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Abstract

Suppose that Z1 is a topological center of L1∗∗(X∼, µ) with respect
to first Arens product whenever X∼ is special locally compact Borel set.
In this paper, we prove that Z1 is very large than L1(X∼, µ) such that
L1(X∼, µ) �= Z1 and cardL1(X∼, µ) < cardZ1.
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1 Introduction

Suppose that X is a set and that Ω is a family of functions such that each f
in Ω maps X into a topological space(Yf , τf). It is always possible to find a
topology for X that makes every member of Ω continuous. Then there is a
smallest topology for X with respect to which each member of Ω is continuous
and we called its weak topology of X and we show by σ(X, Ω). Let X be a
normed space. Then the topology for X induced by X∗ (first dual of X ) is the
weak topology of X and we show by σ(X, X∗). That is, the weak topology of
a normed space is the smallest topology for the space such that every member
of the dual space is continuous with respect to that topology. The norm and
weak topologies of a normed space are the same if and only if the space is finite
dimensional. For proof, see [12, 2.5.14].

We say that a net (xα)α∈I is weak convergence to an element x, if the net
(xα)α∈I converges to x with respect to weak topology and we write xα

w→ x or
w − limxα = x. The closure of a set A can be dented by A−w.

Let X be a normed space and Let Q be the natural map from X into X∗∗

(second dual of X). Then the topology for X∗ induced by family Q(X) is the
weak∗ topology of X∗ and we denoted byσ(X, X∗) . A topological property
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that holds with respect to the weak∗ topology is said to hold weakly∗ or to be
a weak∗ property.

Whenever w∗ is attached to a topological symbol, it indicates that the
reference is to the weak∗ topology. If X be a normed space, the function
x −→ Q(x) is the natural map which sometimes we show by Q , that is, for
each f ∈ X∗ we write Q(x)(f)=f(x).

Let x, y ∈ X and f ∈ X∗ and F, G ∈ X∗∗ then for first Arens multiplication,
we have f.x(y) = f(x.y) , F.f(x) = F (f.x) and F.G(f)=F(G.f). It is clear that
F.G ∈ X∗∗ , G.f ∈ X∗ and f.x ∈ X∗. The mapping F → F.G , for G fixed
in X∗∗, is weak∗ − to − weak∗ continuous, but the mapping F → G.F for G
fixed in X∗∗ is in general not weak∗ − to − weak∗ continuous. Whence, the
first topological center of X∗∗ with respect to this product is defined as follows

Z1 = {G ∈ X∗∗ : the mapping F −→ G.F is weak∗ − to − weak∗

continuous on X∗∗}.
The second Arens product is defined as follows Let x, y ∈ X and f ∈ X∗

and F, G ∈ X∗∗ then for second Arens multiplication, we have x.f(y) = f(y.x) ,
foF (x) = F (x.f) and FoG(f)=F(Gof). It is clear that FoG ∈ X∗∗ , Gof ∈ X∗

and f.x ∈ X∗.
The mapping F → GoF , for G fixed in X∗∗, is weak∗ − to − weak∗

continuous, but the mapping F → FoG for G fixed in X∗∗ is ,in general, not
weak∗− to−weak∗ continuous. Whence, the second topological center of X∗∗

with respect to second Arense product is defined as follows

Z2 = {G ∈ X∗∗ : the mapping F −→ FoG is weak∗ − to − weak∗

continuous on X∗∗}.
If ,for each F, G ∈ X∗∗ , the equality F.G=FoG holds ,then the algebra X

is said to be Arens regular.
In [10], Isik and pym and Ulger, for compact and commutative groupX ,

they proved that the topological center of L1∗∗(X, μ) is equal to L1(X, μ). In
[11], Lau and Losert proved this problem for locally Compact and commutative
group which the topological center of L1∗∗(X, μ) is equal with L1(X, μ). In
according to above studies, In [16], Pym and Saghafi, for the special semigroup
and locally compacts X and special measure μ, proved that the topological
center of L1∗∗(X, μ) is equal to L1(X, μ).

In this paper, for special semigroup X∼, We establish that the topological
center of L1∗∗(X, μ) is not equal with L1(X, μ). Let Z1 be the topological
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center of L1∗∗(X, μ) with respect to first Arense product then we prove that
there exists infinite element of Z1 corresponding to f ∈ L1(X, μ) which shows
that cardL1(X∼, μ) < cardZ1. In final, We get the some conclusion for the
second topological center Z2.

