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Edificio Matemáticas y Sistemas (MYS)

Apartado Postal: 89000, Caracas 1080 A

Universidad Simón Boĺıvar, Venezuela
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1. Introduction.

The concept of semi open set in topological spaces was introduced in 1963 by

N. Levine [15], after this work a great quantity of mathematicians has centered

their attention in the generalization of topological concepts, considering semi

open sets instead of the usual open sets. For example, in 1965 O. Nj̊astad [19]

showed that the class of semi-open sets form a topology, if and only if, the

original topology associated to space is extremally disconnected. Ten years

later, S. N. Maheshwari and R. Prasad [17], used semi-open sets to define

and investigate three new separation axioms called semi-Ti, for i = 0, 1, 2.
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Furthermore, they showed that the following implications hold.

T2 =⇒ semi − T2��� ���
T1 =⇒ semi − T1��� ���
T0 =⇒ semi − T0

Later, in 1979, S. Kasahara [14] introduced the notion of operation α on a

topological space (X,Ω); following the Kasahara’s ideas, H. Ogata [20] intro-

duces the concept of λ-open sets, and investigates the topological properties

of the associated topology Ωλ with respect to the properties of Ω. Also H.

Ogata introduces the notion of λ− Ti spaces which generalize to Ti spaces for

i = 0, 1
2
, 1, 2 and studies some topological properties of such spaces.

We may add that another of the most significant concepts in the legacy

of N. Levine [16] is the notion of generalized closed sets or g-closed sets (a

subset A of (X,Ω) is said to be generalized closed set in (X,Ω), if A ⊂ O

whenever A ⊂ O and O is open in (X,Ω)). Applications of g-closed set can be

to be found in General Topology -for example, in the theory of axioms of low

separation (cf. [16])-, and also in Digital Topology, where the θ-closed sets (cf.

[8]) are very important for the study of the digital line, i.e. the set Z of the

integers endowed with the topology K having {{2n−1, 2n, 2n+1} : n ∈ Z} as a

subbase. The digital line (Z,K) -due to E. D. Khalimsky- is the basic building

block of the digital n-space which is the topological model of the computer

and the television screen for n = 2 and the digitized image of a movie when

the time is discretized for n = 3.

In the last years, making slight modifications to the concepts given in [14]

C. Carpintero, E. Rosas and J. Vielma (cf. [4],[5] and [6], respectively) have

been able to generalize and improve many of the results exposed in [14] and

[15].

With respect to generalizations of countability axioms, we may mentioned

the work of W. A. Feldman [12], whom in 1973 found a appropriate general-

ization of the countability axioms to convergence spaces, and presented some

examples which justified the use of countability axioms in convergence space

theory.

In this paper, we are going to treat three basic objectives:

• To obtain a simple decomposition of α-semi open sets in terms of nowhere

dense sets. To do this, we are going to impose certain conditions on the

operation α and are going to use a result of N. Levine.
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• To find relationships between meager sets and the set of points of discon-

tinuity of an (α, β)-semi continuous function.

• To give new countability axioms in the setting of the α-semi open sets

theory, when α is an operation in the sense [4], as well as to find conditions

which allow us to guarantee compatibility between continuous maps and

(α, β)-semi continuous maps.

The paper is organized as follows. In Section 2 we provide some notation,

necessary preliminaries and auxiliary results which will be used throughout the

text, we shall treat with standard notation or it will be properly introduced

whenever needed. In Section 3 we present the main results about meager sets

and the set of points of discontinuity of an (α, β)-semi continuous function,

and also we establish the α-semi countability axioms and related properties.

2. Preliminaries.

Throughout this paper, we denote to the power set of X by P(X), the pair

(X,Ω) will be the topological space whose topology is Ω. The interior, the

closure and the boundary of any A ∈ P(X) will be denote respectively, by

int(A), A and ∂(A). The set of all the functions f : X → Y will be denote by

Y X . If (X,Ω) and (Y, τ ) are two topological spaces, then we denote by Df to

the set of all points of discontinuity of f .

Definition 2.1. Let (X,Ω) be a topological space. An operation α associated

to Ω is a mapping from P(X) into itself such that U ⊂ α(U) for each U ∈ Ω.

It is denoted by α : P(X) → P(X). We denote by Op(Ω) to the family of all

the operations associated to Ω.

