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Abstract

The concepts of I-limit points and I-cluster points are natural gener-
alization of the concepts of statistical limit points and statistical cluster
points, respectively, for real sequences. In the present paper we intro-
duce the notions of I-limit points and I-cluster points for sequences of
fuzzy numbers and continue with this study.
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1 Introduction

The concepts of statistical limit point and statistical cluster point of sequences
of real numbers were firstly introduced by Fridy [4] where he obtained statisti-
cal analogous of limit point results. The ideas are also discussed by Mamedov,
Pehlivan [9] and Pehlivan, Mamedov [13]. Kostyrko, Salat and Wilczynski [5]
presented a natural generalization of the concepts of statistical limit point and
statistical cluster point for real sequences by using the notion of an ideal I
of sub sets of N, the set of positive integers and called it I-limit points and
I-cluster points. The theory of I-convergence for real sequences is developed
and studied by many authors see [5], [6] etc.

We also recall that the idea of ordinary convergence of sequences of fuzzy
numbers was introduced by Matloka [8] where, he proved some basic proper-
ties for sequences of fuzzy numbers. Nanda [10] studied the sequences of fuzzy
numbers and showed that the set of all convergent sequences of fuzzy numbers
form a complete metric space. Recently Nuray and Savas [11] generalize the
concept of ordinary convergence and introduced the notions statistical conver-
gence and statistically Cauchy sequence for sequences of fuzzy numbers. The
theory of statistical convergence of sequences of fuzzy numbers is studied and
developed by many authors. For the study of statistical convergence of fuzzy
number sequences we reffer [7], [11], [12] and [16].

In 2004, Aytar [1] extended the concepts of statistical limit point and clus-
ter point from real sequences to fuzzy number sequences and discussed the
relations among sets of ordinary limit points, statistical limit points and sta-
tistical cluster points of sequences of fuzzy numbers. In the present paper
we shall introduced the concepts of I-limit points and I-cluster points for se-
quences of fuzzy numbers and analogously proved the relations between the
concern sets.

2 Preliminaries

Given any interval A, we denote its end points by A, A and by D the set of all
closed bounded intervals on real line R i.e., D = {A ⊂ R : A = [A, A]}. For
A, B∈ D we define A ≤ B if and only if A ≤ B and A ≤ B and

d(A, B) = max{|A − B|, |A − B|}.



I-limit points and I-cluster points 2817

It is easy to see that d defines a Housdorff metric on D and (D, d) is a complete
metric space. Also ≤ is a partial order on D.
Afuzzy number is a function X from R to [0, 1], which satisfying the following
conditions;
(i) X is normal, i.e., there exists an X0 ∈ R such that X (X0) = 1;
(ii) X is fuzzy convex, i.e., for any x, y ∈ R and λ ∈[0, 1], X( λ x +(1- λ) y)
≥ min {X(x), X(y)};
(iii) X is upper semi-continuous;
(iv) The closure of the set {x ∈ R : X(x) > 0}, denoted by X0 is compact.
These properties imply that for each α ∈(0, 1], the α-level set Xα = {x ∈ R :
X(x) ≥ α} = [Xα, Xα] is a non empty compact convex subset of R. Let L(R)
denotes the set of all fuzzy numbers. Define a map d: L(R) × L(R) −→ R by

d(X, Y ) = supα∈[0,1]d(Xα, Y α).

Puri and Ralescu [14] proved that (L(R),d ) is a complete metric space. For X,
Y ∈ L(R), define X ≤ Y if and only if Xα ≤ Y α and X

α ≤ Y
α

for each α ∈ [0,
1]. For any X, Y, Z ∈L(R), the linear structure of L(R) induces addition X+Y
and scalar multiplication λ X, λ ∈ R, in terms of α-level sets, by [X + Y ]α =
[X]α+ [Y ]α and [λX]α = λ[X]α for each α ∈ [0, 1].

