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Abstract

Two elements x and y of a ring R are commuting regular if for
some a € R, ry = yxayx holds. In this paper we study the finite
rings Z,[S] and Z i ps [Ly,(m)], and prove that the first one is commuting
regular and the second ring contains the commuting regular element
and idempotents as well (where p, p; and py are odd primes. Moreover,
i,m and n are positive integers such that m < n, (m,n) = 1 and
(m—1,n)=1).
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1. Introduction

We use R and S to denote a ring and a semigroup, respectively. A quasi group
is a set () with a binary operation, here denoted by ”.”, with the property that
for all a,b € @, there are unique solutions to the equations a.x = b and y.a = b.
A quasi group with an identity element is called a loop. A ring R is called
commuting regular if and only if for each x,y € R there exists an element a of

R such that xy = yxayx (see [6]). The commuting regular semigroup is defined
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in a similar way in [2]. A positive integer n is said to be a perfect number if n
is equal to the sum of all its positive divisors, excluding n itself (see [1]). Let
R be aring, G is a group and R[G] be the set of all linear combinations of the
form o = 3 e a(g)g where a(g) € R and a(g) = 0 except of a finite number
of coefficients. The sum and product of elements of R[G] are defined by:

D alg)g)+ (O B(9)g) = D _(alg) + B(9))g,

geG geG geG
(> alg)g) (D B(MR) = 3 alg)B(h)gh.
geG heG g,heG

R|G] is called the group ring of G over R (see [4]). If we replace the group
G in the above definition by a semigroup S (or loop L) we get R[S] (or R[L])
the semigroup ring (or loop ring). Following [6], let L,(m) = {e,1,2,....,n}
be a set where n > 3, n is an odd integer and m is a positive integer such
that (m,n) = 1 and (m — 1,n) = 1 with m < n. Define on L,(m), a binary

0

operation ”.” as follows:
(1) ei=i.e=iforallie L,(m)—{e},
(2) * =efor alli € L,(m),

(3) i.j =t where t = (mj — (m —1)i)(mod n) for all i, j € L,(m), i # e and
j#e
Then L, (m) is a loop.

2. The commuting regular semigroup ring Z,[S]

Definition 2.1. A group ring R|G] is said to be a commuting regular group
ring if R be a commuting regular ring. Also, we define the commuting regular
semigroup ring, commuting regular loop ring and commuting regular groupoid
ring in the same way:.

Definition 2.2. Two elements z and y of a ring R (or semigroup S) are
commuting regular if for some a € R (or a € 5), zy = yrayz.

Proposition 2.3. Let S = {a, b, c} be the semigroup given by the table,
la b

a

P D
O ® IO

a
b
¢ a

then for all prime p, Z,[S] is commuting regular semigroup ring.
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Proof. If p =2, Z,[S] is a Boolean ring and so Z5[S] is a commuting regular
semigroup ring. Now, let p be an odd prime, then 27 = 2(mod p) and so

(aa + b+ ve)? = (aa + b+ ye)(mod p),
where «, 3,7 € Z,. Therefore 27 = z for all z € Z,[S] and so

zy = 2Py = (ya)(a**y" %) (yx)

for all z,y € Z,[S]. Then Z,[S] is commuting regular semigroup ring.

Corollary 2.4. Let S = {a,b, c} be the semigroup given by the table,
la b

a

P D
O ® IO

a
b
¢ a

then R = [[;c; Zp, is a commuting regular ring where p; is a prime number for
all 1.

Proof. By the Proposition 3.1 of [2] and the Proposition 2.3.

Proposition 2.5. Let S = {a,b,c} be the semigroup given by the table,

a

SRR
» T o|T
(@I Nl

then
I={0,a,b,c,(p—1)a+b,(p—1a+c,(p—Da+b+c,(p—2)a+b+c},
is the set of all idempotent elements of commuting regular semigroup ring

Z,18).

Proof. Assume that = be an idempotent of Z,[S], then z = (aa + b+ 7c)
where a, 3,7 € Z,. By * = z, we have (o 4+ 2af + 2ay + 267) = «a, 2 =0
and 72 = v. Then §,v € {0,1}.

(1) f f=~v=0,a€{0,1} and so x =0 or z = a,
(2) Ifg=0andy=1,a€{0,(p—1)}andsoz=corz=(p—1)a+c,

BIp=y=1Lac{p—-1),p—2}andsoz = (p—1)a+b+cor
r=(p—2)a+b+c.
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Example 2.6. Let M = {a,b,c} be the groupoid given by the table,

b

o T o
T 0 |
» T o0

b
a
¢

then Zy[M] is the commuting regular groupoid ring having only 8 elements
given by
{0,a,b,c,a+b,a+c,b+c,a+ b+ c}.

