the concept of Δ-product.
Let Y be a semilattice. Let M = [Y ; Mα, θα,β ] be the strong semilattice

decomposition of the semigroup M into semigroups Mα with α ∈ Y . Let
Λ = ∪α∈Y Λα be the semilattice decomposition of the right regular band Λ into
right zero bands Λα with α ∈ Y . For every α ∈ Y , we form the Cartesian
product Sα = Mα ×Λα. Let J �(Λβ) be the right transformation semigroup on
Λβ. Now, for any α, β ∈ Y with α ≥ β, we define a mapping

Φα,β : Sα → J �(Λβ); a �→ Φα,β(a) = ϕa
α,β.

Suppose that the following conditions hold:

(P1) If (u, i) ∈ Sα and j ∈ Λα, then jϕ(u,i)
α,α = i;

(P2) For any (u, i) ∈ Sα and (v, j) ∈ Sβ,

(a) The compositional mapping ϕ
(u,i)
α,αβϕ

(v,j)
β,αβ is a constant mapping on Λαβ

and we denote the constant value by < ϕ
(u,i)
α,αβϕ

(v,j)
β,αβ >;

(b) If α, β, δ ∈ Y with αβ ≥ δ and < ϕ
(u,i)
α,αβϕ

(v,j)
β,αβ >= k, then ϕ

(uv,k)
αβ,δ =

ϕ
(u,i)
α,δ ϕ

(v,j)
β,δ .

We now form the set union S =
⋃

α∈Y Sα and define a multiplication ◦ on
S by:

(u, i) ◦ (v, j) = (uv, < ϕ
(u,i)
α,αβϕ

(v,j)
β,αβ >) ((u, i) ∈ Sα, (v, j) ∈ Sβ),

where uv = (uθα,αβ)·(vθβ,αβ) (see, [12]). Then (S, ◦) becomes a semigroup. We
call the above constructed semigroup the right Δ-product of the semigroups M
and Λ on Y with respect to the structure mappings {Φα,β | α, β ∈ Y, α ≥ β}.
We denote (S, ◦) by S = MΔ�

Y,ΦΛ.
We arrive at our main result, which gives a construction method of right

C-qrpp semigroups.
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Theorem 2.1 (Main Result) Let M = [Y ; Mα, θα,β] be a strong semilattice
of left R-cancellative monoids Mα. Let Λ = ∪α∈Y Λα be a right regular band
which is expressed by a semilattice composition of right zero bands Λα on the
semilattice Y . Then MΔ�

Y,ΦΛ is a right C-qrpp semigroup. Conversely, every
right C-qrpp semigroup can be constructed by using this method.

3 Proofs

In this section, we shall give the proof of Theorem 2.1. Firstly, we list some
known results used in the sequel.

Lemma 3.1 [1, Proposition 2.2] The equalities L(†) ◦ R(†)=R(†) ◦ L(†) and
D(†)=L(†) ◦ R(†) hold on a semigroup S.

Lemma 3.2 [10] If M is a left R-cancellative monoid, then |E(M)| = 1.

Lemma 3.3 [10] Let S be a strongly qrpp semigroup. Then the following
statements are equivalent:

(1) S is a right C-qrpp semigroup.
(2) D(†) is a semilattice congruence and D(†)|Reg(S) = R|Reg(S).
(3) S has a semilattice decomposition S =

⋃
α∈Y (Mα ×Λα), where Mα is a

left-R cancellative monoid and Λα is a right zero band for every α ∈ Y .

In what follows, we suppose that M = [Y ; Mα, θα,β] is a strong semilattice
of left R-cancellative monoids Mα and Λ = ∪α∈Y Λα is a right regular band
which is expressed by a semilattice composition of right zero bands Λα. Also,
MΔ�

Y,ΦΛ is the right Δ-product of M and Λ on Y under the structure mapping
Φ. Denote MΔ�

Y,ΦΛ by S.

Lemma 3.4 For all α ∈ Y , the Cartesian product Sα = Mα × Λα is a sub-
semigroup of MΔ�

Y,ΦΛ and is a direct product of Mα and Λα.

Proof. If (u, i), (v, j) ∈ Sα, then (u, i) ◦ (v, j) = (uv, < ϕ(u,i)
α,α ϕ(v,j)

α,α >). By (P1),

< ϕ(u,i)
α,α ϕ(v,j)

α,α >= iϕ(u,i)
α,α ϕ(v,j)

α,α = iϕ(v,j)
α,α = j.