Notice that for the above definition the domain of the operation α is P(X)

whole and not only the Ω-open sets, as originally was defined in [14]. In [4],

[5], [6] and [21] the term operator is used instead of operation, however these

definitions coincide with the definition 2.1 .

The mappings set defined by α(A) = A, α(A) = A, α(A) = X \ ∂(A) are

all examples of the operations associated to Ω, therefore Op(Ω) �= ∅, for all Ω.

The family Op(Ω) is very wide, for example if α ∈ Op(Ω) is a fixed operation

and let us consider Y ∈ P(X) such that Y �= ∅ and Y �= X, then the mapping

set αY : P(X) → P(X) given by αY (A) = α(A) ∪ Y belongs to Op(Ω).

Similarly, if f : X → X is a fixed function, then the mapping set αf :

P(X) → P(X) given by αf (A) = f−1(f(A)) also belongs to Op(Ω).

Definition 2.2. Let α ∈ Op(Ω), we say that A ∈ P(X) is an α-semi open

set of (X,Ω) if there exists U ∈ Ω such that U ⊆ A ⊆ α(U). We denote by

SOα(X,Ω) to the family of all α-semi open set of (X,Ω).
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If B ∈ P(X) is such that X \ B ∈ SOα(X,Ω), we say that B is an α-semi

closed set of (X,Ω).

Notice that in [20] the definition of α-open set is not the same that the

definition 2.2, although both coincide when α(A) = A, for all A ∈ P(X).

Clearly we have Ω ⊆ SOα(X,Ω), but in general is not true that SOα(X,Ω) ⊆
Ω: it is enough to consider X = R, Ω the usual topology on R and α the closure

operation, then for a, b ∈ R, a < b the half-open interval [a, b) ∈ SOα(R, Ω)

but [a, b) /∈ Ω.

Another thing that we could think it is that SOα(X,Ω) is a topology finer

than Ω, but in general this is not true. The problem resides in that in general

the arbitrary union of α-semi open sets is not a α-semi open set and the finite

intersection of α-semi open sets is not an α-semi open set. Nevertheless, under

certain conditions imposed on the operation α the stability with respect to the

arbitrary unions can be obtained.

Definition 2.3. Let α ∈ Op(X), we say that α is a monotone operation if

for each U, V ∈ Ω such that U ⊆ V we have α(U) ⊆ α(V ).

It is immediate that if α ∈ Op(Ω) is monotone then for each pair U, V ∈ Ω

there exists W ∈ Ω such that α(W ) ⊂ α(U) ∩ α(V ).

Example 2.1. Given (X,Ω) a topological space, the following operations are

monotone.

a) α(A) = A, for all A ∈ P(X). This is the identity operation, usually we

denote it by IP(X).

b) α(A) = A, for all A ∈ P(X).

c) αf(A) = f−1(f(A)), for all A ∈ P(X) and f : X → X a fixed function.

Proposition 2.1. ([6], Theorem 3.1)

Let (X,Ω) be a topological space, if α ∈ Op(Ω) is monotone then the arbitrary

union of α-semi open sets is an α-semi open set.

Proof. Let {Ai}i∈I be a arbitrary collection of α-semi open sets, then for each

i ∈ I there is exists Ui ∈ Ω, such that Ui ⊆ Ai ⊆ α(Ui), consequently
⋃
i∈I

Ui ⊆
⋃
i∈I

Ai ⊆
⋃
i∈I

α(Ui). On the other hand,
⋃
i∈I

α(Ui) ⊆ α

(⋃
i∈I

Ui

)
, since Ui ⊆

⋃
i∈I

Ui

and the operation α is monotone.

Therefore,
⋃
i∈I

Ui ⊆
⋃
i∈I

Ai ⊆ α

(⋃
i∈I

Ui

)
, i.e.

⋃
i∈I

Ai is an α-semi open set.

An immediate consequence of the definition 2.2 and the above proposition

is
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Corollary 2.1. Let (X,Ω) be a topological space, if α ∈ Op(Ω) is monotone

then the arbitrary intersection of α-semi closed sets is an α-semi closed set.

Proof. It is straight forward.

