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1 Introduction

The problem of computing a value of integral over a high dimension is
important in many scientific fields.
f(z) € R where z € [0,1]¢ and f is known but hard to calculate. Then our

aim is to estimate

f(z)da,

[0,1)¢

Consider a deterministic function Y =
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that is the expectation of f o X, u = E(f o X), where X is a random vector
uniformly distributed on a unit hypercube [0, 1]%. The simplest way is to draw
the samplings X;, Xo, ..., X, independently and uniformly distributed from
[0, 1]¢ and use

o1
M:EZfoXi (1.1)
=1

as an estimator of y. This method is called the Monte Carlo method.(see[10],[14]
and [16] for more details)

Beside the uniform sampling, there are various alternative ways to sel-
lect the points X;’s for . For examples, lattice sampling([9]), Latin hyper-
cube sampling([1],[13],[15],[18]), the orthogonal arrays([2],[6]) and scrambled
net([3],[4]).

In 1996, Loh considered some classes of the orthogonal arrays and he gave
a uniform bound on normal approximation. In this work, we shall establish
a non-uniform bound by using the Stein’s method. The organization of this
paper is as follows. In section 2, we give some definitions, notations and state
the main result. Some useful lemmas are proved in section 3 and we show the
main result in section 4.

2 Preliminary Notes and Main Result

Definition 2.1. An orthogonal array of strength t with index A (A > 1) is
an n X d matriz with elements taken from the set {0,1,...,q— 1} such that for
any n X t submatriz, each of the ' possible rows appears the same number X of
times where d,n,q and t are positive integers with t < d and q > 2. Of course,
n = Ag'.

A class of this arrays is denoted by OA(n,d, q,t)(see [8] for more details).

In 1996, Loh considered the class OA(n,3,¢,2) when n = ¢* and con-
structed the sampling X1, Xo, ..., X2 on the unit cube [0,1]* as follows: Let
(a) m, e, m3 be random permutations of {0,1,...,q — 1},

(b) Ui, 4iy,is,5 be [0, 1] uniform random variables where i1, i3, i3 € {0,1, ..., ¢—1},
Jj€{1,2,3}, and

(¢) Uiyinis;'s and mp’s be all stochastically independent.

An orthogonal array-based sample of size ¢%, {X1, Xa, ..., X2}, is defined to be

{X(mi(ain), ma(aiz), ms(ais)) 1 <i < ¢°},
where, for each iy,19,13 € {0,1,...,¢ — 1} and j € {1, 2,3},

X (i1, i, 13) = (X1(i1, 42, 13), X2 (i1, 42, 13), X3(i1, 2, 13)),
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Lj + Uil 112,13,]
)

X;(i1,1,13) = .

and a; ; is the (i, 7)™ element of some arbitary but fixed A € OA(¢?,3,¢,2).
So the estimator & of p in (1.1) can be express in the form of
2

1y
H = ?Zf oX(ﬂ'l(ai,l):7T2(ai,2):7r3(ai,3>)-
i=1

Owen([2]) gave an expression for the asymptotic variance Var(fi) of fi. In
this paper, we assume that Var(j) > 0 and define

W= m(ﬂ—ﬂ)- (2.1)

Loh([18]) gave a uniform bound on the normal approximation of W and

Theorem 2.1 is his result.
Theorem 2.1. Let ® be the stantdard normal distribution function, i.e., ®(x) =

1 x
)
Then -

sup{|P(W < w) — ®(w)| : —0o <w < 00} =O0(¢>2) as q— oo.

2
~Tdt. Suppose that E(f o X)" < oo for some even integer r > 4.