This shows that (u, i) ◦ (v, j) ∈ Sα. Thus Sα is a subsemigroup of MΔ�
Y,ΦΛ.

Since Λα is a right zero band, we have ij = j. On the other hand, we
have uv = uθα,αvθα,α. Thus (u, i) ◦ (v, j) = (uv, ij) and whence Sα is a direct
product of Mα and Λα. �

Lemma 3.5 E(MΔ�
Y,ΦΛ) =

⋃
α∈Y {(1α, i) | i ∈ Λα}.
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Proof. Obviously, (1α, i) ◦ (1α, i) = (1α, i) and E(MΔ�
Y,ΦΛ) ⊇ ⋃

α∈Y {(1α, i) |
i ∈ Λα}. On the other hand, if (u, i)◦(u, i) = (u, i), then u2 = u and by Lemma
3.2, u = 1α. Thus E(MΔ�

Y,ΦΛ) ⊆ ⋃
α∈Y {(1α, i) | i ∈ Λα}. We complete the

proof. �

Lemma 3.6 In S, D(†)|Reg(S) = R|Reg(S).

Proof. For each α ∈ Y , denote Eα = E(Sα). By Lemma 3.2, each element of
Eα has the form {(1α, i) | i ∈ Λα}, where 1α is the identity element of Mα. Let
a ∈ (Reg(S)∩Sα), b ∈ (Reg(S)∩Sβ) and aD(†)b. Then there exists c ∈ S such
that aL(†)cRb by Lemma 3.1. Note that for any u ∈ Sα, v ∈ Sβ, uR(S)v can
imply α = β. Thus cRb can show that c ∈ Sβ. Now assume that c = (cβ, iβ).
Consider cRc(1β , iβ), we observe that aRa(1β , iβ). This shows that α = αβ
and whence α ≤ β. Similarly, β ≤ α. Thus α = β. On the other hand, since
two regular elements of Sα are related by R, we have aRb. It follows that
D(†)|Reg(S) ⊆ R|Reg(S) and consequently D(†)|Reg(S) = R|Reg(S). �

Lemma 3.7 MΔ�
Y,ΦΛ is a strongly qrpp semigroup.

Proof. Firstly, we prove that (u, i)L(†)(1α, i) for (u, i) ∈ Sα in two steps. For
this, we let (x, k) ∈ S1

β and (y, l) ∈ S1
γ .

Step A. Assume that ((u, i) ◦ (x, k), (u, i) ◦ (y, l)) ∈ R. Then there exsist
(x1, k1) ∈ S1

ξ and (y1, l1) ∈ S1
η such that (u, i) ◦ (x, k) ◦ (x1, k1) = (u, i) ◦ (y, l)

and (u, i) ◦ (y, l) ◦ (y1, l1) = (u, i) ◦ (x, k). That is,

(uxx1, < ϕ
(u,i)
α,αβξϕ

(x,k)
β,αβξϕ

(x1,k1)
ξ,αβξ >) = (uy, < ϕ(u,i)

α,αγϕ
(y,l)
γ,αγ >)

and

(uyy1, < ϕ(u,i)
α,αγηϕ

(y,l)
γ,αγηϕ

(y1,l1)
η,αγη >) = (ux, < ϕ

(u,i)
α,αβϕ

(y,l)
β,αβ >).

By comparing components, we have

(∗) uxx1 = uy and uyy1 = ux.

It follows that (ux, uy) ∈ R, that is,

(∗∗) (uθα,αβxθβ,αβ , uθα,αγyθγ,αγ) ∈ R.

On the other hand, since uxx1 ∈ Mαβξ, uyy1 ∈ Mαβη, uy ∈ Mαγ and ux ∈ Mαγ ,
by Equ. (∗), we have αβξ = αγ and αγη = αβ. Hence αγ ≤ αβ and αβ ≤ αγ.
Thus αβ = αγ. Now, by Equ. (∗∗), (uθα,αβxθβ,αβ , uθα,αγyθγ,αγ) ∈ R(Mαβ)
holds. But Mαβ is a left R-cancellative momoid, we have (xθβ,αβ , yθγ,αγ) ∈
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R(Mαβ). This means that there exist x2, y2 ∈ Mαβ such that xθβ,αβ ·x2 = yθγ,αβ

and yθγ,αβ · y2 = xθα,αβ . Accordingly,

(1α, i)◦(x, k)◦(x2, k2) = (xθβ,αβ ·x2, < ϕ
(1α,i)
α,αβ ϕ

(x,k)
β,αβϕ

(x2,k2)
αβ,αβ >) = (xθβ,αβ ·x2, k2),

where k2 =< ϕ
(1α,i)
α,αβ ϕ

(y,l)
γ,αβ >. Note that

(1α, i) ◦ (y, l) = (yθγ,αβ, < ϕ
(1α,i)
α,αβ ϕ

(y,l)
γ,αβ >).