According to the above-mentioned for monotonous operations α we can in-

troduce in a natural way the notions of α-semi interior and α-semi closure of

a subset A of X, -which we shall denote respectively by Intα(A) and Clα(A)-

as follows

Intα(A) :=
⋃{

B : B ∈ SOα(X,Ω), B ⊆ A
}
,

Clα(A) :=
⋂{

C : X \ C ∈ SOα(X,Ω), A ⊆ C
}
.

Definition 2.4. Let x be any arbitrary point in a topological space (X,Ω)

and let α ∈ Op(Ω). A subset N of X is an α- semi neighborhood of x iff there

exists A ∈ SOα(X,Ω) such that x ∈ A ⊂ N .

The class of all α-semi neighborhoods of x ∈ X, denoted by Nx(α), is called

the α-semi neighborhood system of x.

Notice that

1. This definition coincides with definition usual of neighborhood system of

x, Nx when α is the identity operation.

2. If N ∈ Nx(α) and N ⊆ M then M ∈ Nx(α).

3. Furthermore, if α ∈ Op(Ω) is monotone then the α-semi neighborhood

system of x , Nx(α) has a similar behavior to the usual neighborhood

system of x, Nx:

Lemma 2.1. Given (X,Ω) a topological space, α ∈ Op(Ω) a monotone opera-

tion and Nx(α) the α-semi neighborhood system of x, for each x ∈ X. Then

the following statements hold.

1. Let A ⊆ X, A ∈ SOα(X,Ω) iff A is α-semi neighborhood of each of its

points.

2. If N ∈ Nx(α) then there exists M ∈ Nx(α) such that M ⊆ N and

M ∈ Ny(α) for each y ∈ M .

Proof.

(1) Let A ∈ SOα(X,Ω) from the definition 2.4 it is immediate that A ∈ Nx(α)

for each x ∈ A, so that our problem reduces to show that A ∈ SOα(X,Ω)

whenever A is α-semi neighborhood of each one of its points.

Now, for each x ∈ A there exists Bx ∈ SOα(X,Ω) such that x ∈ Bx ⊂
A, then A =

⋃
x∈A

Bx and therefore A ∈ SOα(X,Ω) since α is a monotone

operation.
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(2) Let N ∈ Nx(α), from the definition 2.4 it is deduced that there exists

A ∈ SOα(X,Ω) such that x ∈ A ⊂ N . Using (1) it is enough to take M = A.

Definition 2.5. Let (X,Ω) and (Y, τ ) be two topological spaces, f : (X,Ω) →
(Y, τ ) be a function, α ∈ Op(Ω) be monotonous operation and β ∈ Op(τ) be

an operation on τ . We say that f is (α, β)-semi continuous if and only if for

each x ∈ X and each β-semi open set B containing f(x) there exists an α-semi

open set A such that x ∈ A and f(A) ⊆ B.

Notice that this definition is equivalent to f−1(B) ∈ SOα(X,Ω) for all B ∈
SOβ(Y, τ ) and generalizes the classic concept of continuity in the following

sense: if α = IP(X) and β = IP(Y ) we recuperate the concept of continuous

function.

Example 2.2. Let us consider SOα(X,Ω) and SOβ(Y, τ ), where X = R, Ω

is the usual topology, α is the closure operation, Y = Z, τ = P(Z) and β is

the identity operation. The map f : (R, Ω) → (Z,P(Z)) given by f(x) = [x] is

(α, β)-semi continuous, where [x] denotes the greatest integer number ≤ x.

3. The main results.

3.1. Meager sets and set of points of discontinuity of (α, β)-semi con-

tinuous functions.

Baire’s idea was that a dense open subset of a nice topological space is almost

all of it. (We call the complement of a dense open subset, ‘nowhere dense’,

because its closure contains no open set -in fact it contains nothing outside

of itself-). This was reinforced when he proved the Baire Category Theorem,

which shows that the intersection of countably many dense open sets is itself

always dense (anything including such a countable intersection is said to be

‘co-meager’, and its complement, a subset of the countable union of nowhere

dense sets, is said to be ’meager’, or ’of first category’). Traditionally, meager

sets are thought of as ‘almost empty’ and co-meager sets are thought to contain

‘almost all’ points. In particular, the boundary of any open or closed set is

meager. A set is said to have ‘the property of Baire’ if its symmetric difference

with some open set is meager, thus, it is ‘almost open’.

