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1. Introduction

Let A be a complex linear space and L(A) the algebra of all linear operators
on A. Suppose that S is a subset of L(A). A linear operator T on A is said
to be locally in S if for each a ∈ A there is Ta ∈ S with T (a) = Ta(a). We
say that S is algebraically reflexive, if every linear operator which is locally
in S belongs to S. For the case where A is an algebra a linear operator T
on the algebra A is said to be a local automorphism if T is locally in the
group of all (algebra) automorphisms on A. In this paper, an automorphism
is always an algebra automorphism. For the case where A is a Banach space
a linear operator T on the space A is said to be a locally surjective isometry
if T is locally in the group of all surjective linear isometries on A. Reflexivity
problems for Banach algebras was initiated by Kadison and Larson. Kadison
[6] studied the reflexivity of the algebras of all derivations on von Neumann
algebras. Larson [8] posed the question of the reflexivity of the automorphism
groups of Banach algebras. These problems are also investigated for several
function spaces in [5, 11, 12, 13, 16, 17, 18] and others.

Molnár and Zalar [13, Theorem 2.2] proved that the group of all surjective
linear isometries of C(X) are algebraically reflexive if X is a first countable
compact Hausdorff space. It is not the case unless X is first countable. In
fact, Sánchez and Molnár [18, Theorem 9] showed it by proving that every
unital injective endomorphism of C(βN \ N) is a local automorphism, where
N is the discrete space of all the positive integers and βN is its Stone-Čech
compactification. On the other hand Sánchez [17] proved that for a σ-finite
measure μ, the group of all automorphisms of L∞(μ) is algebraically reflexive if
and only if L∞(μ) is ∗-isomorphic to either �∞(Γ) or �∞(Γ)×L∞([0, 1]), where
Γ is a countable set. Sánchez and Molnár [18] also investigated the same
problem for the algebra of analytic functions. Let K be a compact subset
of the complex plane C whose complement has finitely many components.
Suppose that A(K) is the algebra of all complex-valued continuous functions
on K which are analytic on the interior of K. Sánchez and Molnár [18, p.423]
showed that the group of all surjective linear isometries of A(K) is algebraically
reflexive. We will show that it is the case for every compact subset K of the
complex plane whose interior of K is connected and the closure of the interior
of K is K.

On the other hand unless we assume linearity on the maps, non-linear lo-
cal automorphisms and non-linear locally surjective isometries can be almost
arbitrary. Instead of linearity we assume 2-locality for the maps which was in-
troduced by Šemerl [19] motivated by the paper of Kowalski and S�lodokowski
[7]. Let T be a map from a Banach algebra A into itself. No continuity, sur-
jectivity, linearity nor multiplicativity are assumed here. T is called a 2-local
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automorphism (resp. 2-local isometry) if for any f, g ∈ A, there exists an auto-
morphism (resp. surjective linear isometry) Tf,g on A with T (f) = Tf,g(f) and
T (g) = Tf,g(g). Šemerl first studied 2-local automorphisms together with other
things in [19] and he proved that every 2-local automorphism on a Banach alge-
bra B(H) of all bounded linear operators on an infinite dimensional separable
Hilbert space H is an automorphism. Molnár [10] initiated 2-local isometries
and proved that for certain C∗-subalgebras of B(H), 2-local isometries are
surjective linear isometries. For the case of commutative Banach algebras,
Molnár [11, p.119] showed that every 2-local automorphism on C(X ) for a
first countable compact Hausdorff space X is an automorphism, where C(X )
denotes the algebra of all complex-valued continuous functions on X . Győry
[4] proved that every 2-local isometries on C0(Y) is a surjective linear isometry
if Y is a first countable and σ-compact locally compact Hausdorff space, where
C0(Y) is the algebra of all complex-valued continuous functions which vanish
at infinity on Y . Győry also showed in the same paper that for an uncountable
discrete space L, there exists a non-sujective 2-local automorphism on C0(L).