Thus (1α, i)◦ (x, k)◦ (x2, k2) = (1α, i)◦ (y, l). Similarly, (1α, i)◦ (y, l)◦ (y2, l2) =

(1α, i) ◦ (x, k), where l2 =< ϕ
(1α,i)
α,αβ ϕ

(x,k)
β,αβ >. We have now proved that ((1α, i) ◦

(x, k), (1α, i) ◦ (y, l)) ∈ R. Consequently, ((u, i) ◦ (x, k), (u, i) ◦ (y, l)) ∈ R
implies that ((1α, i) ◦ (x, k), (1α, i) ◦ (y, l)) ∈ R.

Step B. Suppose that ((1α, i) ◦ (x, k), (1α, i) ◦ (y, l)) ∈ R. Then ((u, i) ◦
(1α, i) ◦ (x, k), (u, i) ◦ (1α, i) ◦ (y, l)) ∈ R since R is a left congruence, and
((u, i) ◦ (x, k), (u, i) ◦ (y, l)) ∈ R.

Summing up Step A and Step B, we have proved that ((u, i), (1α, i)) ∈ L(†)

and whence S is a qrpp semigroup.
Obviously, (1α, i) ◦ (u, i) = (u, i) = (u, i) ◦ (1α, i). If (1β, j) is another

idempotent such that (1β, j)L(†)(u, i) and (1β, j) ◦ (u, i) = (u, i) = (u, i) ◦
(1β, j), then (1β, j)L(†)(1α, i) and by Lemma 3.6, (1β, j)R(1α, i) which yields
that α = β. Since (u, i) = (u, i)(1β, j), by comparing components, we have

i =< ϕ(u,i)
α,α ϕ

(1β ,j)
α,α >= j. Thus (1β, j) = (1α, i). Consequently S is a strongly

qrpp semigroup. �

We have shown that MΔ�
Y,ΦΛ is a Strongly qrpp semigroup and can be

expressed as a semilattice of direct products of left R-cancellative monoid
with right zero band. From Lemma 3.3, we know that MΔ�

Y,ΦΛ is a right
C-qrpp semigroup. Now, to prove Theorem 2.1, we only need to prove that
an arbitrary right C-qrpp semigroup is isomorphic to some right Δ-product
MΔ�

Y,ΦΛ, where M is a C-wrpp semigroup and Λ is a right regular band.

In the remainder of this section, we assume that T is a right C-qrpp
semigroup. Then, by Lemma 3.3, there exist a semilattice Z of semigroups
Tα = Nα × Iα, where each Nα is a left R-cancellative monoid and Iα is a right
zero band. We form the set union N = ∪α∈ZNα and I = ∪α∈ZIα. By Lemma
3.2, it is easy to check that E(T ) = {(1α, iα) | iα ∈ Iα, α ∈ Z}, where 1α is the
identity element of Nα.

We now define a multiplication ∗ on I as follows: for any iα ∈ Iα, jβ ∈ Iβ,

iα ∗ jβ = kαβ if and only if (1α, iα)(1β, jβ) = (1αβ, kαβ).

Obviously, ∗ is well defined. Moreover, we have
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Lemma 3.8 (I, ∗) is a right regular band which is the semilattice Z of right
zero bands Iα for α ∈ Z.

Proof. It is easy to see that the mapping

φ : E(T ) → I; φ(1α, iα) = iα

is isomorphic. Since E(T ) is a right regular band, we have shown that I is
a right regular band. Notice that (1α, iα)(1α, jα) = (1α, jα), we obtain that
iα ∗ jα = iαjα = jα. Consequently, the right zero band Iα is a subband of I.
Obviously, Iα ∗ Iβ ⊆ Iαβ. Hence, (I, ∗) is the semilattice Z of right zero bands
Iα for α ∈ Z. �

Define a multiplication ⊗ on N as follows: for any u ∈ Nα, v ∈ Nβ,

u ⊗ v = w if and only if there exist i ∈ Iα, j ∈ Iβ such that
(u, i)(v, j) = (w, k), where (w, k) ∈ Tαβ.