Clearly, Z»[M] is a non associative ring without identity and non commuting
regular ring. But center of Zy[M] (i.e; Z(Z2[M]) = {0, a+b+c} )is commuting
regular ring.

3. The loop ring Z,,,[L,(m)]

In this section we will prove that existence of commuting regular elements for
the loop ring Z;[L, (m)] when ¢ is an even perfect number. Also we will prove
that the loop ring Z;[L,(m)] have commuting regular elements when ¢ is of
the form 2% or 3'p (where p is an odd prime) or in general when ¢ = pipy (p;
and py are distinct odd primes).

Proposition 3.1. Let Z;[L,(m)] be a loop ring where ¢ is an even perfect
number of the form ¢ = 27(2"*! — 1) for some r > 1, then there exists an
idempotent element e € Z;[L,,(m)] such that e # 0, 1.

Proof. Ast be an even perfect number, ¢ must be of the form
t=2"(2""" — 1), for some r > 1

where (2"7! — 1) is a prime. Consider e = 27(1 + 1) € Z;[L,(m)] where
l € L,(m). Now
e =27 (1+1)*=22"(1+1)

by 272"t = 2"(mod t). Therefore e* = e.

Example 3.2. The loop ring Zg[L,(m)] has an idempotent e = 2(1 + )
where [ € L,(m).

Proposition 3.3. Let Z;[L,,(m)] be a loop ring where ¢ is an even perfect
number of the form ¢ = 27(2""!1 —1) for some r > 1, then there exist commuting
regular elements a,b € Z;[L,(m)] such that a # b.
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Proof. Ast be an even perfect number, ¢ must be of the form
t=2"(2"tt — 1), for some r > 1

where (27! —1) is a prime. Assume that a = 2"(1+[) and b= (t —2")(1+1) €
Z[L,(m)]. Now

V=[t-2)1+DP=(t-2")*(1+1)=2"(1+1)(mod t)
by 272"t = 2"(mod t), so b* = a. Also,
ab=[2"(1+D)][(t = 2")(1 +1)] = —2.2".2"(1 + I)(mod ?)

by —2.27.2"(14+1) = (t — 2")(1 + [)(mod ¢) and so ab = b. Similarly, ba = b.
By the Proposition 3.1, a? = a. Therefore

ab = (ba)b(ba).

Example 3.4. The loop ring Zgs[L,(m)] have commuting regular elements
a=2(1+1)and b= (6—2)(1+1{) where [l € L,(m).

Proposition 3.5. Let Zy,[L,,(m)] be a loop ring where p is an odd prime
such that p | 2"+l 1 for some r > 1, then there exists an idempotent element
e € Zyp|Ly(m)] such that e # 0, 1.

Proof. Suppose that p | 2771 — 1 for some r > 1 and e = 2"(1 +1) €
Zap[Ly(m)]. Therefore

e’ =(2"(1+10))*=22"(1+1) =2"".2"(1 +1) = 2"(1 + I)(mod 2p)

by 272"t = 2"(mod 2p), so €? = e.

Example 3.6. The loop ring Zio[L,(m)] has an idempotent e = 23(1 + 1)
where r = 3,5 | 23" — 1 and [ € L,(m).

Proposition 3.7. Let Zy,[L,(m)] be a loop ring where p is an odd prime
such that p | 2"7! — 1 for some r > 1, then there exist commuting regular
elements a,b € Zy,[L,(m)] such that a # b.
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Proof. Suppose that p | 277! — 1 for some r > 1 and a = 27(1 +1),b =
(2p —2")(1 + 1) € Zyy[L,,(m)]. Therefore

b =1[2p—2")(1+D]*=22p—2")?(1+1) =22%(1+1)(mod 2p)

and
27127 (1 +1) = 2"(1 4 1) (mod 2p)

by 272" = 2"(mod 2p) and so b* = a. Also,
ab=[2"(1+D][2p -2 1+ D] = —-2"(1 +1)2"(1 + I)(mod 2p)
and
—2.27"(1+1) = (2p — 2")(1 + I)(mod 2p).
Hence ab = b. Similarly, ba = b. By the Proposition 3.6, a?> = a. Therefore
ab = (ba)b(ba).

Example 3.8. The loop ring Z[L,(m)] have commuting regular elements
a=23(1+1)and b =2(1+1) where | € L,(m).