In this paper we study 2-local automorphisms and 2-local isometries on uni-
form algebras including certain algebras of holomorphic functions of one and
two complex variables. We say that A is a uniform algebra on a compact Haus-
dorff space X if A is a closed subalgebra of C(X) which separates the points
of X and contains constant functions. For a subset K of X, the supremum
norm on K is denoted by ‖ · ‖∞(K). We denote the spectrum of f ∈ A by σ(f).
Note that a 2-local automorphism on a uniform algebra is a 2-local isometry
since every automorphism on a uniform algerba is a surjective linear isometry.

2. 2-local automorphisms

LetA be a uniform algebra on a compact Hausdorff spaceX. It is well-known
that an automorphism on A is represented by the composition operator; for
an automorphism T on A there corresponds a homeomorphism ϕ from the

maximal ideal space MA of A onto itself such taht T̂ (f) = f̂ ◦ ϕ on MA for
every f ∈ A, where ·̂ denotes the Gelfand transformation. In particular, every
automorphism on a uniform algebra is a surjective linear isometry.

Lemma 2.1. Suppose that A is a uniform algebra on a compact Hausdorff
space X. If the group of all surjective isometry on A is reflexive, then the
group of all automorphism is reflexive.

Proof. Suppose that S is a local automorphism on A. Since automorphisms are
surjective isometries on uniform algebras, we have that S is a locally surjective
isometry. So S is a surjective linear isometry by the hypothesis. Then by a
theorem of de Leeuw, Rudin and Wermer [3, Theorem 3] there are a τ ∈ A
with τ(X) ⊂ {|z| = 1} and an automorphism T on A such that S(f) = τT (f)



2494 Osamu Hatori et al

(f ∈ A). On the other hand S(1) = 1 holds since S is a local automorphism.
It follows that τ = 1 and so T = S. Thus S is an automorphism on A.

Molnár [11, p.119] showed that any 2-local automorphism on C(X) for a
first countable compact Hausdorff space X is an automorphism. To prove this
Molnár first showed that T is linear by applying [7]; T is a local automorphism.
Since the group of all surjective linear isometries on C(X) is reflexive if X
is first countable [13], T is an automorphism by Lemma 2.1. This can be
formally generalized in the completely same argument for uniform algebras.
Since we will apply the result later in this paper we show it with a proof for a
convenience.

Theorem 2.2. Let A be a uniform algebra and T a 2-local automorphism on
A. Then T is an isometrical isomorphism from A onto T (A). In particular,
if the group of all automorphisms on A is algebraically reflexive, then every
2-local automorphism is an automorphism.

Proof. Let x ∈ MA, the maximal ideal space of A. Put Sx : A → C by

Sx(f) = T̂ (f)(x) for every f ∈ A, where ·̂ denotes the Gelfand transformation.
Suppose that f, g ∈ A. Then there is an automorphism Tf,g on A such that
T (f) = Tf,g(f) and T (g) = Tf,g(g), so

Sx(f) − Sx(g) = ̂Tf,g(f − g)(x) ∈ σ(Tf,g(f − g)) = σ(f − g)

holds. Putting f = 0 and g = 1 we have T (0) = T0,1(0) = 0 for an automor-
phism T0,1, so Sx(0) = 0. It follows that Sx is linear and multiplicative by a
theorem of Kowalski and S�lodkowski [7]. Thus Sx is a non-zero complex homo-

morphism for Sx(1) = T̂0,1(1) = 1; we may suppose that Sx ∈ MA. Put a func-

tion ϕ : MA → MA defined by ϕ(x) = Sx for x ∈MA. Then f̂(ϕ(x)) = T̂ (f)(x)
holds for every f ∈ A and x ∈MA, so that T is an endomorphism on A since A
is semi-simple. So, by definition, T is a local automorphism. For every f ∈ A
there is an automorphism Tf on A such that T (f) = Tf (f). Then there is a

homeomorphism ϕf on MA such that T̂f (f) = f̂ ◦ ϕf . Thus

σ(f) = f̂(MA) = f̂ ◦ ϕf(MA)

= T̂f(f)(MA) = T̂ (f)(MA) = σ(T (f)).

