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Abstract

Stochastic differential equations (SDEs) arise from modelling phys-
ical system by incorporating random elements in differential equation,
such that Randomness can be included in the initial value for the prob-
lem or in function describing the physical system in order to model can
be made more realistic. In this paper, we first give some techniques to
obtain solution of SDEs. Then we use numerical simulations to esti-
mate the error of an approximation by the absolute error criterion that
is expectation of the absolute value of the difference between the Itô
approximation and the exact solution SDE at a finite terminal time T .
In continuation, we study the behavior of variation this estimate and
confidence intervals of this error versus step size.
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merical simulation.

1 Introduction

Many physical systems are modeled by SDEs, where random effects being
modeled by a Wiener process (see, for example, [?], [?], [?]) that is nowhere
differentiable. The general form of SDEs, is given by

dY (t) = g0(Y (t)) dt+
d∑
j=1

gj(Y (t)) dWj(t) , t ∈ [t0, T ] , Y ∈ Rm (1)

Y (t0) = Y0,

where gj(Y ), j = 0, . . . , d, are m–vector–valued functions, and the Wj(t), j =
1, . . . , d, are independent Wiener processes, and the solution Y (t) is an m–
vector process. Equation (??) can be written as a stochastic integral equation

Y (t) = Y0 +

∫ t

t0

g0(Y (s)) ds+
d∑
j=1

∫ t

t0

gj(Y (s)) dWj(s) , (2)



252 M. Namjoo and Ali R. Soheili

where the d stochastic integrals in (??) by reason of infinite variation of the
sample paths of a Wiener process cannot follows the usual rules of Riemann–
Stieltjes calculus. They are defined as the limit (in the mean square sense), as
N →∞, of the approximating sums

N∑
i=1

gj(Y (ξi)) (Wj(ti)−Wj(ti−1)),

where ξi = θti + (1− θ)ti−1, for a θ ∈ [0, 1] and, for {t0, . . . , tN} be a partition

of [t0, t], with ti = t0 + i(t−t0)
N

, i = 0, . . . , N. The most common choices for the
parameter θ are θ = 0, and θ = 1

2
, which gives Itô and Stratonovich integral,

respectively. The Stratonovich interpretation satisfies the usual rules of calcu-
lus, while Itô integral forms a martingale, that provides some computational
advantage (see [?]). While it is not always obvious whether a SDE, should be
considered in Itô or Stratonovich form, which there is a relationship between
them. Indeed, the solution of the Itô SDE (??) with d = 1, and the solution
of the related Stratonovich SDE is given by

dY (t) = ḡ0(Y (t)) dt+ g1(Y (t)) odW (t) , Y (t0) = Y0 , t ∈ [t0, T ] , Y ∈ Rm

where

ḡ0(Y ) = g0(Y )− 1

2

∂g1(Y )

∂Y
g1(Y ),

under different rules of calculus, have the same solution. There are different
numerical methods to solve these kinds of differential equations (see, for ex-
ample, [?], [?], [?]). A outline of this paper is as follows: In section 2 we briefly
review some techniques to obtain analytical solution of SDEs. In section 3, we
will concentrate on numerical simulations to the estimate of the absolute error
numerical solution of SDE. In continuation the behavior this estimation and
the confidence intervals of this error versus step size will be studied.

2 Analytic Methods For Solving SDEs

In this section, we concentrate on Itô formula with its applications. This
Theorem is due to Itô that can be used for solving some SDEs. In order to
simplify some notational details, for the rest of this paper it will be assumed
that d = m = 1.

Theorem 2.1 (Itô’s formula) Let Y (t) be an exact solution of (??) where
g0(Y (t)) ∈ L1(0, T ) and g1(Y (t)) ∈ L2(0, T ). Suppose F : [0, T ] × R −→ R
have continuous partial derivatives ∂F

∂t
, ∂F

∂y
and ∂2F

∂y2
. Then

dF (t, Y (t)) = (
∂F (t, Y (t))

∂t
+
∂F (t, Y (t))

∂y
g0(Y (t)) +

1

2

∂2F (t, Y (t))

∂y2
g2

1(Y (t))) dt

+
∂F (t, Y (t))

∂y
g1(Y (t)) dW (t).
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Proof: See [?].
By Theorem ?? we can solve a particular class of SDEs. Suppose a SDE of
the form {

dY (t) = g0(Y (t)) dt+ g1(Y (t)) dW (t), t ∈ [0, T ]
Y (0) = Y0,

(3)

be given and let h is a continuous function. Let us first solve SDE{
dX(t) = h(t) f(X(t)) dt+ h(t) dW (t), t ∈ [0, T ]
X(0) = X0,

(4)

where f will be selected later, and try to find a function F such that Y (t) :=
F (X(t)), solves SDE (??). Assuming for the moment F and f are known, by
using Itô’s formula we have

dY (t) = (h(t) f(X(t)) F ′(X(t)) +
1

2
h2(t) F ′′(X(t))) dt+h(t) F ′(X(t)) dW (t).