In 2006, Laipaporn and Neammanee([12]) improved the order in Theorem
2.1 to the rate O(¢~7) under the assumption that E(f o X)® < oco. In this
work, we investigate a non-uniform bound. The following theorem is our main

result.
Theorem 2.2. Suppose that E(f o X)" < oo for even number r > 10. Then,

as q — oo, for z € R,
))-

[POW < 2) = 9(2)] < maz(—————0(—), ——— O

(L4 ]z g 7 (L4 ]z

()
o= =

3 Auxiliary Results

In this section, we will give some lemmas which used in proving the main result
in section 4. In 1996, Loh defined a random function p, be such that

(i1, 02, pr(in, i2)) = (miain), ma(aiz2), m3(ais)) (3.1)
for some i € {1, ..., ¢*} and showed that W in (2.1) can be rewritten again as
the form

qg—1 ¢g—1

W =" Y (i1, iz, palir, iz)) (3.2)

11=012=0
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h Y (in,in,13) = | f 0 X Z
where i1,19,13) = ———=|f 0 X (i1, 12, i3) 7
1,%2,13 > Nar () 1,22,13 :ujj
-y ,Uk,l(ikail)}:
1<k<iI<3
=
piv, 12, 43) = EfoX (i, i, i3), p;(ij) = pe Z (11,42, 3) — pul,
1 &8
and f i (iks 1) = p > ulin, ia, is) — i — (i) — pu(in)].
i:=0
ikl

Let I and K be uniformly distributed random variables on {0, 1, ..., ¢g—1},
(1, K) uniformly distributed on {(i, k)|i,k = 0,1,...,¢ — 1,7 # k} and assume
that they are indenpendent of all my, mo, w3 and Uj, 4,4, ;s defined previously.
Define

W =W -8, — S+ S5 + S,
qg—1 qg—1
where S = Z Y(I,ig,pﬁ(I,ig)), Sy = ZY(K, ia, pr(K, 2'2)),
i2=0 i2=0
qg—1 qg—1
S3ZZY(Iai27p7r(Kai2>): S4:ZY(K7i27p7r(Iai2>)'
i2=0 i2=0

Moreover, for each iy,is and i3 € {0,1,2,...,¢ — 1}, and z > 0, we also let

filir, i, i3) = EY (i1, 42, i3)
er(ihi?aii’) = Y(ila2'272'3)}1(}}/(2'172'272'3)} > 1+ Z):
}72(2'172'272'3> = Y(ila2'272'3)}1(}}/(2'172'272'3)} <1+ 2)7

g—1 ¢g-1

Y = Z Z ?z(il, i2, pr(i1, 2))

11=0i2=0
and i; = Y - S\l,z - §2,z + §3,z + §4,z
qg—1 q—1
where Sip=> Vil io,pa(1,i2), Saz= Y Yu(K, iz, (K, i),
i9=0 i9=0

qg—1

q—1

§3,z = Z?Z(I,Zé,pw(K, i2)), §4,z = Z?Z(K, i, px(1,12)),

i2=0

i2=0
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and [ is an indicator function. Loh([18]) showed that (W, W) is an exchange-
able pair, S, Ss,S3, 54 are identically distributed and if E(f o X)" < oo for a
positive even integer 7, then

ESI =0(q72) for i=1,2,34, (3.3)

g—1 g—1 g—1

> DD EY (i iz is) = O(¢*), (3.4)
11=012=0143=0

g—1 g—1 g—1

and —ZZZEY (11,12,13) —1+O( ).

z1 0i2=01i3=0

(3.5)
By the fact that

E(W - W)r <O0(q%) (3.6)

for every positive even number r([12]) we have

qg—1 g—1 ¢g—1 qg—1 g—1 g—1
. E’Y 11,12,13 ’ mntt
ZA A EY (i1, 12,i3)"Y; (i1, i2, 13) ’<ZZZ 1+ 2)
i1=01i2=01i3=0 11=012=01i3=0
0] 3—m—n—t
< O™ ™) (3.7)
(14 2)t

for any integers m,n and t which m > 0,n,t > 0 and m +n +t is an even
number. The following lemmas are used in section 4 and in what follows,
C denotes a generic absolute constant whose value may be different at each
appearance.

Lemma 3.1.

- 1
1. If E(f o X)?* < oo, then |[EY? — 1| < 0(5) as q — 0o.