In [15], the author gave a formulation for semi-open sets in terms of a disjoint

union of a nowhere dense set and an open set. In the setting of α-semi open

sets we can find a similar formulation for the sets in the class SOα(X,Ω),

whenever we impose certain condition of compatibility between the operation

α and the closure operation. Such condition of compatibility is based on the

following classical fact:
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Lemma 3.1. (Lemma 1, [15]).

Let O be open in X. Then O \ O is nowhere dense in X.

The proof of this lemma will not be given, since it is well-known.

Levine used lemma 3.1 in order to show that there is an associated decom-

position for each A ∈ SOα(X,Ω) in terms of nowhere dense sets of X, when

α is taken as closure operation. More precisely,

Theorem 3.1. (Theorem 7, [15]).

Let A ∈ SO(X) where X is a topological space. Then A = O ∪ B where

1. O ∈ τ .

2. O ∩ B = ∅.
3. B is nowhere dense.

In the setting of α-semi opens sets, the theorem 3.1 has the following natural

generalization:

Theorem 3.2. Let α ∈ Op(Ω) be an operation. If α(U) \ U is nowhere dense

in X, for all U ∈ Ω, then for each A ∈ SOα(X,Ω)) there exist a nowhere

dense set B and O ∈ Ω, such that

1. A = O ∪ B.

2. O ∩ B = ∅.
Proof. From the definition of A, we know that there exist O ∈ Ω such that

O ⊂ A ⊂ α(O) ⊂ α(O),

then A \ O ⊂ α(O) \ O. Hence A \ O is nowhere dense in X, since the set

α(O) \ O is a nowhere dense in X.

Putting B = A \ O, the statements 1. and 2. are immediate.

Another interesting result of the paper of Levine is the following:

Theorem 3.3. (Theorem 13, [15]).

Let f : X → X∗ be semi continuous and X∗ a 2nd. axiom space. Let P be

the set of points of discontinuity of f . Then P is of first category (meager).

The fundamental ingredient for the proof of above theorem is the use of the

decomposition for a semi open set given in theorem 3.1. For the details of the

complete proof, the reader is referred to [15].

We can obtain a similar result to theorem 3.3, if we replace the property ‘be

semi continuous’ by ‘be (α, IP(X∗))-semi continuous’ and we add the hypothesis

of theorem 3.2, as follows
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Theorem 3.4. Let f : (X,SOα(X,Ω)) → (Y, SOIP(Y )
(Y, τ )) be an (α, IP(Y ))-

semi continuous function and Df be the set of points of discontinuity of f . If

the following statements hold:

1. α(U) \ U is nowhere dense in X, for all U ∈ Ω.

2. Y is a 2nd. axiom space.

Then Df is meager.

Proof. Let x0 ∈ Df . Then there exists an open set Vix0
in the countable open

base for Y such that x0 ∈ U open in X implies that f(U) �⊂ Vix0
. Since

f : (X,SOα(X,Ω)) → (Y, SOIP(Y )
(Y, τ )) is (α, IP(Y ))-continuous, there exists

an Aix0
∈ SOα(X,Ω)) such that x0 ∈ Aix0

and f(Aix0
) ⊂ Vix0

. But, theorem

3.2 guarantees that Aix0
= Oix0

∪ Bix0
, for some Oix0

∈ Ω and Bix0
nowhere

dense set in X, with Bix0
⊂ Oix0

\ Oix0
.

Hence x0 /∈ Oix0
and thus x0 ∈ Bix0

. It follows then that

Df ⊂ ⋃x∈Df Bix and since
⋃

x∈Df Bix is meager, it follows that Df is meager.

Remarks 3.1.

1. Notice that in both theorems (3.2 and 3.4), the condition

‘α(U) \ U is nowhere dense in X, for all U ∈ Ω’ is crucial. A open

problem particularly interesting is to find the conditions on the operation

α under which may be possible that α(U) \ U , for all U ∈ Ω.

2. In this moment, the reader would may ask what happen with the set of

points where the function is not (α, IP(Y ))-semi continuous? The response

of such question is very simple: Given a function f : (X,Ω) → (Y, τ ),

if Cf denotes the points of continuity of f ; always we can express the

domain X as the disjoint union of Cf and Df . This two subsets allow to

gauge the continuity of f (which depends only of Ω and τ), for example

when Df is meager, it is ‘almost empty’. In the case of (α, IP(Y ))-semi

continuity, so far, there are not important examples which suggest that

the set of points where the function is not (α, IP(Y ))-semi continuous may

be related with a property depending only of Ω.