Definition 2.1 [8] A sequence X = (Xn) of fuzzy numbers is said to be con-
vergent to a fuzzy number X0 if for each ε > 0 there exist a positive integer m
such that d(Xn, X0) < ε for every n ≥ m. The fuzzy number X0 is called the
ordinary limit of the sequence (Xn) and we write limn→∞Xn=X0.

Definition 2.2 Let X = (Xn) be a sequence of fuzzy numbers. A fuzzy num-
ber U is called a limit point of the sequence (Xn) provided that there is a sub
sequence of X that converges to U. Let LX denotes the set of all limit points
of the sequence X = (Xn).
The notion of the statistical convergence for real number sequences was first in-
troduced by Fast [2] and Schoenberg [17] independently. Later on it was further
investigated from sequence space point of view and linked with summability
theory by Fridy [3], Salat [15], and many others. The idea is based on the no-
tion of natural density of subsets of positive integers which is defined as follow:
The natural density of a subset A of N, the set of positive integers is denoted
by δ(A) and is defined by δ(A) = limn→∞ 1

n
|{k < n : k ∈ A}| where the vartical

bar denotes the cardinality of the respective set. Nuray and Savas [11] defined
the statistical convergence of a sequence of fuzzy numbers as follow;

Definition 2.4 [11] A sequence X = (Xn) of fuzzy numbers is said to be
statistical convergent to a fuzzy number X0 if for each ε > 0 the set A(ε) = {n ∈



2818 V. Kumar et al

N : d(Xn, X0) ≥ ε} has natural density zero. The fuzzy number X0 is called
the statistical limit of the sequence (Xn) and we write st − limn→∞Xn=X0.

In [5] and [6] authers present a new generalization of statistical convergence
and called it I-convergence. They use the notion of an ideal I of subsets of the
set N of positive integers to define such a concept. We also recall the following
definitions of [5] and [6].

Definition 2.6 [5] If X is a non-empty set. A family of sets I ⊂ P (X) is called
an ideal in X if and only if (i) ∅ ∈ I; (ii) For each A, B ∈ I we have A∪B ∈ I
; (iii) For each A ∈ I and B ⊂ A we have B ∈ I.

Definition 2.7 [5] Let X is a non-empty set. A non empty family of sets
F ⊂ P (X) is called a filter on X if and only if (i) ∅ /∈ F (I); (ii) For each A, B
∈ F we have A ∩ B ∈ F ; (iii) For each A ∈ F and B ⊃ A we have B ∈F.

An ideal I is called non-trivial if I�= ∅ and X /∈ I. It immediately follows
thatI ⊂ P (X) is a non-trivial ideal if and only if the class F = F (I) =
{X − A : A ∈ I} is a filter on X. The filter F = F (I) is called the filter associ-
ated with the ideal I. A non-trivial ideal I ⊂ P (X) is called an admissible ideal
in X if and only if it contains all singletons i.e., if it contains {{ x} : x ∈ X}.

3 I-limit points and I-cluster points

For further study we shall take X = N and I will denote the ideal of subsets of
N. We define the concepts of I-limit point and I-cluster point in the following
way.

Definition 3.1 Let I ⊂ P (N) be a non-trivial ideal in N. A sequence X =
(Xn) of fuzzy numbers is said to be I-convergent to a number X0 if for each
ε > 0 the set A(ε) = {n ∈ N : d(Xn, X0) ≥ ε} belongs to I. The fuzzy number
X0 is called the I-limit of the sequence (Xn) and we write I − limn→∞ Xn

=X0. Let I1 denotes the set of all sequences of fuzzy numbers which are I
convergent.

Example 3.1 (i). If we take I = If = {A ⊂ N: A is a finite subset}. Then
If is a non trival admissible ideal and the corresponding convergence coincide
with usual convergence with respect to the metric d in L(R).

Example 3.2 (ii) If we take I = Iδ = {A ⊂ N: δ(A) = 0} where δ(A) denotes
the asymptotic density of the set A. Then Iδ is a non trival admissible ideal
and the corresponding convergence coincide with statistical convergence.

