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Abstract

In this paper we study the weak∗-weak∗ continuous derivations from
a dual Banach algebra A to X ′, weak∗-Banach A-bimodule X, and
obtain a equation condition for amenability of weak∗ - dense ideals in
A.
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1. Introduction

Let A be a Banach algebra and X be a Banach A-bimodule, we define module
actions on X ′ by < x, a.y >=< x.a, y >, < x, y.a >=< a.x, y > for a ∈ A, x ∈
X, y ∈ X ′ which make, it into a Banach A-bimodule. By a derivation from
A to A-bimodule X , We mean a liner map D : A −→ X which satisfies
D(ab) = a.D(b) + D(a).b for a, b ∈ A. If there is an element x ∈ X such that
D(a) = a.x − x.a then D is called an inner derivation, and denoted by δx.
the Banach algebra A is said to be amenable if every continuous derivation
D : A −→ X ′ is inner, for every Banach A-bimodule X.
A Banach algebra A is said to be dual if there is a closed submodule A∗ of A′

such that A = (A∗)′ (by [5]).
We state some elementary properties of dual Banach algebras:

proposition 1.1: Let A be a dual Banach algebra, Then
i) Multiplication in A is separately w∗-continuous.
ii) A has an identity if and only if has a bounded approximate identity.
Proof: are obvious. �

Examples of dual Banach algebras are:
1. If G is a locally compact group, then M(G) is dual. (C ′(G) = M(G))
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2. If E is a reflexive Banach space, then B(E) is dual. ((E⊗̂E′)′ = B(E))
3. If A is an Arens regular Banach algebra, then A′′ is dual.

Let A be a dual Banach algebra, and Let X be a Banach A-bimodule then we
call X ′ a weak∗-Banach A-bimodule if, for each f ∈ X ′, the maps
a −→ a.f, a −→ f.a from A to X ′ are weak∗-weak∗ continuous.
Definition 1.2: A dual Banach algebra A is weak∗-weak∗ amenable if, for every
weak∗-Banach A-bimodule X ′, every weak∗-weak∗ continuous derivation (not-
necessary bounded) D : A −→ X ′ is inner.
in [3] we defined that a Banach algebra A is norm-weak∗ amenable if every
norw-weak∗ continuous derivation D : A −→ X ′ is inner, for every Banach
A-bimodule X, and show that Banach algebra A is amenable if and only if A
is norm-weak∗ amenable.

Therefore the amenability of a dual Banach algebra A implies the weak∗-
weak∗ amenability of them.

Since the amenability of a locally compact group G implies the amenability
of L1(G), and by [3] norm-weak∗ amenability of L1(G), and since L1(G) is
weak∗-dense in M(G), it follows easily that M(G) is weak∗-weak∗ amenable.
in [2], H.G. Dales, F.Ghahramani, and A. Ya Helemskii proved that M(G)
is amenable for a locally compact group G if and only if G is discrete and
amenable. and so M( R) is weak∗-weak∗ amenable but is not amenable. Hence
the definition of weak∗-weak∗ amenabitity makes sense for a Larger class of
Banach algebras.

2. Amenability

In this section we obtain a equation condition for amenability of a weak∗-
dense ideal in dual Banach algebra A, according to weak∗-weak∗ amenability
A. Argument of the next two propositions is similar to the propositions 401,
402 of [5]
Proposition 2. 1: Let A be a weak∗ -weak∗ amenable, dual Banach algebra.
Then A has an identity.
Proof: Let B be the Banach A-bimodule whose underlying Linear Space is A
equipped with the following module actions:
a.x = ax and x.a = 0 (a, x ∈ A). obviously, B is a weak∗ -Banach A-bimodule
and identity map on A is a weak∗ - weak∗ continuous derivation, since A is
weak∗-weak∗ amenable, this means that A has a right identity. similarly, one
sees that A has also a left identity.

Proposition 2.2: let A be a Banach algebra, let B a dual Banach algebra, and
let θ : A −→ B be a norm-weak∗-continuous homomorphism with weak∗-dense
range. Then
i) if A is amenable, then B is weak∗-weak∗ amenable.
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ii) if A is dual and weak∗-weak∗ amenable, and if θ is weak∗-weak∗ continuous,
then B is weak∗-weak∗ amenable.
Proof: Immediate from the definitions.
Corollary 2.3: Let A be a dual Banach algebra, I be a amenable weak∗-dense
ideal in A. Then A is weak∗ - weak∗ amenable.