It follows that T is an isometrical isomorphism from A onto T (A). If the group
of all automorphisms on A is reflexive, then T is an automorphism.

In a way similar to Győry [4] we show that there are a compact Hausdorff
space K̄ which is not first countable and a 2-local automorphism on C(K̄) which
is not surjective. The idea of constructing such an operator is also essentially
the same as that of Examples 1 and 2 of Sánchez and Molnár [18].
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Let κ be an infinite cardinal number. Let K be a discrete space with the
cardinality ν which is strictly larger than κ. Note that ν is strictly larger
than the countable cardinal number. The one point compactification of K
is denoted by K̄ = K ∪ {∞}. Then K̄ is not first countable since K is not
countable. Choose a countable subset {xn}∞n=0 of K and put L = K\ {xn}∞n=0.
Put a function ϕ0 from K̄ onto K̄ by ϕ0(x0) = ϕ0(∞) = ∞, ϕ0(xn) = xn−1

for every n ≥ 1, ϕ0(y) = y for every y ∈ L. Then ϕ0 is continuous. Put a
composition operator T0 on C(K̄) by T0(f) = f ◦ϕ0 for f ∈ C(K̄). Then T0 is
an isometric isomorphism from C(K̄) into C(K̄), but it is not a surjective one
since ϕ0(x0) = ϕ0(∞). We also see that T0 is a 2-local automorphism.

Theorem 2.3. Suppose that F = {fα} is a (finite or infinite) subset of C(K̄)
and the cardinality of F is at most κ. Then there is an automorphism T on
C(K̄) such that T0(fα) = T (fα) for every fα ∈ F . In particular, T0 is a
2-local automorphism. Thus the group of all automorphisms on C(K̄) is not
algebraically reflexive.

Proof. Let f be a function in C(K̄). Put

Mf = {x ∈ L : f(∞) �= f(x)}.
By a simple calculation we see that Mf is at most countable. It follows that
the cardinality of ∪f∈FMf is at most κ. Put M = L \ ∪f∈FMf . Since
L = K \ {xn}∞n=0, the cardinality of L is ν. Thus the cardinality of M equals
to ν since ν is strictly larger than κ. In particular, M is an infinite set.

Let τ be a bijection form {x0} ∪M onto M. Define a homeomorphism ϕ
on K̄ as follows. For every x ∈ {x0}∪M, put ϕ(x) = τ(x). Put ϕ(xn) = xn−1

for every n ≥ 1 and ϕ(y) = y for every y ∈ L \ M, and ϕ(∞) = ∞. Then
ϕ is a homeomorphism since ϕ(∞) = ∞. We show that f ◦ ϕ0 = f ◦ ϕ for
every f ∈ F . Since ϕ0(x) = ϕ(x) for every x ∈ {xn}∞n=1 ∪ (L \ M) ∪ {∞},
f ◦ ϕ0 = f ◦ ϕ on this set. Since ϕ(x0) = τ(x0) is in M and ϕ0(x0) = ∞, we
see that f ◦ ϕ(x0) = f(∞) = f ◦ ϕ0(x0). Let y ∈ M. Then ϕ(y) = τ(y) ∈ M.
So f ◦ ϕ(y) = f(∞). On the other hand, ϕ0(y) = y since M ⊂ L. Thus
f ◦ ϕ0(y) = f(y) = f(∞) for y ∈ M. So, f ◦ ϕ0(y) = f ◦ ϕ(y) holds for
every y ∈ M. It follows that f ◦ ϕ0 = f ◦ ϕ on K̄. Put T (h) = h ◦ ϕ for
h ∈ C(K̄). Then T is an automorphism on C(K̄) and T0(f) = T (f) holds for
every f ∈ F . Considering the case where F consists of two functions, we see
that T0 is a 2-local automorphism. Since T0 is not surjective, we see that C(K̄)
is not algebraically reflexive by Theorem 2.2.