Example 3.3 (iii) If we take I = Iδ1 = {A ⊂ N: δ1(A) = 0} where δ1(A)
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denotes the logarithmic density of the set A and is defined by δ1(A) =

limn→∞ 1
sn

∑n
k=1

χA(k)
k

where sn =
∑n

k=1
1
k
. Then Iδ1 is a non trival admissible

ideal and the corresponding convergence coincide with logarithmic statistical
convergence.

Definition 3.2 Let X = (Xn) is a sequences of fuzzy numbers. The fuzzy
number V is called the I-limit point of the sequence (Xn) provided that there
is a subset K = {k1 < k2 < k3...} of N such that K /∈ I and limn→∞ Xkn = V.
Let (ΛX) denotes the set of all I-limit points of the sequence X = (Xn).

Definition 3.3 Let X = (Xn) is a sequences of fuzzy numbers. The fuzzy
number U is called the I-cluster point of the sequence (Xn) provided that for
each ε > 0 the set {n ∈ N : d(Xn, U) < ε} /∈ I. Let I (ΓX) denotes the set of
all I-cluster points of the fuzzy number sequence X = (Xn).

Theorem 3.1 If X = (Xn) and Y = (Yn) are two sequences of fuzzy numbers
such that {n ∈ N : Xn �= Yn} ∈ I, then I(ΛX) = I(ΛY ) and I(ΓX) = I(ΓX).
Proof Let V ∈ I(ΛX) i.e., V ia a I-limit of the sequence (Xn). By definition
there exists a set K = {k1 < k2 < k3...} of N such that K /∈ I and limn→∞ Xkn

= V. Since we have {n ∈ K : Xn �= Yn} ⊂ {n ∈ N : Xn �= Yn} and the later
set belongs to I, therefore we have by definition of an ideal {n ∈ K : Xn �= Yn}
∈ I. This implies that the set K1 = {n ∈ K : Xn = Yn} /∈ I. Since limn→∞ Xkn

= V, and K1 ⊂ K is an infinite set, therefore we have limn∈K1 , n → ∞Yk =
V. This shows that V is an I-limit point of the sequence (Yn) and therefore
we have I(ΛX) ⊂ I(ΛY ). By symmetry we see that I(ΛY ) ⊂ I(ΛX). Hence,
I(ΛX) = I(ΛY ).
Let U ∈ I(ΓX) i.e., U is an I-cluster point of the sequence (Xn). By definition
for each ε > 0 the set A = {n ∈ N : d(Xn, U) < ε} /∈ I. Let B = {n ∈ N :
d(Yn, U) < ε}. We prove that B/∈ I. Suppose that B ∈ I, then its complement
BC = {n ∈ N : d(Yn, U) ≥ ε} ∈ F(I). By hypothesis, the set C = {n ∈ N :
Xn �= Yn} also belongs to I so its complement set CC {n ∈ N : Xn = Yn} ∈
F(I). As F(I) is a filter on N, so BC ∩ CC ∈ F(I). Also it is clear that BC

∩ CC ⊂ AC . By definition of a filter, AC ∈ F(I) and therefore A ∈ I. This
contradiction shows that B /∈ I and the result is proved.

Theorem 3.2 For any sequence X = (Xn) of fuzzy numbers, I(ΛX) ⊂ I(ΓX).
Proof suppose that V ∈ (ΛX), then there exists a set K = {k1 < k2 < k3...}
of N such that K /∈ I and

lim
n→∞ Xkn = V. (1)

Let ε > 0 be given. Now according to (1) there exist a positive integer m
such that d(Xkn, V ) < ε for n > m. Let A = {n ∈ N : d(Xn, V ) < ε}. Also
it is obvious that A ⊃ K - {k1 < k2 < ...km}. Since I is an admissible ideal
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therefore the set on the right side belongs to F(I). This implies that A /∈ I and
so by definition of I-cluster point, V ∈ (ΓX). Hence the result is proved.

