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Abstract

The aim of this work is to introduce and give some properties of the
Lichnerowicz basic cohomology which is an important generalization of
the basic cohomology.

Mathematics Subject Classification: Primary 47A15; Secondary 46A32,
47D20

Keywords: Lichnerowicz cohomology, basic cohomology, Leray-Hirsch
theorem

1 Introduction

In this paper, we introduce the Lichnerowicz basic cohomology for a foliated
manifold and a basic closed 1-forme ω. Recall that the Lichnerowicz coho-
mology is the cohomology of the complex of differential forms on a smooth
manifold with the de Rham differential operator deformed by a closed 1-form
ω. The Lichnerowicz cohomology is a proper tool of locally conformal sym-
plectic geometry, see [11].

In [1] we have showed the Leray-Hirsch theorem for basic and vertical forms.
In this note we will generalize this theorem for all differential forms.

In the second section,we first define the Lichnerowicz cohomology and some
of its basic properties. In the last section, we introduce the basic Lichnerowicz
cohomology for any foliated manifold and show that many properties of the
usual basic cohomology still have their analogues within the Lichnerowicz basic
cohomology.

2 The Lichnerowicz cohomology

Let ω be a closed 1-form on M . The Lichnerowicz cohomology H∗
dω(M) is the

cohomology of the complex Ω∗(M) of differential forms on a smooth manifold
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M with the coboundry operator

dω = d+ e(ω),

where d is the exterior derivative and e(ω) is given by

e(ω)(α) = ω ∧ α
for all α ∈ Ω∗(M).

We will denote by H∗
ω(M) the cohomology of the complex (Ω∗(M), dω).

Similarly we define the Lichnerowicz-cohomology with compact supportH∗
ω(M)c.

Proposition 2.0.1 ([11]) Let M be a differentiable manifold and ω a closed
1-form on M .
(a) If ω is exact then H∗

ω(M) ∼= H∗
dR(M).

(b) Suppose [ω′] = [ω] ∈ H1(M): there exists a smooth positive function f
such that ω′ = ω + d(lnf). Then the following application

ϕ : H∗
ω′(M) −→ H∗

ω(M)
[α] �−→ [fα]

is an isomorphism.

In this section we recall another interpretation of the Lichnerowicz-cohomology
given by Banyaga in [3].

Let π : M̃ −→ M be the minimum regular cover over which the 1-form ω
pulls back to an exact 1-form and let λ : M̃ −→ IR be a positive function on
M̃ such that π∗ω = dλ. It is well known that the group of automorphisms A
of the covering M̃ is isomorphic to the group of periods of ω [12].

Lemma 2.0.2 For any τ ∈ A, the function (λ◦τ)
λ

is independent of the choice
of λ. We denote it by cτ .

The set F∗
cA(M) of all differential forms α on M̃ such that τ ∗α = cτα for

all τ ∈ A, is a subcomplex of the de Rham complex of M̃ . We denote its
cohomology by H∗

cA(M). The following theorem is proved in [4]

Theorem 2.0.3 H∗
cA(M) is isomorphic with H∗

ω(M).

Example 2.1. Let M = S1 and ω be a generator of its first de Rham co-
homology. We claim that H0

ω(S1) = 0. So let f ∈ Ω0(S1) such that df = 0
and τ ∗f = cτf . The condition df = 0 means that f = k is a constant. Then,
the second condition k = foτ = cτk translates to (1 − cτ )k = 0, but if ω
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is non-exact, cτ �= 1, hence k = 0. So H0
ω(S1) = 0 and by Poincaré duality

H1
ω(S1) = 0.

As in the ordinary the de Rham cohomology case we prove that the cup−
poduct is an isomorphism, namely we have the following theorem:

Theorem 2.0.4 (Künneth formula) .
Suppose that M and N have good covers and let ω1 respectively ω2 a closed
1-form on M respectively N . Then the map

∪ : H∗
ω1

(M) ⊗H∗
ω2

(N) −→ H∗
ω(M ×N)

is an isomorphism.