It is natural to ask the following question.

Problem 2.4. If a unifrom algebra A has the first countable maximal ideal
space, are the groups of all automorphisms of A and of all surjective isometries
of A always algebraically reflexive?
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Molnár and Zalar [13, Theorem 2.2] proved the case where A = C(X). The
authors do not know the answer in general.

3. 2-local isometries

Győry [4] proved that if Y is a locally compact Hausdorff space which is first
countable and σ-compact, then every 2-local isometry of C0(Y ) is a surjective
linear isometry, where C0(Y ) denotes the algebra of all complex-valued contin-
uous functions which vanish at infinity on Y . In this section we study 2-local
isometries on uniform algebras, in particular, we show that 2-local isometries
(resp. 2-local automorphisms) on uniform algebras on certain compact sub-
sets of complex Euclidean spaces of dimension one and two are surjective linear
isometries (resp. automorphisms).

In the case where T is a surjective 2-local isometry on a uniform algebra, we
see that T is in fact a surjective linear isometry by applying the Mazur-Ulam
theorem [9].

Theorem 3.1. Let A be a uniform algebra on a compact Hausdorff space X.
Suppose that T is a surjective 2-local isometry. Then T is a surjective linear
isometry.

Proof. Let f and g be in A and λ ∈ C. Then there is a surjective linear
isometry Tλf,f on A with

T (f) = Tλf,f (f), T (λf) = λTλf,f (f).

Thus we see that T (λf) = λT (f). Furthermore there is a surjective linear
isometry Tf,g on A such that Tf,g(f) = T (f) and Tf,g(g) = T (g). Thus by a
theorem of de Leeuw, Rudin and Wermer [3, Theorem 3] there are function
hf,g ∈ A with |hf,g| = 1 on X and an automorphism Sf,g on A such that
Tf,g = hf,gSf,g. Thus we have that

‖T (f) − T (g)‖∞(X) = ‖Tf,g(f) − Tf,g(g)‖∞(X)

= ‖hf,gSf,g(f) − hf,gSf,g(g)‖∞(X) = ‖Sf,g(f − g)‖∞(X)

= ‖f − g‖∞(X).

Since T is a surjection, we can apply the Mazur-Ulam theorem to get T (f+g
2

) =
T (f)+T (g)

2
, so T (f + g) = T (f) + T (g) holds for every f, g ∈ A. It follows that

T is a surjective linear isometry on A.

Unless T is assumed to be surjective, the Mazur-Ulam theorem cannot be
applied (cf. [1]). We show that under a certain condition 2-local isometries on
uniform algebras are isometrical isomorphisms. Every 2-local automorphisms
on a uniform algebra is a 2-local isometry since an automorphism on a uniform
algebra is a surjective linear isometry. We show a partial converse.
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Lemma 3.2. Let A be a uniform algebra. Suppose that for every invertible
function h ∈ A with the constant modulus reduces to a constant function.
Suppose that T is a 2-local isometry on A such that T (1) = 1. Then T is a
2-local automorphism.

Proof. For every f ∈ A, applying the 2-local-isometry condition for T with f
and 1, there exists a surjective linear isometry Tf,1 on A such that T (f) =
Tf,1(f) and T (1) = Tf,1(1). By a theorem of de Leeuw, Rudin and Wermer
[3, Theorem 3] we see that Tf,1 is an automorphism since T (1) = 1. Since
the spectrum σ(Tf,1(f)) of Tf,1(f) coincides with that σ(f) of f , we have
σ(T (f)) = σ(f). Using this we see that T (f + c) = T (f) + c holds for every
pair f ∈ A and a complex number c. In fact, by a theorem of de Leeuw, Rudin
and Wermer [3, Theorem 3] and the hypothesis on A, there exist a complex
number hf+c,f with the unit modulus and an automorphism Tf+c,f with

T (f + c) = hf+c,fTf+c,f (f + c) = hf+c,fTf+c,f (f) + hf+c,fc,

T (f) = hf+c,fTf+c,f (f).