It is easy to see that u ⊗ v = uv for all u, v ∈ Nα with α ∈ Z, where uv is the
product of u and v in Nα.

Lemma 3.9 (N,⊗) is a semigroup.

Proof. Let u ∈ Nα and v ∈ Nβ. Let i1, i2 ∈ Iα and j1, j2 ∈ Iβ. Denote
(u, i1)(v, j1) = (y, k) and (u, i2)(v, j2) = (z, l). Obviously, (y, k), (z, l) ∈ Tαβ.
Since E(T ) is a band, (1α, i1)(1αβ, l) ∈ E(Tαβ). Note that E(Tαβ) is a right
zero band. Thus (1α, i1)(1αβ, l) = (1α, i1)(1αβ, l)(1αβ, l) = (1αβ, l). Similarly,
(1β, j1)(1αβ, l) = (1αβ, l). On the other hand, since T is a right C-qrpp semi-
group, by the definition of right C-qrpp semigroups, we have Te ⊆ eT for all
e ∈ E(T ). This shows that ae = eae for all a ∈ T and e ∈ E(T ). Compute

(z, l) = (z, l)(1αβ, l) = (u, i2)(v, j2)(1αβ, l) = (u, i2)(1αβ, l)(v, j2)(1αβ, l)
= (u, i2)(1α, i1)(1αβ, l)(v, j2)(1αβ, l) = (u, i2)(1α, i1)(v, j2)(1αβ, l)
= (u, i1)(v, j2)(1αβ, l) = (u, i1)(v, j2)(1β, j1)(1αβ, l)
= (u, i1)(v, j1)(1αβ, l) = (y, k)(1αβ, l) = (y, l).

Hence y = z. This shows that y is independent to the choice of the second
components of (u, i) and (v, j). Thus ⊗ is well defined. The associative law of
⊗ follows from that of the multiplication of T . This completes the proof. �

Corollary 3.10 On the semigroup (N,⊗), if u ∈ Nα and α ≥ β, then 1β⊗u =
u ⊗ 1β.

Proof. The proof follows from the following computation:

1β ⊗ u = 1β ⊗ u ⊗ 1β = u ⊗ 1β.

�
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Lemma 3.11 (N,⊗) is a strong semilattice Z of left R-cancellative monoids
Nα for α ∈ Z. In other words, (N,⊗) is a C-wrpp semigroup.

Proof. Let α, β ∈ Z with α ≥ β. Define a mapping

θα,β : Nα → Nβ; uθα,β = v,

where v is the first component of (u, i)(1β, j). Obviously, θα,β is well defined.
Also, it is easy to see that uθα,β = u ⊗ 1β and

(∗ ∗ ∗) (u, i)(1β, j) = (u, i)(1β, j)(1β, j) = (uθα,β, j).

Now let (u, i), (v, i) ∈ Tα. By equality (∗ ∗ ∗), we compute

((uθα,β)(vθα,β), j) = (uθα,β, j)(vθα,β, j)
= (u, i)(1β, j)(vθα,β, j) = (u, i)(vθα,β, j)
= (u, i)(v, i)(1β, j) = (uv, i)(1β, j) = ((uv)θα,β, j).

It follows that (uθα,β)⊗(vθα,β) = (u⊗v)θα,β. Also, by the definition of θα,β , we
can obtain that 1αθα,β = 1β. This means that θα,β is a monoid homomorphism
from Nα into Nβ. On the other hand, it is easy to see that θα,α = idNα (where
idNα is the identity mapping on Nα) for all α ∈ Z.

Let γ ∈ Z and α ≥ β ≥ γ. For u ∈ Nα, i ∈ Iα, j ∈ Iβ and k ∈ Iγ , we have

(uθα,γ, k) = (u, i)(1γ, k) = (u, i)(1β, j)(1γ, k)
= (uθα,β, j)(1γ, k) = ((uθα,β)θβ,γ , k)

and θα,βθβ,γ = θα,γ .
Finally, let u ∈ Nα and v ∈ Nβ. By the definition of ⊗,

u ⊗ v = (u ⊗ 1α) ⊗ (1β ⊗ v) = u ⊗ (1α ⊗ 1β) ⊗ v
= u ⊗ 1αβ ⊗ v = (u ⊗ 1αβ) ⊗ (1αβ ⊗ v)
= (u ⊗ 1αβ) ⊗ (v ⊗ 1αβ) = (uθα,αβ) ⊗ (vθβ,αβ).