~ =~ 1
2. If E(f o X)" < 0, then, for any even numberr > 2, E|Y —=Y|" < O(—)

as q — oo. e
~ =~ 1
8. If E(f o X)"™! < oo, then, for any odd numberr >3, E|Y —Y|" < O(—)
as ¢ — oo. 1
Proof. see [11] on p.20. O

Lemma 3.2.
g—1 gq—1 ¢—1

1. If E(foX)?*< oo, then E(ZZ ZY(il,ig,ig))Q < 0(q) as ¢ — oc.
A iRh
2. If E(foX)' < oo, then E(Z ZZY(il,ig,ig))4 < O(¢?) as ¢ — .

11=0142=013=0
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Proof.

1. By the fact that
q—1
Zﬁ(ilai%i:’)) =0 for j = 172737 (38)
ij=0

(see [18], p.1212) and (3.5), we have

qg—1 g—1 g—1

. . . 2
E(Y_ Y Y Yinisis)
11=012=01i3=0
= Y EY?(irin,is) + Y ST iy in, is)ii(ji, s js)
11,12,13 11,12,13 J1,J2,J3
(J91,52,33)#(i1,92,33)

= Z EY2(i1,i2,i3) - Z ﬁ2(i17i27i3>
11,12,13 11,12,13
< 0(q).
2. Note that

qg—1 g—1 ¢g—1

E(Y"N" S Y(iniayis)" = CLMy + CoMy + C5Ms + CiMy + Cs Ms

11=012=013=0

(3.9)
where
My = Y EY*(iy, iy, i),
11,12,13
My= > Yo EY(irin i)Y (jrs o, ),
11,12,13 J1,J2,J3

(J1,42,3)#(i1,82,i3)
My= > Y EY2(iria, i)Y (1, o, ds),
11,i2,13 J1,J2,J3
(J1,42,33)#(i1,82,13)
M4 = Z Z Z EY2(i17i27i3)Y(j17j27j3)Y(k17k27k3)7
11,12,13 J1,J2,J3 k1,ka,k3

(J1,92,93) 7 (11,92,13) (k1,k2,k3)#(41,42,i3)
(k1,k2,k3)#(j1,52,73)

ED DY 2. 2.

11,i2,13 J1,J2,J3 k1,k2,k3 l1,l2,l3
(91,32,33) 7 (11,92,33) (k1,ka,k3)#(i1,i2,03) (I1,l2,13)7#(i1,i2,i3)
(l17l27l3)7é(k:17k;27k;3)
EY(ila i27 i3)Y(j17 j27 j3)Y(k17 k27 k3)Y(l17 l27 l3)

and C4,Cs,C3,C4, C5 are constants.

From (3.4) and (3.8), we know that
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1
M =O(), (3.10)
}M2} = } Z Z ﬁ(ihi272’3)EY3(j17j27j3>}
i1,i2,i3 J1,J2,J3

(91,32,33) # (1,i2,3)
=| - Z fi(j1, 32, 33) EY > (1, 2, J3)|
J1,32,73
> EY'(ji, 2. s)
J1,32,73

_ oy, (3.11)

q
M| = > > EY?(iy,ia,i3) EY?(j1, j2, j3)
11,12,13 J1,J2,J3
(J1,J2,93)#(i1,i2,i3)

< (3 EY?(i, iz i)’

IN

11,12,13
< O(¢*), (3.12)
’M4’ = ’ Z Z Z EY2(i17i27i3>ﬁ(j17j27j3>/1(l17l27l3>’
11,i2,13 J1,J2,J3 l1,l2,l3

(d1,J2,93)# (11,82,83) (L1,02,03)7F(41,02,i3)
(I1,02,13)#(j1,72,73)

(3.13)
<ID Y BY(iis )i, o, Js) i, ia, )|
11,12,13 J1,J2,J3
(91,32,33) # (11,i2,3)
+’ Z Z EY2(2'17i27i3>ﬁ2(j17j27j3>’
11,12,13 J1,J2,J3
(91,32,33) # (1,i2,3)
< 3 BV (irins) + (Y EY2(iy, iz, i3))’
11,12,13 11,12,13
< 0(¢*), (3.14)
and
M5l =] >0 > > >
i1,i2,i3 J1,J2,J3 k1,k2,k3 l1,l2,l3