Another well-known fact is the following:

Theorem 3.5. (Baire-Kuratowski).

Let (X,Ω) be a topological space and Y be metric. If fn : X → Y , n ∈ N, is a

sequence of continuous functions such that, there exist f(x) = limn→∞ fn(x),

for all x ∈ X. Then the set Df of all points of discontinuity of f , is a meager

set.

The reader is referred to [13] for the details of the proof of this theorem.
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Also, we are interested in giving a generalization of previous theorem when

(X,Ω) is a topological space, Y be metric and fn : X → Y , n ∈ N, is a

sequence of (α, IP(Y ))-semi continuous functions, which converges pointly to a

function f : X → Y .

For this, would be necessary to find relationships between ‘to be continuous’

and ‘to be (α, β)-semi continuous’. But, in general are not true that

1. If f : (X,Ω) → (Y, τ ) is continuous then f is (α, β)-continuous for any

operations α ∈ Op(Ω) and β ∈ Op(τ).

2. If f : (X,SOα(X,Ω)) → (Y, SOβ(Y, τ )) is (α, β)-continuous, then f :

(X,Ω) → (Y, τ ) is continuous.

However, adding severely restrictive conditions on the operations and the

function the statement (1) holds.

Proposition 3.1. If f : (X,Ω) → (Y, τ ) is continuous and f−1(β(V )) ⊆
α(f−1(V )) for all V ∈ τ , then f is (α, β)-continuous for any operations α ∈
Op(Ω) monotonous and β ∈ Op(τ).

Proof. It is straight forward.

Also, it is natural to think that we shall need restrictive conditions on the

operation α, in fact, our generalization of Baire-Kuratowski theorem is as

follows:

Theorem 3.6. Let (X,Ω) be a topological space and Y be metric. If fn :

(X,SOα(X,Ω)) → (Y, SOIP(Y )
(Y, τ )), n ∈ N, is a sequence of (α, IP(Y ))-semi

continuous functions such that, there exist f(x) = limn→∞ fn(x), for all x ∈ X.

Then the set Df of all points of discontinuity of f , is a meager set.

Before to give the proof of the theorem 3.6, we need to remember the fol-

lowing result

Lemma 3.2. Let (X,Ω) be a topological space. Then the following statements

hold.

1. Let F ⊆ X be a closed set. Then F is a nowhere dense set, if and only

if, it contains no open set; is to say, int(F ) = ∅.
2. If E ⊂ X is meager and A ⊆ E, then A is also meager.

Proof. It is straight forward.

Proof of Theorem 3.6. Given ε > 0. Let us consider

Df
ε =

{
x ∈ X : for every neighborhoodVx of x, there exist

x′, x′′ ∈ Vx, such that d(f(x′), f(x′′)) ≥ ε

}
.
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Evidently, Df
ε is a closed set and is easy to see that

Df =
⋃
ε>0

Df
ε =

⋃
n∈�

Df
1/n.

Also, for each k ∈ N, let us consider

Fk =
{
x ∈ X : d(fn(x), fk(x)) ≤ ε

3
, ∀n ≥ k

}
.

Then X = ∪k∈�Fk, since for each x, limn→∞ fn(x) = f(x). On this way,

Df
ε =

⋃
k∈�

(
Df

ε ∩ Fk

) ⊆ ⋃
k∈�

(
Df

ε ∩ Fk

)
.

So, our problem is reduced to show that
(
Df

ε ∩ Fk

)
is a nowhere dense set,

for each k ∈ N. And by virtue of part (1) of lemma 3.2 is sufficient to prove

that int

((
Df

ε ∩ Fk

))
= ∅.

Let x ∈ int(Fk), from (α, IP(Y ))-semi continuity of fk we can deduce that

there exists U ∈ Ω such that x ∈ U and for y, z ∈ U , we have

d(fk(y), fk(z)) <
ε

3
,

and therefore,

d(f(y), f(z)) ≤ d(f(y), fk(y)) + d(fk(y), fk(z)) + d(fk(z), f(z)) < ε,

and consequently, x /∈ Df
ε .