Thus N is a strong semilattice Z of Nα for α ∈ Z. As pointed out before
Lemma 3.9, u ⊗ v = uv for all u, v ∈ Nα. This shows that the identity
mapping on Nα is an isomorphism of (Nα,⊗) onto Nα. Hence (Nα,⊗) is a
left R-cancellative monoid. Thus (N,⊗) is a strong semilattice Z of left R-
cancellative monoids Nα for α ∈ Z. �

Let α, β ∈ Z with α ≥ β. For (u, i) ∈ Nα×Iα and j ∈ Iβ, define a mapping
as follows:

Φα,β : Nα × Iα → J �(Iβ); Φα,β((u, i)) = ϕ
(u,i)
α,β ,

where ϕ
(u,i)
α,β : I → I; j �→ jϕ

(u,i)
α,β = k (k is the second component of

(1β, j)(u, i)).
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Lemma 3.12 The map family {Φα,β | α ≥ β} satisfies Condition (P1) and
Condition (P2).

Proof. Let (u, i) ∈ Nα × Iα and j ∈ Iα. Note that (1α, j)(u, i) = (u, i). Thus
uθα,α = u and jϕ(u,i)

α,α = i. Thus Condition (P1) holds.
Now let (u, i) ∈ Nα × Iα and (v, j) ∈ Nβ × Iβ . Then, for any k ∈ Iαβ, we

have

[(1αβ, k)(u, i)](v, j) = (uθα,αβ, kϕ
(u,i)
α,αβ)(v, j)

= (uθα,αβ, kϕ
(u,i)
α,αβ)(1αβ, kϕ

(u,i)
α,αβ)(v, j)

= (uθα,αβ, kϕ
(u,i)
α,αβ)(vθβ,αβ, kϕ

(u,i)
α,αβϕ

(v,j)
β,αβ)

= (uθα,αβvθβ,αβ, kϕ
(u,i)
α,αβϕ

(v,j)
β,αβ).

On the other hand, since (1αβ, k)[(u, i)(v, j)] = (u, i)(v, j) =: (ū, k̄), we have

kϕ
(u,i)
α,αβϕ

(v,j)
β,αβ = k̄ and ϕ

(u,i)
α,αβϕ

(v,j)
β,αβ is a constant value mapping. Hence the con-

dition (P2)(a) is satisfied. Also, we observe that

(∗ ∗ ∗∗) (u, i)(v, j) = (uθα,αβvθβ,αβ , < ϕ
(u,i)
α,αβϕ

(v,j)
β,αβ >).

Finally, let α, β, δ ∈ Z, l ∈ Iδ and αβ ≥ δ. Let < ϕ
(u,i)
α,αβϕ

(v,j)
β,αβ >= k.

Compute

[(1δ, l)(u, i)](v, j) = (uθα,δ, lϕ
(u,i)
α,δ )(v, j)

= (uθα,δ, lϕ
(u,i)
α,δ )(1δ, lϕ

(u,i)
α,δ )(v, j)

= (uθα,δ, lϕ
(u,i)
α,δ )(vθβ,δ, lϕ

(u,i)
α,δ ϕ

(v,j)
β,δ )

= (uθα,δvθβ,δ, lϕ
(u,i)
α,δ ϕ

(v,j)
β,δ )

and
(1δ, l)[(u, i)(v, j)] = (1δ, l)(uθα,αβvθβ,αβ, < ϕ

(u,i)
α,αβϕ

(v,j)
β,αβ >)

= ((uθα,αβvθβ,αβ)θαβ,δ, lϕ
(uv,k)
αβ,δ )

= (uθα,δvθβ,δ, lϕ
(uv,k)
αβ,δ ).

Thus ϕ
(u,i)
α,δ ϕ

(v,j)
β,δ = ϕ

(uv,k)
αβ,δ . This shows that the condition (P2)(b) holds. We

complete the proof. �

Consider NΔ�
Z,ΦI. By Equ. (∗ ∗ ∗∗), we easily find that the multiplication

on T coincides with the multiplication on NΔ�
Z,ΦI. It is easy to see that the

identity mapping is an isomorphism of T onto NΔ�
Z,ΦI. We complete the proof

of Theorem 2.1.
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