(91,52,03)#(11,i2,33) (k1,k2,k3)#(i1,i2,i3) (I1,l2,03)7#(i1,i2,i3)
(k1,k2,k3)#(51,92,33) (11,02,03)#(41,52,73)
(11,02,13)# (k1,k2,k3)

ﬁ(ila i27 i3)ﬁ(j17j27j3)ﬁ(k17 k27 k3)ﬁ(l17 l27 l3)
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=3 Z Z Z [i° (i1, d2, 3) fi(jv, J2s ) ft(Kv, ko, Ks) |

i1,02,93  J1,J2,J3 k1,ka,k3
(41,92,93)#(i1,12,i3) (k1,k2,k3)#(i1,i2,i3)
(k1,k2,k3)#(j1,72,73)

:3} Z Z [ (v, o, i3) fi(Jr, Joo Ja) (i1, ia, i3)
11,12,13 J1,J2,J3
(J1,92,33)#(i1,42,i3)
+ Z Z ﬁ2(i17i27i3)ﬁ(j17j27j3>ﬁ(j17j27j3>}
11,12,13 J1,J2,J3

(91,72,33)#(11,32,3)

<3( > EY*(ir,inis) + (Y EY?(i1,i3,i3))”)

11,92,13 11,12,13
< O(g%). (3.15)
Hence from (3.9)-(3.15), we have 2. O

Lemma 3.3. Suppose that E(f o X)* < co. Then

~1 g-1 g—1
B S S Vi) € 0 asg—
=0 j=0 k=0 (L+2) g
g—1g-1g-1 - A 1 1

2. B( Y.(i,,k))" < (1+z)20(?) as q — oo
=0 j=0 k=0

Proof. 1. 1t follows from (3.4) and (3.7) that

qg—1 g—1 ¢g—1
E( Z Z Z Y. (i1, 42, 43))
11=0192=0¢3=0
= Z E}/?(ilai%i?)) + Z Z E}/Z(ilai27i3>1/2(j17j27j3)
11,12,13 11,92,13 J1,J2,73

(91,32,33) # (1,i2,3)

Z EY 21,22,23 Z E}/;2(i1,i2,i3)

1—|—z =
11,12,13 11,22,13
1 1
< ——0(—).
T (14 2)? (q)

2. By the same argument as (3.9) we see that

qg—1 g—1 g—1
E( Z Z Z Y. (i1, iz, i3))4 = C1 My, + ColMy , + C3Ms , + Cy My, + C5Ms
i1=012—0 i3—0

(3.16)
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where Ml,z = E E}/;4(i1,i2,i3),
11,12,03
M2,z = E E E}/;(21722723>}/; (31732733)7
1,02,83  J1,J2.3
(J1,52,33)#(i1,82,13)
Ms,, = E E EY (i1,142,13)Y.*(J1, J2, J3)s
11,12,03 J1,92,J3

(91,52,33)#(11,92,i3)

A YD VD

1,02,03  J1,J2.J3 k1,ka,ks
(91,52,33)# (11,2,33) (k1,k2,k3)#(i1,i2,i3)
(k1,k2,k3)#(j1,52,73)

E}/?(ila i27 i3)}/;(j17j27j3>1/;(k17 k?a k?))?

Mso= D0 X 2. 2.

11,i2,13 J1,J2,J3 k1,ka,k3 l1,l2,l3
(91,32,33)# (11,i2,33) (k1,k2,k3)#(i1,02,i3) (I1,l2,13)#(i1,i2,i3)
(k1,k2,k3)#(51,32,33) (1,02,03)#(51,2,53)
(T1,02,13)# (k1,k2,k3)

E}/Z(ih2'272'3>}/Z(j17j27j3)}/2(k17k?ak3)}/r2(l17l27l3)
and C4,Cs, C3,C4, (5 are some constants.