Proposition 3.9. Let Zy,[L,(m)] be a loop ring where p is an odd prime
such that p | 2771 — 1 for some r > 4, then there exists an idempotent element
e € Zsip[Ln(m)] such that e # 0, 1.

Proof. Suppose that p | 2" — 1 for some r > 7 and e = 2"(1 +1) €
Zsip[Ly(m)]. Since

2"t = 1(mod p) for some r > i < 272"t = 2" (mod 2'p) as (2", 2'p) = 2', 7 > i
then e? = e.

Example 3.10. The loop ring Zss 7[L,(m)] has an idempotent e = 2°(1 +1)
where r =5, 7| 25*1 — 1 and where [ € L,,(m).

Proposition 3.11. Let Zyi,[L,(m)] be a loop ring where p is an odd prime
such that p | 21 — 1 for some r > 1, then there exist commuting regular
elements a,b € Zyi,[L,,(m)] such that a # b.

Proof. Suppose that p | 2771 —1 for some r > 1 and a = 2"(1+1),b = (2'p—
2" (1 +1) € Zyip|L,(m)]. Since 272" = 27(mod 2'p) as (27,2'p) = 2, r > i,
b* = a and ab = ba = b.

By the Proposition 3.9, a? = a. Therefore
ab = (ba)b(ba).
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Example 3.12. The loop ring Zys 7| L, (m)] have commuting regular elements
a=2(1+1)and b = (25.7—2°)(1+1) wherer =5, 7| 2°"' —1 and | € L,(m).

Proposition 3.13. Let Zsi,[L,(m)] be a loop ring where p is an odd prime
such that p | 2.3" — 1 for some r > i, then there exists an idempotent element
e € Zziy|Ly(m)] such that e # 0, 1.

Proof. Suppose that p | 2.3" — 1 for some r > i and e = 3"(1 +1) €
Zsiy[Ly(m)]. Since

2.3" = 1(mod p) for some r > i < 2.3".3" = 3" (mod 3'p) as (3", 3'p) = 3", > i
then

e =3"(1+10)*=23"(1+1)=23"3"(1+1) =3"(1+1)(mod 3'p),

SO 62 = €.

Example 3.14. The loop ring Zs2 5[L,(m)] has an idempotent e = 3°(1 +1)
where r =5, 5| 2.3° — 1 and | € L,(m).

Proposition 3.15. Let Zsi,[L,(m)] be a loop ring where p is an odd prime
such that p | 2.3" — 1 for some r > i, then there exist commuting regular
elements a,b € Zzi,[L,,(m)] such that a # b.

Proof. Suppose that p | 2.3" — 1 for some r > ¢ and a = 3"(1 +1),b =
(3'p —3") (1 +1) € Zsip[L,(m)]. Since 2.3".3" = 3"(mod 3'p) as (3",3'p) = 3",
r > 1, a®> = a by the Proposition 3.13. Similarly,

b? = a and ab = ba = b.

Therefore
ab = (ba)b(ba).

Example 3.16. The loop ring Zs2 5[L,,(m)] have commuting regular elements
a=3(1+1)and b= (32.5—3%)(1+1) wherer =5,5|2.3°—1 and | € L,(m).

Proposition 3.17. Let Z:,,[L,(m)] be a loop ring where p;and p, are dis-

tinct odd primes and py | 2.p7 — 1 for some r > 4, then there exists an idem-

potent element e € Zi,, [L,,(m)] such that e # 0, 1.
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Proof. Suppose that ps | 2.p] — 1 for some r > ¢ and e = pi(1 +1) €
Z i py[Ln(m)]. Since
2.9} = 1(mod py) for somer > i < 2.p7.p] = pi(mod p'py) as (p}, pips) = pi, 7 > i
then

=1+ =21 +1) =2.p..p (1 +1) = p;(141)(mod pip,).

So e? = e.

Proposition 3.18. Let Z, [L,(m)] be a loop ring where p;and p, are dis-

pip2
tinct odd primes and py | 2.p7 — 1 for some r > i, then there exist commuting

regular elements a,b € Z:,,[L,(m)] such that a # b.

Proof. Suppose that py | 2.p7 —1 for some r > i and a = pj(1+1),b = (p'ps—
(141 e Z i po [L,(m)]. Since 2.p7.p7 = pj(mod p'psy) as (p],pip2) = P,
r >1, a®> = a by the Proposition 3.18. Similarly,

b? = a and ab = ba = b.

Therefore
ab = (ba)b(ba).
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