Thus Y (t) solves SDE (??) provided
h(t) f(X(t)) F ′(X(t)) + 1

2
h2(t) F ′′(X(t)) = g0(F (X(t))),

h(t) F ′(X(t)) = g1(F (X(t))),
F (X0) = Y0.

(5)

Example 2.1 Consider SDE given by{
dY (t) = g(t) Y (t) dW (t), t ∈ [0, T ]
Y (0) = Y0,

(6)

where g is a continuous function (not a random variable), for this, g0 ≡ 0 and
g1(Y (t)) = g(t) Y (t). Let h := g then by (??)

F (X(t)) = Y0 e
X(t)−X0 , f(X(t)) = −1

2
g(t),

and therefore (??) gives

X(t) = X0 −
1

2

∫ t

0

g2(s) ds+

∫ t

0

g(s) dW (s).

This shows that

Y (t) = F (X(t)) = Y0 e
− 1

2

∫ t
0 g

2(s) ds+
∫ t
0 g(s) dW (s),

is a solution of (??).

The next Lemma can be applied to solve some SDEs.
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Lemma 2.1 If{
dY1(t) = f1(Y1(t)) dt+ g1(Y1(t)) dW (t),
dY2(t) = f2(Y2(t)) dt+ g2(Y2(t)) dW (t),

where t ∈ [0, T ] and fi(Yi(t)) ∈ L1(0, T ), gi(Yi(t)) ∈ L2(0, T ), i = 1, 2, then

d(Y1(t) Y2(t)) = Y2(t) dY1(t) + Y1(t) dY2(t) + g1(Y1(t)) g2(Y2(t)) dt.

Proof: See [?].

Example 2.2 consider SDE{
dY (t) = d(t) Y (t) dt+ g(t) Y (t) dW (t), t ∈ [0, T ]
Y (0) = Y0,

(7)

where the coefficients d and g are specified functions of time t or constants such
that they are Lebesgue measurable and bounded on interval [0, T ]. Suppose
that solution having the product form Y (t) = Y1(t) Y2(t), where{

dY1(t) = g(t) Y1(t) dW (t), t ∈ [0, T ]
Y1(0) = Y0,

(8)

and {
dY2(t) = c(t) dt+ e(t) dW (t), t ∈ [0, T ]
Y2(0) = 1,

(9)

such that the functions c and e will be selected later. By Lemma ?? and (??)
we have

dY (t) = (Y1(t) dY2(t) + e(t) g(t) Y1(t) dt) + g(t) Y (t) dW (t).

Now from (??), we can choose c and e such that

dY2(t) + e(t) g(t) dt = d(t) Y2(t) dt.

It follows from (??) that

e ≡ 0, c(t) = d(t) Y2(t),

and therefore the solution of (??) is

Y2(t) = e
∫ t
0 d(s) ds.

Since the solution of (??) according to the previous example given by

Y1(t) = Y0 e
− 1

2

∫ t
0 g

2(s) ds+
∫ t
0 g(s) dW (s),

we conclude that

Y (t) = Y1(t) Y2(t) = Y0 e
∫ t
0 {d(s)− 1

2
g2(s)} ds+

∫ t
0 g(s) dW (s), (10)

is a solution of SDE (??).
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3 Path-wise Approximations For SDEs

In the previous section, we presented some analytical methods for solving
SDEs, while other methods exist, SDEs are generally difficult to solve and so
numerical methods are required such that these should be designed to perform
with a certain order of accuracy. There are two ways for measuring the accu-
racy of numerical solution of a SDE: strong convergence and weak convergence.
Only strong convergency will be considered in this paper. Strong convergence
is required, when each trajectory of the numerical solution must be closed to
the exact solution.

Definition 3.1 Let yN be the numerical approximation of Y (tN) after N steps
with constant step size h = tN−t0

N
, then y is said to convergence strongly to Y

with strong global order p if there exist constants KG, and δ > 0 such that

E(|yN − Y (tN)|) ≤ KG hp,

for all h < δ.