Thus we have T (f + c) = T (f) + hf+c,fc and

σ(f) + c = σ(f + c) = σ(T (f + c)) = σ(T (f) + hf+c,fc)

= σ(T (f)) + hf+c,fc = σ(f) + hf+c,fc.

We show that hf+c,f = 1 if c �= 0. Let a1 ∈ σ(f). Then by an induction there
is a sequence {an} in σ(f) such that

an+1 = an + (1 − hf+c,f )c

since σ(f) + c = σ(f) + hf+c,fc. It follows that

an = a1 + (n− 1)(1 − hf+c,f )c.

Since σ(f) is a bounded set and c �= 0, we see that hf+c,f = 1. Thus we see
that T (f + c) = T (f) + c. Let f and g be functions in A. Put a complex
number with σ(f + c) ⊂ {z ∈ C : Rez > 0, Imz > 0}. As usual, we have

T (f + c) = hf+c,gTf+c,g(f + c), T (g) = hf+c,gTf+c,g(g)

for a complex number hf+c,g with the unit modulus and an automorphism
Tf+c,g. Since

hf+c,gσ(Tf+c,g(f + c)) = σ(T (f + c)) = σ(f + c) = σ(Tf+c,g(f + c))

is in the {z ∈ C : Rez > 0, Imz > 0}, hf+c,g must be 1. It follows that

T (f) = Tf+c,g(f) and T (g) = Tf+c,g(g). Thus we have that ˜T is a 2-local
automorphism.
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Theorem 3.3. Let A be a uniform algebra. Suppose that for every invertible
function h ∈ A with the constant modulus reduces to a constant function.
Then for any 2-local isometry T on A, we have that T (1) is a complex number
with the unit modulus and that T

T (1)
is a 2-local automorphism on A, and an

isometrical isomorphism from A onto T (A).

Proof. For every pair f and g in A, there exist a complex number hf,g with the
unit modulus and an automorphism Tf,g on A such that T (f) = hf,gTf,g(f)
holds by a theorem of de Leeuw, Rudin and Wermer [3, Theorem 3] and the
hypothesis on A. In particular, T (1) = h1,0T1,0(1) = h1,0 follows that T (1)

is a complex number with the unit modulus. Put ˜T = T
T (1)

. Then ˜T is a

2-local isometry with ˜T (1) = 1. Thus we see by Lemma 3.2 that ˜T is a 2-local

automorphism on A. Then by Theorem 2.2, ˜T is an isometrical isomorphism
from A onto T (A).

Let K be a compact subset of Cn. We denote by A(K) the algebra of
all complex-valued continuous functions on K which are holomorphic on the
interior IntK of K. Sánchez and Molnár [18, p. 423] showed that the isometry
group and the automorphism group of A(K) are algebraically reflexive if K is
a compact subset of the complex plane C such that C \K has finitely many
components. We consider the case where C\K has infinitely many components.

Theorem 3.4. Let K ⊂ C be a connected compact subset such that IntK has
finitely many components and K = IntK, where IntK is the closure of the
interior of K. Then the group of all surjective linear isometries on A(K) and
the group of all automorphisms on A(K) are algebraically reflexive.

Proof. Let T be a locally surjective isometry. Then by [18, Theorem 5] there

is a τ ∈ A with σ(τ) ⊂ T and a unital endomorphism ˜T such that T = τ ˜T .
Since τ is analytic on IntK and σ(τ) ⊂ T, we have by the maximum modulus
principle that τ is a complex number with the unit modulus on each component
of IntK. Since K = IntK and K is connected, we see that τ is a complex
number with the unit modulus on K. Since T is a locally surjective isometry,

we see that ˜T is also a locally surjective isometry on A(K).