A weak approximate identity for Banach algebra A is a net (eα) in A such that
f(eαx) −→ f(x), f(xeα) −→ f(x) (x ∈ A, f ∈ A′).

Let Banach algebra A have a bounded weak approximate identity, Then A
has a bounded approximate identity. [1].
Theorem 2.4: Let A is a weak∗ -weak∗ amenable dual Banach algebra and let
I be a closed ideal weak∗-dense in A such that weak and weak∗ topology are
coincide on I. then I is amenable.
Proof: since A is weak∗-weak∗ amenable, it has an identity, and denoted by

e. there is a net (eα) in I such that eα
weak∗−→ e, by bounded principal uniform,

(eα) is bounded. Multiplication in A is separately continuoue , Hence we have
a = a.e = a.w∗ − lim eα and a = e.a = w∗ − lim eα.a (a ∈ I). Therefore
(eα) is a weak approximate identity for I, since (eα) is a bounded approximate
identity for I. By [4] , it is therefore sufficient for I to be amenable we consider
the essential Banach I-bimodules.
Let X be an essential Banach I-bimodule, and let D : I −→ X ′ be a bounded
derivation. The following construction is carried out in [4]. since X is essential,
there are, for each x ∈ x, elements b. c ∈ I and y, z ∈ X with x = b.y = z.c.
We define a.(b.y) = ab.y and (z.c).a = z.ca (a ∈ A, b, c ∈ I, y, z ∈ X).
This module actions are well-defined and make X a Banach A-module. we
claim X ′ is a weak∗-Banach A-bimodule. Let (aβ) be a net in A such that

aβ
weak∗−→ 0, Let ϕ ∈ X ′ , and Let x ∈ X. Let b ∈ I and y ∈ X such that

x = y.b. since the weak∗- topology of A restricted to I is the weak topology, we

have baβ
weak∗−→ 0 So that x.aβ = y.baβ

weak−→ 0 and consequently < x, aβ .ϕ >=
< x.aβ , ϕ >−→ 0

since x ∈ X was arbitrary, this means that aβ.ϕ
weak∗−→ 0. Analoguously, one

shows that ϕ.aβ
weak∗−→ 0 . Following again [4] we define a derivation D̃ : A −→

X ′ by Letting D̃a = w∗ − limα[D(aeα) − a.Deα].
To see that D̃ is weak∗-weak∗ continuous , again let (aβ) be a net in A such

that aβ
weak∗−→ 0 let x ∈ X, and let b ∈ I and y ∈ X such that x = b.y. then we

have:

< x, D̃aβ > = < b.y, D̃aβ >

= < y, (D̃aβ).b >

= < y, D(aβb) − aβ.Db >−→ 0

Since D is weakly continuous and X ′ is a weak∗-Banach A-bimodule. From
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the weak∗-weak∗ amenability of A we conclude that D̃ , and hence D, is inner.
�

Corollary 2.5: Let A be an Arens regular Banach algebra which is an ideal
in A′′. Then then following are equivalent:
i) A is amenable.
ii) A′′ is weak∗-weak∗ amenable.

V.Runde defined in [5] connes amenability, a dual Banach algebra A is call
connes amenable if, for every weak∗-Banach A-bimodule X ′ every bounded,
weak∗-continuous derivation D : A −→ X ′ be inner. obviovsly every weak∗-
weak∗ amenable dual Banach algebra is connes amenable.
By [6] theorem 5.4, we have:

Theorem 2.6: If G is a locally compact group, then the following are equiv-
alent:
i) G is amenable
ii) L1(G) is amenable
iii) M(G) is connes amenable.
iv) M(G) is weak∗-weak∗ amenable.

also by [5] theorem 4.4 we have:
Theorem 2.7: Let A be an Arens regular Banach algebra which is an ideal in
A′′. Then the following are equivalent:
i) A is amenable.
ii) A′′ connes amenable.
iii) A′′ is weak∗-weak∗ amenable.

in this general, we donot know connes amenabitity dual Banach algebla A is
equivalent with weak∗-weak∗ amenability.
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