As with the deterministic case, an entire family of numerical schemes for solv-
ing SDEs can be derived from a stochastic Taylor expansion. There are several
possibilities to obtain a stochastic Taylor expansion, most notably is the Itô–
Taylor expansion that is based on the iterated application of the Itô’s formula.
All of the strong Taylor approximation schemes are derived by truncating the
Itô–Taylor expansion at an appropriate term. The simplest of these methods
is Euler–Maruyama method, which is derived by truncating the Itô–Taylor ex-
pansion after one deterministic and one stochastic term. As the order of the
Euler–Maruyama method is low, the numerical results are inaccurate unless a
small step size is used, and clearly more efficient methods are needed. More
accurate methods (which require more derivative evaluations) can be obtained
by using truncated forms of the stochastic Taylor series expansion but at the
cost of derivative evaluations. The most famous of these methods is Milstein
method, which is derived by truncating the Itô–Taylor expansion after one
deterministic and two stochastic term. In the case d = 1, this takes the form

yn+1 = yn + h g0(yn) + ∆Wn g1(yn) +
1

2
((∆Wn)2 − h) g′1(yn) g1(yn),

with initial value y0, such that ∆Wn = W (τn+1) − W (τn), for equidistant
discretization times τn = nh with h = T

N
for some integer N to be large

enough such that h ∈ (0, 1). To avoid this the computational cost, a great
deal of attention has been paid to developing derivative–free schemes. One
approach is to replace the derivative by differences (see [?]), which for the
Milstein method with d = 1 leads to the Itô method

Y1 = yn +
√
h g1(yn),

yn+1 = yn + h g0(yn) + ∆Wn g1(yn) +

√
h

2
((

∆Wn√
h

)
2

− 1) (g1(Y1)− g1(yn)).(11)
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Since ∆Wn ∼ N(0, h), hence ∆Wn√
h
∼ N(0, 1), so ∆Wn =

√
h Rn, where Rn ∼

N(0, 1) and W (0) = 0. In order to calculate the error of the Itô approximation
we can use the absolute error criterion,

ε = E(|yT − Y (T )|),

where yT and Y (T ) denote the Itô approximation and the exact solution at
finite terminal time T , for the same sample path of the Wiener process, re-
spectively. Now, in order to investigate ε consider SDE{

dY (t) = µY (t) dt+ σY (t) dW (t), t ∈ [0, T ],
Y (0) = Y0,

(12)

where µ and σ, are the positive integer numbers. From (??) the exact solution
SDE (??) is

Y (t) = Y0 exp((µ− 1

2
σ2)t+ σ W (t)). (13)

Now we apply the scheme (??) for the SDE (??) and then using (??) for
determining the corresponding values of the exact solution for the same sample
path of the Wiener, that is

Y (τn) = Y0 exp((µ− 1

2
σ2)τn + σ

n∑
i=1

∆Wi−1), n = 0, . . . , N. (14)

Figure 1 shows the exact solution and the Itô approximation on the interval
[0, 1] with stepsize h = 2−7 and Y0 = y0 = 1, µ = 1.5 and σ = 1, for the same
sample path of the Wiener process.

We will try to estimate ε statistically. For this purpose, we apply N1

trajectories for simulation sample paths of process Y (t) and their Itô approxi-
mations corresponding on the same sample paths of the Wiener process. Then
ε be estimated by:

ε̂ =
1

N1

N1∑
k=1

|yT,k − Y (T, k)|,

where yT,k and Y (T, k) denote the Itô approximation and the exact solution
at terminal time T on the k–th simulated trajectory, respectively. In order
to calculate the ε̂, we simulate N1 = 100 trajectories of the process Y (t) that
satisfying in (??) with Y0 = 1, µ = 1.5, σ = 1, and then calculate their Itô ap-
proximations with initial value y0 = 1, and stepsizes h = 2−k, k = 4, 5, . . . , 13
corresponding to the same paths of the Wiener process on the time interval
[0, T ] for T = 1. The numerical results are shown in Table ??. Here, the
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h 2−4 2−5 2−6 2−7 2−8 2−9 2−10 2−11 2−12 2−13

ε̂ 0.4057 0.1916 0.1196 0.0450 0.0227 0.0191 0.0061 0.0027 0.0017 0.0007

Table 1: Absolute errors ε̂ for different stepsizes h.

random numbers generate by randn(N1,#step) in Matlab. The command
randn(N1,#step) creates a N1 × #step matrix of independent N(0, 1) sam-
ples. In order to make a repeatable simulation, Matlab allows to generate the
same random numbers, when the initial states are the same. Here we set the
initial state, arbitrarily, to be 50 with the command randn(′state′, 50). Hence
different simulations can be performed by resetting the initial state. Now if
we use three different initial states, arbitrarily, to be 68, 94, 123 and consider
ε̂1, ε̂2, ε̂3 respectively, are the estimation value of the corresponding absolute
errors with these three different initial states then we obtain the numerical
results in Table ??. However, these estimates are random variables and take

h 2−4 2−5 2−6 2−7 2−8 2−9 2−10 2−11 2−12 2−13

ε̂1 0.4921 0.2779 0.1787 0.0617 0.0339 0.0175 0.0059 0.0032 0.0013 0.0006
ε̂2 0.4522 0.1917 0.1199 0.0510 0.0162 0.0104 0.0050 0.0020 0.0014 0.0005
ε̂3 0.4676 0.1976 0.1287 0.0579 0.0350 0.0148 0.0059 0.0033 0.0012 0.0004