2 The Topological center of L1∗∗(X∼)

Definition 1. Let X be an uncountable set and totally ordered and
includes the smallest and largest elements a and b , respectively. For all
x, y ∈ X whenever x < y, we define the set X∼ that is including elements
as a, b, x−, x+, y−, y+ whenever x− < x+ < y− < y+ holds. Then, X∼ is to-
tally ordered and including of the smallest and largest element. We introduce
the function L : X∼ → X such that L(x−) = L(x+) = x and L(a) = a ,
L(b) = b.
In the below theorem, we have the operation on λ∼ as x.y = x whenever
x, y ∈ X∼ and we show that λ∼ is regular Borel measure on X∼ whenever λ
is a regular Borel measure on X.

Theorem 2. If λ is a regular Borel measure on X and L is above function,
then λ∼ is regular Borel measure on X∼ such that λ∼(A) = λ(L(A)) .

Proof: First, we show that λ∼ is measure on X∼ . We have λ∼(∅) =
λ(L(∅)) = λ(∅) = 0 . Now, if A1, A2, A3, ... is the disjoint sets of X∼ which
Ai

⋂
Aj = ∅ holds for each i �= j, then λ∼(

⋃∞
i=1 Ai) = λ(L(

⋃∞
i=1 Ai)) =∑∞

i=1 λ(L((Ai)) =
∑∞

i=1 λ∼(Ai)
In other hands, if O is an open set in X∼ then L(O)) is an open set in X

, and for each Borel set E ⊆ X∼ , we have the following statements

inf{λ∼(O) : E ⊆ O, O is open in X∼}
= inf{λ(L(O)) : E ⊆ O, O is open inX∼}

= inf{λ(L(O)) : L(E) ⊆ L(O), L(O) is open in X}
= λ(L(E)) = λ∼(E)

Now, if K is a compact subset of X∼, then L(K) is compact subset of X.
Thus, for each open set O ⊆ X , the following statements hold

sup{λ∼(K) : K ⊆ O, K is compact in X∼}
= λ(L(O)) = λ∼(O) = sup{λ∼(K) : L(K) ⊆ L(O), L(K) is compact in X}
= λ(L(O)) = λ∼(O)
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Consequently, λ∼ is regular Borel measure on X∼

Remark 3. Let Λ be a maximal ideal space of L∞(X∼) and mapping

id : C(X∼) −→ L∞(X∼)

be an identity function. Then, we have the adjoint function of id as

id∗ : L1∗∗(X∼) −→ C∗(X∼),

such that id∗(F )(g) = F (g) for all F ∈ L1∗∗(X∼, μ) and g ∈ C(X) . In
other hands, the some conclusions from [18,11,13] and [18,11,19] shows that Λ
is maximal ideal space of C(Λ) , and C(Λ) ≈ L∞(X∼). Therefore, we have
C∗(Λ) ≈ L1∗∗(X∼). By theorem (1,3) from [8], we have as follows

Λ ⊆ L1∗∗(X∼), (1)

Consequently, we define the continuous function as

h = (id)∗|Λ : Λ → C∗(X∼) (2)

since C∗(Λ) ∼= M(Λ) and C∗(Λ) ∼= L1∗∗(X∼) , we have M(Λ) ∼= L1∗∗(X∼).
Therefore, the conclusion (1) shows that Λ ⊆ M(Λ).

Now, with notice, the above discussion, we define the function f −→ foh
from C(X) to Λ where f ∈ C(X∼) and we define the relation on Λ by μ1 ∼ μ2

whenever f ◦ h(μ1) = foh(μ2) where μ1, μ2 ∈ Λ and f ∈ C(X∼). Therefore,
the relation ≈ makes partitions on Λ as follow elements

[μ] = {v ∈ Λ : h(μ) = h(v) = x} = {v ∈ Λ : h(v) = x} = h−1(x),

So that we can write Λ =
⋃

x∈X∼ h−1(x), where h−1(x) is a subset of Λ.

Theorem4. Let x ∈ X∼. Then, h−1(x) is a compact subspace of Λ and
h−1(x) ∼= h−1(x′) holds for each x, x′ ∈ X∼ .

proof: Suppose that x, y ∈ X∼ and x < y, than Λ[x,y] is a Maximal
ideal space of L∞([x, y]). By notice to Remark 3, we know that L∞[(x, y)] ∼=
C(Λ[x,y]) and L∞([x, y]) ⊆ L∞(X∼). Consequently, we have Λ[x,y] ⊂ Λ. If
[x, y] and [x′, y′] are two interval in X∼, then [x, y] ∼= [x′, y′] which implies that
C(Λ[x,y]) ∼= C(Λ[x′,y′]). In other hands, Since h−1(x+) =

⋂
x<y Λ[x,y] ,we have

h−1(x+) ∼= h−1(x
′+).

Theorem 5. Let Λ be a maximal ideal space of L∞(X∼), then Λ is equal
with T × X∼ such that T is a topological space and equivalent with h−1(x).
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Proof: With notice to final discussion of Remark 3, we haveΛ =
⋃

x∈X∼ h−1(x)
and by notice to [10], we have Λ =

⋃
x∈X∼ h−1(x) =

⋃
x∈X∼(

⋃
t∈T{(t, x) : x ∈

X∼}) =
⋃

x∈X∼ T × {x} = T × X∼.