From (3.7),
1
M _ 3.17
’ 1,2” S (1+Z>2O(q3>7 ( )
}M27z} S{ Z E’}/;(ll,lg,lg)’}{ Z E’Y'zg(jlaj%j?))’}
11,12,13 J1,J2:73
1 1
— mo(?), (3.18)
|Ms.| < { Z EYf(@'Mz,ig)}Q
[
(Mo < { ) EY2(iv i i) }{ Y EWY(ir, o ds) [ { Y ElYa(l, 1o, 1)]}
11,i2,i3 J1,J2:33 l1,l2,l3
1 1
= T (320
and
.. 4 1 1 4
| Ms..| < (h;SE’Yz(h,ZQ,Z?,)D < {7(1 +z)30(¥>} : (3.21)

Hence from (3.16)-(3.21), we have 2.
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Let g, be the solution of the Stein’s equation

9.(w) = wg:(w) = h(w) — @(2)

where h(x) =I(z < 2). It is well known that

| V2re o)l - 0(2)] i w< 2,
g:(w) = { Dre P (2)[1 — (W) if w > 2

Moreover, wg,(w) is an increasing function of w, and for all real w, u, v, t and
S?

0<g:(w) < min(@, é), for z#0 (3.22)
g2 (w)| < 1, (3.23)
|92 (w) — g2 (v)] <1 (3.24)

and
g (w+s) — gl (w+t) — / h(w + w)du| < 1(z — maz(s,t) < w < z —min(s, 1))
t
(3.25)
(15, p.9-10).
Lemma 3.4. For each z > 0, let h : R — R be defined by
h(w) = (wg,(w)) (3.26)

If E(f o X)" < oo for some positive even number r, then

1 1
/ / Y+u )dudt<(1+z) %0(75> as q — oo,

where K(t) = q;1<Y P)(o<t <V -7)-1(Y - ¥ <t<0)).

Proof. By the fact that

0 <h(w) <
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([5], p-48) and ,
1—®(z) < CC for 2>0 (3.28)
2mz
([7], p-23), we have
C(1+2) if ggwgz,
h(w) < C z (3.29)
— if w<z or w>z
(1+ 2)? 2

where C' is a constant. From (3.29) and the fact that

00 0 o ~ 513 1
E/_Oo/t K(t)dudth/_oo K (B < gBIV =T <02, (330

we have

E/_Z /to WY + w) K () dudt

0 0
:E/ / h(Y—i—u)K(t)]I(Y—l—u<g or Y +u> z)dudt

+E// Y+u )]I( <Y+u<z)dudt
<(1+)O(\f)+01+z //K

By Lemma 3.1(1,2) and the fact that K () = 0 for [t| > |Y — Y],

of [ wons

gE/ / KUV + |V V] > )dud
—oco J it

)dudt.

l\’)ll\l

(3.31)

)dudt

l\’)IN

<gB|Y —VPIY + Y - V| > 2)

~ ~ 1 ~ ~ o~ z o, r=1
BV - VPV P +V - V12 )}
BV 4|7 TP oo

< 0(75){ 2
1 1
ST =y

Hence the lemma follows from this fact and (3.31). O
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Lemma 3.5. Let B be the o—algebra generated by my, w2, 3 and Ui, 4,55 s
Then

o0 1
Z.EEsl—/ K(t)dt}| < O(—) as ¢ — oo.
- [ K| <o)
o0 1 1
2. E(EB{l—/ K(t)dt})Q: (1+Z)EO({°/—§> as q — 0o
where EBX s the conditional expectation of X given o— algebra B.

Proof. 1. First, we note that

Br o2 11| — L
E|EP{qS; — 1} 0(\@), (3.32)
qE|EPS;Sy| = O(é) as ¢ — 00 (3.33)

for any 7,k = 1,2,3,4 ([18], p.1218-1221) and for each r,s € N such that
r + s is an even number, we have