Theorem 3.3 For any sequence X = (Xn) of fuzzy numbers, I(ΓX) ⊂ (�LX).
Proof Let U ∈ I(ΓX), then for each ε > 0 the set K = {n ∈ N : d(Xn, U) < ε}
/∈ I. Since I is an admissible ideal so we may assume that K is an infinite set.
Let K = {k1 < k2 < ...}. Thus we have a sequence Xkn of Xn such that
limn→∞ Xkn = U . This shows that U is an ordinary limit point of the sequence
(Xn).

Theorem 3.4 For any sequence X = (Xn) of fuzzy numbers, I(ΓX) is a closed
set.
Proof Let the fuzzy number U be an limit point of the set I(ΓX). Take ε > 0,
then I(ΓX) ∩ B(U, ε) �= Φ, where B(U, ε) = {Z ∈ L(R) : d(Z, U) < ε} denotes
the open ball of radius ε centered at U. Let V ∈ I(ΓX) ∩ B(U, ε). Choose δ > 0
such that B(V, δ) ⊂ B(U, ε). Also it is clear that {n ∈ N : d(Xn, V ) < δ} ⊂
{n ∈ N : d(Xn, U) < ε}. Since V ∈ I(ΓX) therefore the set on the right side
does not belongs to I. This implies that the set {n ∈ N : d(Xn, U) < ε} /∈ I.
Hence U ∈ I(ΓX) and the result is proved.

Theorem 3.5 If X = (Xn) is a sequence of fuzzy numbers such that I −
limn→∞ Xn = X0, then I(ΛX) = I(ΓX) = {X0}.
Proof Since X = (Xn) is I-convergent to X0 so for each ε > 0 the set A(ε) =
{n ∈ N : d(Xn, X0) ≥ ε} belongs to I. This implies that the set

AC(ε) = {n ∈ N : d(Xn, X0) < ε} belongs to F (I). (2)

We prove the result in two parts. In first we shall prove that I(ΛX) = {X0}
where as in second part we prove I(ΓX) = {X0}.
(i) Suppose that I(ΛX) contains Y0 different from X0 i.e., I(ΛX) = {X0, Y0}.
since Y0 is different from X0 so we may assume that d(X0, Y0) > 2ε for every ε >
0. Since both Y0 and X0 are I-limit points of the sequence (Xn) so there exist
two subsets M ={m1 < m2 < ...} and K = {k1 < k2 < ...} of N respectively
such that M /∈ I, K /∈ I and

lim
n→∞ Xmn = Y0. (3)

lim
n→∞Xkn = X0 (4)

By virtue of (3), for each ε > 0 the set B = {mn ∈ N : d(Xmn , Y0) ≥ ε} is an
finite set and therefore belongs to I as I is admissible ideal. This implies that
the set BC = {mn ∈ N : d(Xmn , X0) < ε} ∈ F(I) i.e.,

BC = {mn ∈ N : d(Xmn , X0) < ε} /∈ I. (5)
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For every 0 < 2ε < d(X0, Y0), we have the sets AC ∩BC = Φ. This implies that
BC ⊂ A. Since A ∈ I, therefore BC ∈ I and therefore we obtain a contradiction
to (5). Hence, I(ΛX) ={X0}.
(ii) Next we assume that I(ΓX) contains an I-cluster point Z0 different from
X0 i.e., I(ΓX)= {X0, Z0}. As Z0 is an I-cluster point of the sequence X so fore
each ε > 0 the set

{n ∈ N : d(Xn, Z0) < ε} /∈ I. (6)

Choose ε > 0 such that 0 < 2ε < d(X0, Y0).
Let A = {n ∈ N : d(Xn, X0) < ε} and B = {n ∈ N : d(Xn, Z0) < ε}.
By the choice of ε we have A ∩ B = Φ. This implies that B ⊂ AC . Since
I − limn→∞ Xn = X0, so AC ∈ I. This implies that B ∈ I and therefore we
obtain a contradiction to (6). Hence, we have I(ΓX) = {X0}.
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