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Abstract

By applying Ruscheweyh derivative on the class ASy (A, a, k,7) of
harmonic univalent functions in the unit disk ¢/, we obtain several inter-
esting properties such as sharp coefficient relations, distortion bounds,
extreme points, Hadamard product, and other results.
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1. Introduction

Let H be a class of all harmonic functions f = h+ g that are univalent and
sense preserving in the open disk & = {z : |z] < 1} where

h(z) =z+ Zanz” and ¢g(z) = anz”; |by| <1 (1)
n=2 n=1

normalized by f(0) = f,(0) — 1 = 0 with f,(0) denotes partial derivative of
f(z) at z = 0 and we call h and ¢ analytic part and co-analytic part of f
respectively.
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Now, we introduce a new class ASy (A, a, k, ) of functions f € H satisfying

2(DMh(z))" + ADh(=)) + 2{Dg()" + A D)) 1} -
(D h(z)) — z(D*g(2)) -

Re {(1 + ke™)

(2)
where z = re? v, a, and 6 are real such that 0 <y < 1,0 < a < 1,
0<k<1,0<r<1and D*f(2) is the Ruscheweyh derivative of f and is

given by D f(2) = >° B,(N)e,2™, A > —1,

A+ DA+2) (A tn—1)

Ba(A) = (n—1)! ’

also
D*f(z) = D*h(z) + D*g(z)  [4] (3)

Further, let H be the subfamily of H consisting of harmonic functions f = h+g
where

z):z—Zanz” and g¢(z Zb 2", a, >0, b, >0. (4)
n=2

Let ASy (), o, k,7) be the subclass of functions f € H and (2) holds true.
Special cases were studied by Kanas and Wisniowska [4], and Kanas and
Srivastava [3].

2. Main Results

We need the following theorem due to J. M. Jahangiri [2].
Theorem 1 : Let, f = h + g where

z):z—ianz” and ¢g(z Zb 2",
n=2

Furthermore let; Z (" "9 g, | + "(”+°‘ |by, \) <2wherea; =1land 0 < a <

1. Then fis harmomc univalent in U and f € ASy(a). ASy(«) is the subclass
of ASy(«) consisting of harmonic convex functions of order a.
Theorem 2 : Let f = h+ g € H with

; ( n(l+k)+(1—a)) 0] + n(n(l+k) — (]1 —a)) ’bn’) B,(\) <2 (5)

2—a+k 2—a+
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where a1 = 1,0 < a <1,A > —1,0 < k < 1. Then f is harmonic univalent in

U and f e ASy(\ a,k,7).

Proof : By Theorem 1, we obtain f is harmonic, since

n(n — a) = n(n+a)
AN E AN ZATA
o |an| + o |0n|

WE

— 1- s 1-
< > (n(n(l ;r_/f)(;;(ll€ — a)) lan| + n(n(1 ;r_/f)o;r(llf —a)) \bn\) B.().

where 0 < a<1,0<k<1,A> —1.

According to the fact that,

Re w>as|lw+l—ao>1+a—-w|, (weC,ac R),

for proving f € ASy(A, a, k), it suffices to show that (2) holds. If

AN 2) = (L+ke™)[2*(Dh(2))"+2(Dh(2)) +22 (D g(2))"+2(D*g(2))'] (6)

+H(D*h(2))" = 2(D*g(2))]

and

B(A, z) = 2(D*h(z)) — z(D*g())" (7)

We want to show that

AN, 2) + (1 — @) B\, 2)| — AN, 2) — (1 +a)B(), )| > 0. (8)
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Substituting (6) and (7) in (8) we get,

[A(X, 2) + (1 — a)B(A, 2)| — |A(N, 2) — (1 + ) B(A, 2)|
= (14 ke™)[22(D(2))" + 2(D*h(2)) + 22(Dg(2))" + 2(D*g(2))']
) [2(D*h(2)) = 2(D*g(2))'|
)
[

+[z(D*h(z )'—Z(DA ()+ (1 -a)
—|(1+ke”)[ 2(D*h(2))" + 2(D h(2)) + 22(DAg(2))" + 2(DAg(2))]
+[=(D*h(2)) —Z(DA (2))] = (1 + a)[=(D*(h ( )" = 2(D*g(2))']]

1—|—I<:eW Z (n —1)a,Bn( )z”—i—z—i—Znaan()\)