On the other hand,

int

((
Df

ε ∩ Fk

))
⊆ int(Fk ∩ Df

ε ) = int(Fk) ∩ int(Df
ε ) = ∅.

Consequently,
(
Df

ε ∩ Fk

)
is a nowhere dense set. Finally, the relation Df ⊆⋃

k∈�
(
Df

ε ∩ Fk

)
and the use of part (2) of lemma 3.2, complete the proof.

�

Remarks 3.2. Notice that if Ω is extremally disconnected and α is the closure

operation, then SOα(X,Ω) is a topology (see [19]), and the classical proof of

the Baire-Kuratowski theorem holds in this case.

3.2. α-semi countability axioms and related properties.

To long of the time, many generalizations of the classical countability ax-

ioms have been given. The central idea in each of them is, on one hand , to

find relationships between a given topological space and certain new (or old)

property of this space. And on other hand, to maintain all the properties of the
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space when we are in the classical case, is to say, that the classical countabil-

ity axioms can be viewed as a particular case of such generalizations. In this

section we shall present the α-semi countability axioms and some properties

associated to them.

Definition 3.1. Let (X,Ω) be a topological space and α ∈ Op(Ω). We say

that a family A ⊂ SOα(X,Ω) forms an α-semi covering of the space X if

X =
⋃{A : A ∈ A}.

It is immediate that

1. Every open covering of X is an α-semi covering of X, since Ω ⊆ SOα(X,Ω).

2. If A is α-semi covering of X then the family

{α(UA) : UA ⊆ A ⊆ α(UA), for some UA ∈ Ω, and each A ∈ A}
is a covering of X.

Definition 3.2. Let x be any arbitrary point in a topological space (X,Ω) and

α ∈ Op(Ω) a monotone operation. A class Bx(α) ⊂ Nx(α) of α-semi open sets

is called a local α-semi base at x if for each open set U containing x, α(U)

can be expressed as union of members of Bx(α).

Definition 3.3. Let (X,Ω) be a topological space and α ∈ Op(Ω) a monotone

operation. A class B(α) of α-semi open sets of (X,Ω) is called an α-semi base

for SOα(X,Ω) on X if for each open set U , α(U) can be expressed as union

of members of B(α).

Notice that the definition 3.3 coincides with the definition the base for Ω on

X when α(A) = A for all A ∈ P(X).

Example 3.1.

a) Let X = {a, b, c}, Ω = {∅, {a}, {b}, {a, b}, X} and α the closure operation.

Then the local α-semi bases at a, b, c are, respectively, Ba(α) = {X, {a, c}},
Bb(α) = {X, {b, c}} and Bc(α) = {X}.

While an α-semi base for SOα(X,Ω) on X is B(α) = {∅, {a, c}, {b, c}}.
b) If we consider X = R, Ω the usual topology on R and α the closure

operation, then

B(α) = {∅} ∪ {[a, b) : a, b ∈ R, a < b} ∪ {(a, b] : a, b ∈ R, a < b}
is α-semi base for SOα(R, Ω) on R.

The families B(α) ⊂ SOα(X,Ω) which can serve as α-semi bases are char-

acterized by
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Theorem 3.7. Let (X,Ω) be a topological space, α ∈ Op(Ω) a monotone op-

eration and B(α) ⊂ SOα(X,Ω). The following two properties of B(α) are

equivalent

1. B(α) is α-semi base for SOα(X,Ω) on X.

2. For each U ∈ Ω and each x ∈ U there is B ∈ B(α) with x ∈ B ⊂ α(U).

Proof.

(1) ⇒ (2) Let x ∈ U ; since U ∈ Ω and B(α) is α-semi base, α(U) =
⋃
ξ

Bξ,

where each Bξ ∈ B(α). Thus there is at least one Bξ ∈ B(α) with x ∈ Bξ ⊂
α(U).

(2) ⇒ (1) Let U ∈ Ω; for each x ∈ U , we can find Bx ∈ B(α) with x ∈ Bx ⊂
α(U), then α(U) =

⋃{Bx : x ∈ U}.