Example 3.2 Let G be a Lie group with Lie algebra G, E −→M a principal
G-bundle on M , and ω a connection 1-form on E. Thus ω ∈ Ω1(E,G), and its
curvature is given by

Ω = dω +
1

2
[ω, ω] ∈ Ω2(E,G).

A connection ω with Ω = 0 is a flat connection and a bundle with a flat
connection is said to be flat. If E is an S1-flat bundle, then [ω, ω] = 0 and
therefore Ω = dω = 0. So ω is an ordinary closed 1-form
Suppose that M has a good cover U and let U ∈ U . Take df an exact 1-form
on U , then

H∗
pr∗2df+ω|U×S1

(U × S1) ∼= H∗
df (U) ⊗H∗

ω|S1
(S1)

∼= H∗(U) ⊗H∗
ω|S1

(S1)
∼= 0

since H∗
ω|S1

(S1) = 0.
Similarly, for V ∈ U , we get

H∗
pr∗2df+ω|V ×S1

(V × S1) ∼= H∗
df (V ) ⊗H∗

ω|S1
(S1)

∼= H∗(V ) ⊗H∗
ω|S1

(S1)
∼= 0

and
H∗

pr∗2df+ω|U∩V ×S1
(U ∩ V × S1) ∼= 0.

Using the Mayer-Vietoris sequence inductively, we immediately obtain

H∗
ω(E) ∼= 0.
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Next we will prove the Leray-Hirsch theorem for the Lichnerowicz coho-
mology. First we state such theorem for basic and vertical forms and then for
general forms.

Theorem 2.0.5 Let (E,M,F, π) be a fiber bundle over M . Suppose that M
has a finite good cover. If there are global cohomology classes (e1, e2, ..., er)
on E which when restricted to each fiber freely generate the cohomology of the
fiber, then H∗

π∗ω(E) is a free module over H∗
ω(M) with basis (e1, e2, ..., er), i.e.

H∗
π∗ω(E) ∼= H∗

ω(M) ⊗ IR{e1, ..., er} ∼= H∗
ω(M) ⊗H∗(F ).

By an analogue proof of the previous theorem we can show the following Leray-
Hirsch theorem for vertical forms:

Theorem 2.0.6 Let (E,M,F, π) be a fiber bundle over M and ω a closed
1-form on E. Suppose that M has a finite good cover. If there are global
cohomology classes (e2, ..., er) on E such that ([ω] = e1, e2, ..., er) restricted to
each fiber freely generate the cohomology of the fiber, then

H∗
ω(E) ∼= H∗(M) ⊗H∗

i∗ω(F )

where the map i : F −→ E is the inclusion.

More generally, we can use the same arguments as before to prove the
Leray-Hirsch theorem for any closed form on a manifold, namely we have the
following theorem:

Theorem 2.0.7 Let (E,M,F, π) be a fiber bundle over M and ω a closed
1-form on E. Suppose that M has a finite good cover. If there are global
cohomology classes (e2, ..., er) on E such that ([ω] = e1, e2, ..., er) restricted to
each fiber freely generate the cohomology of the fiber, then

H∗
ω(E) ∼= H∗(M) ⊗H∗

i∗ω(F )

where the application i : F −→ E is the inclusion.

Remark 2.0.8 1. The assumption that M has a finite good cover is nec-
essary for the induction argument.

2. Remark also that the assumption that there are global cohomology classes
(e1, e2, ..., er) on E which when restricted to each fiber freely generate
the cohomology of the fiber is necessary because all fibers have the same
cohomology but their generators may be different. For example take x, y
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in M and put Ex = π−1(x) and Ey = π−1(y). Denote by (u1, u2, ..., ur)
resp. (v1, v2, ..., vr) the generators of de Rham cohomology of Ex resp.
Ey. We have H∗(Ex) ∼= H∗(Ey), but (ui) may have no relation with
(vj). The assumption means that the generators of the cohomology of the
fibers over intersection are agree since they are restrictions of ei.

3 Lichnerowicz basic cohomology

Let (M,ω) be a smooth n−dimensional manifold equipped with the closed
1-form ω and F a foliation.
Suppose that ω is basic, that is iXω = 0 = LXω. Then iXd

ωα = 0 and
LXd

ωα = 0,
for all basic p-form α on M .