+ Z n(n — 1)b, B, (\)Z" + Z nbn, Bn(AN)Z"] + [z + i nap By (N)z" — Z nb,(\)Z"]
n=1 n=2

n=1
+(1-a)z+ Z Nnap By (N)z" — Z nb, B, (\)Z"]|
n=2 n=1

—|(1+keM)[D n(n—1)anBp(N)z" + 2+ Y na,Bn())2"
+) nn— Db Ba(NZ" + Y nbpBa(NZ" + [+ Y nanBn(\)2" — Y nb,Bn(N)Z"]

—(1+ Oé)[Z + Z naan(/\)Z" - Z nann()‘)zn]l
n=2

=|(1+ ke +2—a)z+ Z n(n +nke” +2 — a)a, B,(\)z"
n=2

+ Z n(n + nke” — 2 4 a)b, B, (\)Z"|
n=1

o0

—[(2ke" +1 — )z + Z n(n + nke? + ke’ + 2 — a)an, Bn(A)2"

+ Z n(n + nke” — 2+ a)b, B, (\)z"|
n=1

oo

>B4+k—a)z| - Zn(n—i—nk‘ + 2 — a)|an|Bn(N)|2z|"
n=2
Z (n+nk — 24 )by |Bn(A )|z|”—Zn(n+nk—a)\an|Bn(/\)|z|"
n=1 n=2

(o]
= " n(n+nk+a)|ba|Ba(N)|2]" > 2(2 — a + k)|2] x

n=1

1+k +(1-«a) 1 = n(l+k)—(1-a) o
< =2 — ot |l Ba I = Y nm e b Ba (V) 1)

n=1
>0 (by (5

Mg

Thus f(z) € ASg(\, a, k, 7).
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For sharpness consider the harmonic functions of the form

2—a+k 2—a+k —
= T Sn_n
”Z Akt 1)+ (1—a) *Z Akt —(—a) ™

(9)
WhereZ]T\jLZ\S]—l

Theorem 3: Let f h + g defined by (4), then the necessary and sufficient
condition for the function f to be in the class ASy (A, a, k,y) is that

Z (n(n(k +1)+ (1 —a)) an] + n(n(l+ k) — (11€ —a)) ’bn’> B,(\) <2

2—a+k 2—a+

n=1
(10

where a; = 1,0 < aa < 1,0 < k < 1,A > —1,0 < v < 1 and B,(}\)
O+ (A+2)--(Atn—1)
(n—1)! :

Proof : Since ASy(\, a,k,v) C ASy(\ a,k,v), then the “necessary” part
follows from Theorem 2. For the “sufficient” part, we show that (10) does not
hold good implies that f & ASy(\, a, k, 7).

Now, a function f € ASy(\, a, k,v) if and only if

Re{l + (1 +ke”)w} > a.

~—

(D f(2))
Therefore,
Re{[2— a+k)|z] = Y n(n(l+k) + (1 - a))|a| B.(N)]z]"
- Zn (1+ k) + (1= a))|bal Ba(M 2"/ [z = > nlan| Ba(N)|2]"

+Zn|b |B,(N)[z]"]} > 0.

The last inequality must hold for all z, |z| =r < 1.
Choosing the values of z on the positive real axis where 0 < |z| =7 < 1 we
must have,

[(2—a+k) in (14+ &)+ (1 —a))|an| B,(\)r™! (11)

o0 oo

—Zn (1+ k) = (1= @) ba| Ba(A\)r" /11 =Y nfan|Bu(A)r"™

n=2
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+> nfba| B, (A" =0
n=1

We note that if the condition (10) does not hold then the numerator in (11)
when r goes to 1 is negative. This contradiction for f(z) € ASy(\ o, k,7)
and the proof is complete.

3. Extreme Point and Distortion Bounds

Definition 3.1 [1] Let X be a topological vector space over the field of complex
numbers, and let £ be a subset of X, then the closed convex hull of F denoted
by clco(E) is the smallest convex set containing FE.

Theorem 4 : f € clco ASy(\, a, k,v) if and only if,

f(z) = Z(Tnhn(z) + Sngn(2)) (12)
where, hy(2) = z,
24+ k-« . B
(z) = 2 AT s anBy A
24k —«

92 = AT =GBy T bR

Z( Sn,)=1,T, >0and S, > 0.
T In particular the extreme points of ASy(\, a, k,v) are {h,} and {g,}.
Proof : Let f be written as (12), then we have

o0 (e 9]

24+ k—a n
f2) = ) (Tu+50)z- ; W@+ k) + - a) By

n=1

o0

24k — e N Ny
_;n (1+Fk)— (1—04))Bn()\)snz - ;anz ;bnz.

