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1. Introduction

In 1985, Jones [3] defined a new polynomial invariant for knots or links.
Later, Freyd et al. [2] discovered a 2-variable Laurent polynomial invariant
of an oriented knot or link. This 2-variable Jones polynomial (Homfly poly-
nomial) specializes to both the Jones and Alexander polynomials. For an
oriented knot K the Jones and Homfly polynomials are denoted by VK (t)
and PK (�, m), respectively. In [7],it is obtained the Homfly polynomial of the
rational knots. Kanenobu and Sumi [5] calculated the Jones and Homfly poly-
nomials of 2-bridge knots through 22 crossings. Furthermore, in [8] is given
several formulas with the Homfly polynomial of 2-bridge knots. In [1] , it is
also given the Jones polynomials of twist knots, which are shown by Tn. In
this paper, we calculated the Homfly polynomial of Tn.

PK (�, m) is a generalization of VK (t), satisfying

PK

(
it−1, i

(
t−1/2 − t1/2

))
= VK (t) (1.1)

(see [4],[6]).
Because of (1.1), it follows that

PT1

(
it−1, i

(
t−1/2 − t1/2

))
= VT1(t).

Now, by noting VT1(t), that is, VT1(t) = −t−4 + t−3 + t−1 = − (t−2)
2

+
t−2 (t + t−1) and taking t−2 = −�2, t + t−1 = 2 − m2, we easily have that
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PT1(�, m) = −2�2 − �4 + �2m2.

It is also worth mentioning that, in [10] PT1 (�, m) is obtained by the skein
relation.

There are distinct knots with same Homfly polynomial. For example, in
spite of, 51 and 10132 are distinct knots, 51 and 10132 have the same Homfly
polynomial [4] .However, all PTn(�, m),( n = 0, 1, 2, ...), are distinct.

Theorem 1.1. (i) For n = 1, 2, 3, ...

VT2n+1 (t) = −t−2n−4 + t−2n−3 − t−2n−2 + 2
−3∑

k=−2n−1

(−1)k+1 tk − t−2 + t−1

(1.2)

(ii) For n = 1, 2, 3, ...

VT2n (t) = t−2n − t1−2n + t2−2n + 2
0∑

k=3−2n

(−1)k tk − t + t2 (1.3)

Proof. See [1].

Proposition 1.2. For an oriented knot K , the normalized Alexander poly-
nomial ΔK (t) is related to the Homfly polynomial PK (�, m) by

ΔK (t) = PK

(
i, i

(
t1/2 − t−1/2

))
(1.4)

where i2 = −1 (see [6],[9]).

2. THE HOMFLY POLYNOMIAL OF Tn

Theorem 2.1. For n = 1, 2, ...

PT2n+1 (�, m) = −�2 + (−1)n+1 (
�2n+2 + �2n+4

)
+ m2

n+1∑
k=1

(−1)k+1 �2k. (2.1)

Proof. We have from (1.1) that

PT2n+1

(
it−1, i

(
t−1/2 − t1/2

))
= VT2n+1 (t) .

Now, we take into account the expression VT2n+1 (t) in (1.2) and then write
this expression depend on t−2 and t + t−1. Hence
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VT2n+1 (t) = −t−2n−4 − t−2n−2 − t−2 + 2
−2∑

k=−n

(−1)2k+1
t2k + t−2n−3 + 2

−1∑
k=−n

(−1)2k
t2k−1

= −(t−2n−4 + t−2n−2 + t−2 + 2
−2∑

k=−n

t2k) +
−1∑

k=−n−1

(
t2k−1 + t2k+1

)

= −(t−2n−4 + t−2n−2 + t−2 + 2
−2∑

k=−n

t2k) +
(
t + t−1

) −1∑
k=−n−1

t2k

= −((t−2)n+2 + (t−2)n+1 + t−2) − 2
n∑

k=2

(t−2)k +
(
t + t−1

) −1∑
k=−n−1

(t−2)k. (2.2)

When we take t−2 = −�2 and t + t−1 = 2 − m2 in (2.2) it can be obtained
that

PT2n+1 (�, m) = −((−�2)n+2 + (−�2)n+1 − �2)) − 2

n∑
k=2

(−�2)k +
(
2 − m2

) n+1∑
k=1

(−�2)k

= �2 + (−1)n+3 �2n+4 + (−1)n+2 �2n+2 + 2
(−�2

)n+1 − 2�2

+ m2(�2 − �4 + ... + (−1)n �2n+2)

= −�2 + (−1)n+1 (�2n+2 + �2n+4) + m2(�2 − �4 + ... + (−1)n �2n+2)

= −�2 + (−1)n+1 (�2n+2 + �2n+4) + m2
n+1∑
k=1

(−1)k+1 �2k.

Remark 2.1. Theorem 2.1 can also be proven by induction.

Remark 2.2. It should be noted that Theorem 2.1 has been stated for n =
1, 2, 3, .... But, when we take n = 0 in (2.1) we find PT1 (�, m) . Thus, now the
following corollary can be given.

Corollary 2.2. For n = 0, 1, 2, ...

PT2n+1 (�, m) = −�2 + (−1)n+1 (�2n+2 + �2n+4) + m2

n+1∑
k=1

(−1)k+1 �2k. (2.3)

Theorem 2.3. For n = 1, 2, 3, ...

PT2n = −�−2 + (−1)n(�2n−2 + �2n) + m2
n−1∑
k=0

(−1)k�2k. (2.4)

Proof. Following a similar way as in the proof of Theorem 2.1 and using (1.1)-
(1.3) the proof of this theorem can be easily completed. Therefore we omit the
details of the proof.



2756 Yılmaz Altun

Corollary 2.4. Since, for t = 0, T2n is the trivial knot, hence PT0 = 1. Then
we can write

PT2n(t) =

⎧⎨
⎩

1 , n = 0

−�−2 + (−1)n(�2n−2 + �2n) + m2
n−1∑
k=0

(−1)k�2k , n = 1, 2, ...
.

(2.5)

3. Application

Now, we show that the knots Tn satisfy (1.4). Recall that the normalized
Alexander polynomials of T2n+1 and T2n are

ΔT2n+1(t) = (n + 1)
(
t + t−1

) − (2n + 1) (3.1)

and

ΔT2n(t) = 2n + 1 − n
(
t + t−1

)
, (3.2)

respectively ([1]) . By noting (2.3) and (3.1), we get

PT2n+1

(
i, i

(
t1/2 − t−1/2

))
= ΔT2n+1 (t) .

Similarly, making the use of (2.5) and (3.2), we obtain

PT2n

(
i, i

(
t1/2 − t−1/2

))
= ΔT2n (t) .

Remark 3.1. It can be easily verified that

PTn (i, it) = ∇Tn (t) .

(see [1] , for the Conway polynomial of Tn).
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