Definition 3.0.9 Let (M,ω) be a smooth manifold together with a basic closed
1-form ω, and F a foliation on M . We denote H∗

bω(F) the cohomology of
the complex (Ω∗

bω(F), dω) and call it the Lichnerowicz basic cohomology of the
foliated manifold (M,F).

Remark 3.0.10 The Lichnerowicz basic cohomology plays the role of the Lich-
nerowicz cohomology of the leaf space.

Proposition 3.0.11 1. The Lichnerowicz basic cohomology depends only
on the basic class of ω. In fact, we have the following isomorphism

H∗
b(ω+df)(F) ∼= H∗

bω(F),

which is given by α �−→ efα.

2. Note that H∗
bω(F) is not an algebra but the exterior product induces the

following homomorphism

∧ : H∗
bω(F) ×H∗

b(−ω)(F) −→ H∗
b (F)

Proposition 3.0.12 Let (M,F) a foliated smooth manifold and ω a closed
basic no exact 1-form on M . Then

H0
bω(F) = {f ∈ Ω0

b(F)/df + fω = 0} = 0.

Proof:
Suppose that df + fω = 0. Then the function f must admit zeros since ω is
not exact. Set S = {x ∈M/f(x) = 0}, that is a closed set on M .
We prove that it is also open.
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Let x ∈ S and U an open contractible neighborhood of x. Then ω|U = dϕ
ϕ

where ϕ > 0, and then by the isomorphism

H∗
bω(U) −→ H0(U)

f �−→ [
f

ϕ
]

we get that f
ϕ

= cte on U . Since f(x)
ϕ(x)

= 0 then f(x) = 0 on U . Furthermore,
U ∈ S.
If M is connected we get M = S, and then H0

bω(M) = 0.

Proposition 3.0.13 Let (M,F) be a foliated manifold and ω a closed 1-form
on M . The inclusion Ω∗

B(F) ↪→ Ω∗(M) induce an injective map in cohomology
H1

bω(F) ↪→ H1
ω(M).

Proof:
Let α ∈ Ω1

b(F) such that α = dωf where f : M −→ IR. Then α = df +fω and
α− fω = df. Since α and ω are basic then f is basic and [α] = 0 ∈ H1

(bω)(F).
Let M be an n-dimensional smooth compact manifold, and let F be a

foliation defined by the submersion π : M −→ W of M to a manifold W of
dimension q.
Suppose that W is connected and oriented, then by Guedira-Lichnerowicz
theorem we have

Hq
bω(F) = 0.

In particular, if W = S1 or T q, the Lichnerowicz basic cohomology is also
trivial.

4 Gysin Sequence

The relation between the de Rham cohomology and the basic Lichnerowicz
cohomology of M is given by the Gysin sequence. The Gysin sequence for
isometric flow is given by

... −→ Hp
b (F)

e−→ Hp+2
b (F) −→ Hp+2(M) −→ Hp+1

b (F) −→ ...

where e is the connecting morphism given by multiplication by the Euler class.
Recall that the Euler class is the cohomological class of the differential char-
acteristic form χ = iXμ ∈ Ω1(M), that is,

e = [dχ] ∈ H2
b (F).

This sequence is induced by the short Gysin sequence

0 −→ Ω∗(M) −→ Ω∗
b(F)

ρ−→ Ω∗(M)

Ω∗
b(F)

−→ 0,

where ρ is the projection induced by the inclusion Ω∗
b(F) ↪→ Ω∗(M).
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Proposition 4.0.14 ([14]) The Euler class e of an isometric flow F vanishes
if and only if there exists a foliation G transverse to F which is defined by a
cycle.

for a Riemannian flow, one can choose a bundle-like metric μ such that the
mean curvature form ω is basic and then closed. Thus [ω] ∈ H1

b (F) is an
invariant of the foliation called the Álvarez class.
Let F a Riemannian flow on a manifold M . The Euler form is the 2-form
defined by dχ = e+ χ ∧ ω.