Definition6. We say that μ ∈ M(X) is continuous with respect to v if for
each compact F , v(F ) = 0 implies that μ(F ) = 0. Then, we write v � μ.

Definition 7. Let X be semigroup and M(X) be a measure space and M
be linear subspace of M(X). Then we say that M is an L-subspace if v ∈ M
provided that μ ∈ M and v � μ . We say that the L-subspace of M(X) is
called L(X) if each elements of its is continuous with respect to Har measure.

For each f ∈ L1(X, λ) where λ is a Har measure), we have f.λ ∈ L(X) and
fλ(E) =

∫
X XEfdλ =

∫
E fdλ and ‖ f ‖=‖ fλ ‖, so the function f → f.λ from

L1(X) to L(X) is onto. In other words, we can embed L(X) in M(X). See
the following theorem.

Theorem 8. Let L(X) be a closed two-sided ideal in the algebra M(X).
Then, the mapping μ → f Carrying L(X) into L1(X) as dμ = fdλ and It is a
norm preserving linear isomorphism of L(X) onto L1(X).
Proof: For proof, see [9,19.18].

Remark 9. Let Λ be a Maximal ideal of L∞(X∼) The Theorem5 shows
that Λ = T ×X∼ , so by Theorem4 we have C(T ×X∼) ∼= L∞(X∼). Therefore,
by [10,3.4], there exists the compact set T (t) of T such that T (t) �= T and also
we have T (t) × X∼ = cLΛ{(t, x+) : x ∈ X} (see [3,4.11]). Now, Let v be
a measure on T (t) �= T then with notice to Remark 3, we define h(v) = μ.
Consequently,μ is a measure on X∼, and for each S ⊆ X∼ we define μ(S) =
v(h−1(S)).

Theorem 10. There exist infinite elements μ from Z1 with different
supports, and there exists uniquely measure such as λ∼ on X∼ such that
h(μ) = λ∼.

Proof: Suppose that λ∼ is a measure on X∼ corresponding to λ in L(X)
[see Theorem 2]. If we put μ = h−1(λ∼), then μ is measure on Λ, and for each
t ∈ T , we define μt = |T (t)×X∼ . Then h(μt) = λ∼ and supp μt ⊆ T (t) × X∼.
Now, we set μ1 = μ , μ2 = μt , μ1 �= μ2 and h(μ1) = h(μ2) = λ∼. In other
hand if x ∈ X∼ and a < x < b , we define the following sets as

Ax = h−1([a, x])
⋂

(T (t) × X∼), Bx = h−1([x, b]).

Suppose that χAx and χBx are characteristic function of Ax and Bx, respec-
tively. We define μx = χAxμ1 + χBxμ2 ,consequently we have dμx = χAxdμ1 +
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χBxdμ2 . Now we claim that μx is measure on Λ and h(μx) = λ∼. Let
S∼ ⊆ X∼, we get h−1(S∼) = S, so S is measurable set on Λ. Therefore ,We
will have the following conclusion as

∫
S

dμx =
∫

S
χAxdμ1 +

∫
S

χBxdμ2

= μ1(Ax

⋂
S) + μ2(Bx

⋂
S) = μ1(h

−1[a, x])
⋂

S)

+μ2(h
−1[x, b])

⋂
S) = μ1(h

−1[a, x])
⋂

S∼) + μ2(h
−1[x, b])

⋂
S∼)

= μ(h−1[a, x])
⋂

S) + μ(h−1[x, b])
⋂

S)

= μ(h−1S∼) = μx(S).

Which implies that μx is measure on Λ. Now , if we set h(μ1) = λ∼ and
h(μ2) = λ∼ then h(μx) = λ∼ and we have supp μx = T (t)× [a, x]

⋃
h−1([x, b]).

Suppose that x, y ∈ X∼ and a < x < y < b then suppμx �= suppμy. Thus, μx

and μy are different. Since X∼ is uncountable, the set of all μx are uncountable
and h(μx) = λ∼[(λ∼ ∈ L(X∼)]. Therefore ,with notice to Remark 3, there exist
uncountable element of Z1 corresponding to λ∼ ∈ L(X∼) ( or we can write
corresponding to f ∈ L1(X) [see Theorem 8]) . The finally conclusion shows
that cardL1(X∼) < cardZ1 .

We have the same as of the above result for second topological center Z2

as follow

Corollary 11. There exist infinite elements μ from Z2 with different
supports, and there exists uniquely measure such as λ∼ on X∼ such that
h(μ) = λ∼.

proof: The proof is the same as of the Theorem 10.
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