Therefore,

Zn(n(l—i—k) (1-— ) \Gn‘ +Z n(l+k)— (1 oz))Bn()\)‘bn‘

o 2+ k— 24+ k—

= ﬁ;iijh +’§§3‘gn =1 _’7% f;l,
n=2 n=1

and so f € clco ASy(\, o, k,7).
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Conversely, assume that f € clco ASy (A, a, k,7). Putting

n(n(l+k) — (1 —a))Ba(\)

T, =
2+ k-«

la,|, n=2,3,---

and

n(n(k+1) — (1 —a))B,(N)
24+ k-«

Sp = |bn], mn=1,2,---

where, >~ T, + S, = 1, then we obtain by simple calculations

n=1

(e 9]

f(z) = Z(Tnhn(z) + Sngn(2))

n=1

and the proof is complete.
Theorem 5 : Let f € ASy(\, «, k,7), then

1 24+ k-« k+a
< (1+1b — by|| 2 = 1
OIS Al g | it - B o] el = <
and
1 24+ k-« k+a
> (1=|ba|)r— — bil| 7?, 2] =7 < 1.
TG = 0=bDr=g5 5 l(s—amk) (3—a+2/@)‘1@“‘2’ T

Proof : We have

@] < @ [bal)r+ ) (an] + [bal)r”

n=2

< (L bal)r+ ) (lan] + [bal)r?

n=2
[e%S)

24+ k-« 2(3 — a+ 2k)

2(3 — a+2k)By()) Z[ 24+ k-«

2(1 4+ o+ 2k)
24+ k—«

2 _
< (14 |bo])r + thoa (1 k—i_i&wl‘) r

= (1+|b))r+

|an‘

|anBn()‘)TQ

22— a+3k)B.(\) ' 1+2k—a

~ (1t b+ 1 24k —«a B k+a by) 2
B ! Bs(A\) \23—a+2k) 2B—a+2k) ") "

The next inequality can be proved by using similar arguments.
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4. Hadamard Product and Other Properties

Definition 4.1 : Let

f(z)=2z— Z lan|2" + Z |b,|Z" and g¢(z) =z — Z len|2"™ + Z |d,|Z".
n=2 n=1 n=2 n=1

We define the convolution of f(z) and g(z) as
(f*9)(2) = f(2) *g(z) = 2 — Z |an||en]2™ + Z |0 |d 2"
n=2 n=1
Theorem 6 : Let f(z) € ASy(\, a, k,v) and g(z) € ASy(\, 5, k,7), then for
0<pB<a<]1, wehave

(f*9)(z) € ASu(X\, a,k, ) C ASu(\, B, k, 7).

Proof : Since f(z) € ASy(\, o, k,v) and g(z) € ASu(X, B, k,7), then both of
them satisfy (10) and since (|¢,| < 1,|d,| < 1), we can write

5 (n(n(l th+(-a) o 0el+k) - (; —)) |bndn\) B,(\)

a 2—a+k 2-a+
< Z ( n(1+ k& +(k a))!an! N n(n(lg_k)o;r(li —a)) ]bn!) B,(\).

The right hand side of the last inequality is bounded above by 1, then
f *xg € ASH()‘7047I€77) - ASH()‘aﬂa k?V)

The proof of this theorem is complete.
Theorem 7 : The class ASg (A, a, k, ) is closed under convex combinations.
Proof : Suppose f; € ASy(\ a,k,v)(i=1,2,---) are defined by

[o¢] [o¢]
2)=2=> lain?" =) |binlZ"
n=2 n=1

From (10), we have

Z ( ntk)+ (A=) nel+k) - (;_&))\bml) B.(\) < 2.

2—a+k 2—a+

(o]
For >°5;=1,0 < S; <1, we may write the convex combination of f; as
i=1

=1 n=2 \i=1 n=1 =1
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Thus
o | (L4 k) + (1 - a)) (<5 a1+ k) - (1—a) (&
nz=:1 [ 2—a+k <; Sl|ai’n|> * 2—a+k <;Sl|bl n|> Bn()\)
-y Ok -0) |
;{ 2 Sy— |@in o il Bn()\)}Sl

then i Sifi(z) € ASg(\, a, k).
=1
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