The Euler form thus defined is basic and satisfies dωe = 0. Then

[e] ∈ H2
bω(F).

Theorem 4.0.15 ([14]) Let F be a Riemannian flow on a compact manifold
M . We have the long exact sequence

... −→ Hp
bω(F)

e−→ Hp+2
b (F) −→ Hp+2(M) −→ Hp+1

bk (F) −→ ...

Let M be a differentiable 3-dimensional manifold and F a Riemannian flow
on M .
Take p = 1 in the above Gysin sequence. We get

0 −→ H0
bω(F)

e−→ H2
b (F) −→ H2(M) −→ H1

bω(F) −→ H3
b (F) −→ H3(M).

And then we deduce

H1
b (F) ∼= H1(M).

Now, let M be a differentiable n-dimensional connect manifold and F a
Riemannian foliation on M with q = n− 1. Then the Gysin sequence

Hn
b (F) −→ Hn(M) −→ Hn−1(F) −→ Hn+1(F)

becomes

0 −→ IR −→ Hq(F) −→ 0.

Then

Hq(F) ∼= IR.

5 Invariant of foliation and Lichnerowicz basic

cohomology

We have the following theorem due to Prieto and Saralegi.
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Theorem 5.0.16 ([13]) The Euler [e] ∈ H2
b(−ω)(F) is an invariant of the

foliation and it vanishes if and only if there exists a foliation G transverse to
F defined by an integrable 1-form θ, such that dθ = τ ∧ θ, where τ is basic.

One can show that the Euler class [e] ∈ H2
(b(−ω)(F) and the Alvarez class

[ω] ∈ H1
b (F) are independent.

The relation between [e] ∈ H2
b(−ω)(F) and the Goudbillon-Vey class GV (G) is

given by the following proposition.

Proposition 5.0.17 The vanishing of the Euler class of a Riemannien flow is
equvalent to the vanishing of Godbillon-Vey invariant of the transverse foliation
G.
Proof:
Suppose that [e] ∈ H2

b(−ω)(F) = 0. Then there exists γ ∈ Ω1
b(F) such that

d−ωγ = dγ + ω ∧ γ = e
⇐⇒ dγ + ω ∧ γ = dχ+ ω ∧ χ
⇐⇒ d(χ− γ) = ω ∧ γ − ω ∧ χ
⇐⇒ d(χ− γ) = ω ∧ (χ− γ). (1)

We have by (1) that the 1-forme ω = χ − γ is integrable, then kerω define a
foliation G of codimension 1.

Remark 5.0.18 The Godbillon-Vey invaraint of foliation GV (G) = [ω∧dω] ∈
H3

DR(M) and the Reeb class R(G) ∈ H1(G) of transverse foliation G are trivial
since the 1-form ω can be taken closed and basic.

The vanishing of the Euler class and the Álvarez class are independent. The
following is an example of a Riemannian flow which is not isometric and with
a nonzero Euler class.

Example 5.0.19 ([13])

Let M6 be the orbit space of the action

ψ : Z2 × (T 4 × IR2) −→ (T 4 × IR2),

given by

ψ((k, l), [y1, y2, z1, z2], (t, x)) = (Bk ◦ I l([y1, y2, z1, z2]), (x+ k, t+ l)),
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where B, I ∈ SL(4, Z) defined y

B =

(
A 0
0 A

)
et I =

(
id2 0
0 Id2

)
,

and

A =

(
2 1
1 1

)
.

It is the fibration π : M6 −→ T 2 with fiber T 4. Take a metric μ on M6 such
that the parallelism {X, T, Y1, Y2, Z1, Z2} is orthonormal and let {α, β, γ, η} the
dual basis of 1-forms. The flow F defined by Y1 is Riemannian with respect
to the metric μ such that LY1μQ = 0.
One have

χ = γ1, ω = (log λ)α, e = −β ∧ η.
Let θ be the generator of H1(M6). Since [α] = π∗([θ]), the Álvarez class of the
F is nonzero.
We can show there exist no basic 1-form theta such that d−ωθ = e.
This is a new example of non trivial Lichnerowicz cohomology group.
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