We show that ˜T is in fact a local automorphism. Let f ∈ A(K). Put a

complex number c with σ(f + c) ⊂ {z ∈ C : Rez > 0, Imz > 0}. Since ˜T is

a locally surjective isometry, there exists a surjective linear isometry ˜Tf+c on
A(K) with

˜T (f + c) = ˜Tf+c(f + c).

Applying [3, Theorem 3] we see that there are a complex number af+c and an
automorphism Sf+c with

˜T (f + c) = af+cSf+c(f + c).
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Since Sf+c is an automorphism, we have

σ( ˜T (f + c)) = af+cσ(f) + afc.

On the other hand we have

σ( ˜T (f + c)) = σ( ˜T (f)) + c ⊂ σ(f) + c

since ˜T is a unital endomorphism. It follows that

af+cσ(f) + af+cc ⊂ σ(f) + c

from which we have af+c = 1 since σ(f+c) ⊂ {z ∈ C : Rez > 0, Imz > 0}. We

see that ˜T (f+c) = Sf+c(f+c), so ˜T (f) = Sf+c(f); ˜T is a local automorphism.

Let id be the identitiy function on C. Then there is an automorphism ˜Tid such

that ˜T (id) = ˜Tid(id). Since the maximal ideal space of A(K) is K itself [2,

Theorerm 3.5.7], and ˜T and ˜Tid are both unital, there are continuous functions

ϕ and ψ from K into K such that ˜T (g) = g ◦ϕ and ˜Tid(g) = g ◦ψ (g ∈ A(K)).

In particular, ψ is a homeomorphism on K and analytic on IntK since ˜Tid is

an automorphism. Since ˜T (id) = id ◦ϕ = ϕ and ˜Tid(id) = id ◦ψ = ψ, we have

that ϕ = ψ. Thus we see that ˜T = ˜Tid, that is, ˜T is an automorphism. It

follows that T = τ ˜T is a surjective linear isometry. We see that the group of
all surjective linear isometries is algebraically reflexive. Then by Lemma 2.1
we also see that the group of all automorphisms is algebraically reflexive.

Corollary 3.5. Let K ⊂ C be a compact subset such that IntK is connected
and IntK = K. Then the group of all surjective linear isometries on A(K)
and the group of all automorphisms on A(K) are algebraically reflexive.

Since K in the Corollary satisfies the hypotheses of Theorem 3.4, Corollary
3.5 holds.

We consider 2-local isometries and 2-local automorphisms on A(K).

Theorem 3.6. Let K be a connected compact subset of C such that IntK has
finitely many components and IntK = K. Suppose that T is a 2-local isometry
(resp. 2-local automorphism) on A(K). Then T is a surjective linear isometry
(resp. automorphism).

Proof. Suppose that h is a function in A(K) with 1
h
∈ A(K) and |h| = 1 on

K. Then in the same way as in the proof of Theorem 3.4 we see that h is a
constant function. Thus A(K) satisfies the condition in Theorem 3.3. Then
by Theorem 3.3 we have that T is linear. Then by the very definition, T is a
locally surjective isometry (resp. local automorphism). Thus by Theorem 3.4
we see that T is a surjective isometry (resp. automorphism).

Let K be a compact subset of C2. We denote by P (K) the algebra of all
complex valued continuous functions on K which are uniformly approximated
on K by holomorphic polynomials.
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Theorem 3.7. Let K be a connected compact subset of C2 such that IntK has
finitely many components and IntK = K. Suppose that T is a 2-local isometry
(resp. 2-local automorphism) on P (K). Then T is a surjective linear isometry
(resp. automorphism).