Definition 3.4. Let α ∈ Op(Ω) be a monotone operation, the topological

space (X,Ω) is called an α-semi first countable space (or in short α-AI space),

if it satisfies the following axiom, called the first axiom of α-semi countability.

(α-AI) For each point x ∈ X there exists a countable local α-semi base Bx(α).

Definition 3.5. Let α ∈ Op(Ω) be a monotone operation, the topological

space (X,Ω) is called an α-semi second countable space (or in short α-AII

space), if it satisfies the following axiom, called the second axiom of α-semi

countability.

(α-AII) There exists a countable α-semi base B(α) for SOα(X,Ω) on X.

It is clear that both definitions coincide with the classic definitions of first

countable spaces and second countable spaces, respectively, when α is the

identity operation.

Example 3.2.

a) If we consider SOα(R, Ω) with Ω the usual topology and α the closure

operation then (R, Ω) is an α-semi second countable space since

B̃(α) = {∅} ∪ {[a, b) : a, b ∈ Q, a < b} ∪ {(a, b] : a, b ∈ Q, a < b}
is a countable α-semi base for SOα(R, Ω) on R.

b) The digital line (Z,K) is an α-AII space.

Theorem 3.8. If f : (X,Ω) → (Y, τ ) is a continuous and injective function,

such that f−1(β(V )) = α(f−1(V )) for all V ∈ τ , α ∈ Op(Ω) and β ∈ Op(τ)

monotonous. Then

1. Y is β-AI space implies X is α-AI space.
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2. Y is β-AII space implies X is α-AII space.

Proof.

(1) Let y ∈ Y . By hypothesis Y is β-AI space, hence a countable local β-semi

base By(β) at y exists.

By(β) = {Bj ∈ Ny(β) : j ∈ J ⊆ N}.
For x = f−1(y), let us define

Bx(α) := {f−1(Bj) : j ∈ J ⊆ N},
it is clear that Bx(α) is countable and Bx(α) ⊆ Nx(α), since of the condi-

tion f−1(β(V )) = α(f−1(V )) for all V ∈ τ is deduced that f is (α, β)-semi

continuous.

On the other hand, for each V ∈ τ containing to y, there are S ⊆ N and

Bs ∈ By(β), such that β(V ) =
⋃
s∈S

Bs. Therefore, x ∈ U = f−1(V ) and

α(U) = α(f−1(V )) = f−1(β(V )) = f−1

(⋃
s∈S

Bs

)
=
⋃
s∈S

f−1(Bs).

Consequently, Bx(α) is a countable local β-semi base at x, or equivalently, X

is an α-AI space.

(2) Let B(β) be a countable β-semi base for SOβ(Y, τ ) on Y , defining

B(α) := {f−1(B) : B ∈ B(β)},
it is clear that B(α) is a countable family, and B(α) ⊆ SOα(X,Ω) since by

hypothesis f is (α, β)-semi continuous. Now, for each V ∈ τ , U = f−1(V ) ∈ Ω

and the proof that α(U) can be expressed as union of members of B(α) is

similar to the above proof.
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[6] C. Carpintero, E. Rosas and J. Vielma, Generalization of Counter Continuous Func-
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ōes da topologia à análise, (in Portuguese). IMPA, Rio de Janeiro,

CNPq, 1976.
[14] S. Kasahara, Operation-Compact Spaces. Math. Japonica, 24, No. 1 (1979), 97-105.
[15] N. Levine, Semi-Opens Sets and Semi-Continuity in Topological Spaces. Amer. Math.

Monthly, 70, (1963), 36-41.
[16] N. Levine, Generalized closed sets in Topology. Rend. Circ. Mat. Palermo. 19, No. 2

(1970), 89-96.
[17] S. N. Maheshwari and R. Prasad, Some new separation axioms. Ann. Soc. Sci. Bruxelles,

89 (1975), 395-402.
[18] J. Munkres, Topology. A first course. Prentice-Hall, INC., Englewood Cliffs, New Jersey,

1975.
[19] O. Nj̊astad, On some classes of nearly open sets. Pacific Journal of Mathematics, 15,

No. 3 (1965), 961-970.
[20] H. Ogata, Operations on Topological Spaces and Associated Topology. Math. Japonica,

36, No. 1 (1991), 175-184.
[21] E. Rosas and J. Vielma, Operator Descomposition of continuous mappings. Divulga-
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