Table 2: Absolute errors ε̂1, ε̂2, ε̂3 for different stepsizes h.

different values while initial states are chosen different. For large N1 by the
Central Limit Theorem, we conclude that the error ε̂ becomes a Gaussian ran-
dom variable asymptotically and converges in distribution to an non–random
expectation ε, as N1 → ∞. Since in practice, it is impossible to generate an
infinite number of trajectories, hence, we can estimate the variance σ2

ε of ε̂
and then obtain a confidence interval for the absolute error ε. In order to do
this, M batches be considered with N1 simulation paths for each batch and
the variance of ε̂ be estimated as follows:
Suppose yT,k,j and Y (T, k, j) denote the Itô approximation and the exact so-
lution at time T for k–th simulated trajectory in the j–th batch, respectively.
Then the average errors

ε̂j =
1

N1

N1∑
k=1

|yT,k,j − Y (T, k, j)|,

of the M batches j = 1, . . . ,M , are independent and approximately Gaussian
distribution for N1 large enough. Now we can use the Student t–distribution to
construct confidence intervals for a sum of independent Gaussian distribution
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with unknown variance. The mean of the batch averages is estimated by:

¯̂ε =
1

M

M∑
j=1

ε̂j =
1

M N1

M∑
j=1

N1∑
k=1

|yT,k,j − Y (T, k, j)|

and then use the formula

σ̂2
ε =

1

M − 1

M∑
j=1

(ε̂j − ¯̂ε)2,

to estimate the variance σ̂2
ε of the batch averages. For the Student t–distribution

with M − 1 degrees of freedom an 100(1 − α)% confidence interval for ε has
the form (¯̂ε−∆ε̂, ¯̂ε+ ∆ε̂) with

∆ε̂ = t1−α,M−1

√
σ̂2
ε

M
, (15)

where t1−α,M−1 is determined from the Student t–distribution with M − 1 de-
grees of freedom. For simulate M = 10 batches and each with N1 = 100
trajectories of the process Y (t) that satisfying in (??) with Y0 = 1, µ = 1.5,
σ = 0.1 and their Itô approximations with stepsize h = 2−4 corresponding to
the same sample paths of the Wiener process on interval [0, 1], we can obtain
90% confidence interval for the absolute error ε. If we repeat this procedure for
M = 20, 30, 40, 60 and 100 batches, such that in each case using the batches
already simulated then the results are shown in Figure 2.

Moreover we can obtain the relationship between the absolute error of Itô
approximation and the step size. Here, we simulate M = 20 batches, each
with N1 = 100 trajectories of the process Y (t) that satisfying in SDE (??)
with Y0 = 1, µ = 1.5, σ = 0.1 and their Itô approximations with stepsize
h = 2−3 corresponding to the same sample paths of the Wiener process on the
interval [0, 1], and then evaluate the 90% confidence interval for the absolute
error ε. If we repeat this for stepsizes h = 2−4, 2−5, 2−6 and plot the confidence
intervals of ε versus stepsize axes, and log2(ε) versus log2(h) axes, then the
results are shown in Figures 3 and 4.

4 Conclusion

The results in Tables ?? and ?? show that in all cases, the estimate of the
absolute error decrease with decreasing stepsize h. Moreover results plotted in
Figure 2, indicate that the length of the confidence interval for the absolute
error decrease as the number of batches increase. More precisely by (??), we
roughly need to increase the number of batches fourfold in order to halve the
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length of the confidence interval. Finally Figure 3 shows that the stepsize h
has a definite effect on the length of the confidence interval. However we could
include in Figure 3 the graph of a function ε̃(h) = Kh for an appropriate
constant K which would suggest that the absolute error is proportional to the
stepsize. This can see more clearly in Figure 4 the becomes a straight line with
slope approximately 1. In fact the exponent 1 of h is corresponding to order
of strong convergence Itô method.
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Figure 1: Exact solution and Itô approximation for SDE (12) with μ = 1.5,
σ = 1 and h = 2−7.



Stochastic Differential Equations 261

0 10 20 30 40 50 60 70 80 90 100 110
0.282

0.284

0.286

0.288

0.29

0.292

0.294

Batch

C
on

fid
en

ce
 in

te
rv

al
s

Figure 2: Confidence intervals versus numbers of batches for SDE (12) with
μ = 1.5, σ = 0.1.
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Figure 3: Variation of confidence intervals versus stepsize for SDE (12) with
μ = 1.5, σ = 0.1.
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Figure 4: log2 of the absolute error versus log2 stepsize for SDE (12) with
μ = 1.5, σ = 0.1.
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