Proof. In the same way as before we see that P (K) satisfies the conditions
for A in Theorem 3.3. Suppose that T is a 2-local isometry (resp. 2-local
automorphism). Then by Theorem 3.3 we see that T (1) is a complex number

with the unit modulus and ˜T = T
T (1)

is a 2-local automorphism. Note that

T (1) = 1 if T is a 2-local automorphism. Thus there is an automorphism S
on P (K) such that

˜T (id1) = S(id1), ˜T (id2) = S(id2),

where idj is the function on K defined by idj(w1, w2) = wj for every (w1, w2) ∈
K. Thus we see that S−1 ◦ ˜T (P ) = P holds for every holomorphic polynomial

P since ˜T is an endomorphism by Theorem 3.3. It follows that S−1 ◦ ˜T (f) = f
holds for every f ∈ P (K). We conclude that T = T (1)S and T is a surjective
linear isometry (resp. automorphism).

Theorem 3.8. Let K be a closure of strictly pseudoconvex domain in C2 with
the boundary of class C2. Suppose that T is a 2-local isometry (resp. 2-
local automorphism) on A(K). Then T is a surjective linear isometry (resp.
automorphism).

Proof. As before we see that A(K) satisfies the conditions for A in Theorem
3.3. In a way similar to the proof of Theorem 3.7 there is an automorphism S
on A(K) with

S−1 ◦ ˜T (id1) = id1, S−1 ◦ ˜T (id2) = id2.

Let f ∈ A(K) and w = (w1, w2) ∈ IntK. Then by the Gleason property for
A(K) [15] there are functions g, h ∈ A(K) such that

f − f(w) = (id1 − w1)g + (id2 − w2)h.

Since S−1 ◦ ˜T is a unital endmorphism on A(K) we have that

S−1 ◦ ˜T (f − f(w)) = (id1 − w1)S
−1 ◦ ˜T (g) + (id2 − w2)S

−1 ◦ ˜T (h),

so

S−1 ◦ ˜T (f)(w) = f(w)

holds for every f ∈ A(K) and w ∈ IntK. Since IntK is dense in K we see

that S−1 ◦ ˜T is the identity operator. It follows that T = T (1)S and T is a
surjective linear isometry (resp. automorphism since T (1) = 1).
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Definition 3.9. Let B be a Banach algebra and T a self-map on B. Suppose
that n is a positive integer. We say that T is an n-local isometry (resp. n-
local automorphism) if for every n-fold elements a1, a2, . . . , an of B there
exists a surjective linear isometry (resp. automorphism) S on B such that
T (aj) = S(aj) holds for every 1 ≤ j ≤ n.

Note that (n+ 1)-local isometry (resp. (n+ 1)-local automorphism) is an n-
local isometry (resp. n-local automorphism). Note also that a 3-local isometry
(resp. 3-local automorphism) T on a Banach algebra B is linear. (For f, g ∈ B
there is a surjective linear isometry S on B such that T (f) = S(f), T (g) =
S(g) and T (f + g) = S(f + g). Then T (f + g) = T (f) + T (g) follows since
S(f + g) = S(f) +S(g). In a way similar, we see that T (λf) = λT (f) (λ ∈ C,
f ∈ B).)

In a way similar to the proofs of Theorems 3.7 and 3.8, we see the following.

Theorem 3.10. Let K be a connected compact subset of Cn such that IntK
has finitely many components and IntK = K. Suppose that T is an n-local
isometry (resp. n-local automorphism) on P (K). Then T is a surjective linear
isometry (resp. automorphism).

Theorem 3.11. Let K be a closure of strictly pseudoconvex domain in Cn

with the boundary of class C2. Suppose that T is an n-local isometry (resp.
n-local automorphism) on A(K). Then T is a surjective linear isometry (resp.
automorphism).

Problem 3.12. Is every 2-local isometry on a uniform algebra linear?

Problem 3.13. Is a 2-local isometry (resp. automorphism) a 3-local surjec-
tive isometry? In general, is an n-local surjective isometry a (n + 1)-local
surjective isometry?

An affirmative answer to Problem 3.13 follows by an affirmative answer to
Problem 3.12.
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