1 1
ElS.|" < O(—), 3.34
S1.l" < O (3.34)
1
2 2 2 2
EST,=ES;,=FES;,=ES], < i+ z)40(¥) (3.35)
1 1
ElS:S;.| < O 3.36
and ’ Js ’ (1+Z>2 (qQ\/a> ( )
for 4,7 =1,2,3,4 where
q—1 q—1
Sl,z - Z 3/2(17 i27 pﬂ(Ia i?)): SQ,Z - Z }/Z(Ka 2'27 pﬂ'(Ka 22))
in=0 is=0
qg—1 qg—1
Sso =Y Yl in, pr(K,iz)),  Suo =Y YK, iz, pa(l, i)
in=0 is=0
([11], p.21-22). Note from (3.35) and (3.36) that,
E|EB(S,.5))| < EEP|S,. S| = E|S;.8] < ——— O(——)
I — I I — (1+Z>2 qQ\/a )
(3.37)
1 1 1 1
B 2 2
and  E|E”(S;.5..)| < E|S; .. < {ESJQZ} {ES,?Z} < i Z>4O(¥)
(3.38)

for any j,k = 1,2,3,4. From (3.32), (3.33), (3.37) and (3.38), we have
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E|ER(1 _/Oo K(t)dt}]

I T e T N ]

IN

E|E®((q—1)S2. — V| +q > E|E%S,.5.)]

1<j<k<4

- - -

E|E®{(g—1)(Sk — Sk.)* =1} +q Y E|E5(S; —5;:)(Sk — Sk:)|

1<j<k<4

Eod

~
—

E|E5((q —1)S2 — 1) }+qZE}E SkZSquZE}EBSM
k=1
+q Y E|E® sjsk—swsk—sjsk,ﬁsj,zsk,z)}

1<j<k<4

< (\/%). (3.39)

2. Tt follows from (3.3) and (3.34) that

E(EP{1 - /Oo K(t)dt})’

)

—1) ~ — — — 4
— E{EB{l N 1 )(SLZ + S, — S5, — 54,z)2}}

Rt (4-1) o
S VICESY E{EB[l QU Yeli g pa(i )
a\q =0 iio Jj=0
q—1 qg—1 q—1
g B i ~ 4
+ > Yk, d,px(k,5)) — ) Ya(i, 4, p(k, 5)) Z 2k, 7, px(iy g ))}}
j=0 Jj=0 J=0
1 g—1 g—1 q—1 a1l o o a1l . .
" (g 1) B{1- ( 1 LS V0,4, 1)) + 30 92 G, 9)
i =0 ]Z:Q J=0 Jj=0
q—1 R qg—1 R 4
= 2 Vilindpalh,3) = Y Ve (kegpsli. )P
Jj=0 j=0
C q—1 q—1 a1l -1
< S S {1 B Tl )+ o ECE T )
79 i=0 ]Z:O Jj=0 7=0

F 4 B V(i pelk ) +a BO Ve, pa(0,0)* |
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q q—1 q q-1 q—1

= C+CP( D EQ Yolir g pali, ))°) + CE (DY EQ Ya(i g pe(k, )))%)
i=0 =0 i=0 17;(2) =0

=C+Cq'ES®,

= 0(1).

Hence E(E®{1 — [~ K(t dt})
:E(EB{1—/ ()dt}) (1E31—/ K(t)dt)| < q5(1 + 2)

—00

D=

)
+E(EB{1—/ K (t)dt}) }I(]EB(l—/_ K(t)dt)| > 5 (1 + 2)

D=

)

<E}E5{1—/ K(t)dt}|gs(1+ 2)7

=

+{B(EP{1 - / K(t)dt})" V2 {P( yEB1—/ K(t)dt)| > ¢v (1 + 2)%)}

1 E(EB{1— [ K(t)dt})"
§(1+2)60(—_)+ 5 = 51
V4 (q3(1+ 2)3)2
<1+ z)%()(%).

4 Proof of the main result(Theorem 2.2)

To bound |P(W < z) — ®(z)|, it suffices to consider z > 0 because we use the
fact that ®(z) = 1 — ®(—z) and apply the result to —W when z < 0. So, from
now on, we assume z > 0.

~ o~ 1
Let v = %E!Y —Y|>. We note from Lemma 3.1(3) that, v = O(—).

Va4
By [12] we know that sup {| P(W 1§ 2 - <I>(12)} . o0 <z < oo} = 0(\/%)
Zlil(;e !\i(tivtfatz) —®(2)] < WO(W for 0 < z < 1. Assume that
|[P(W < z) = @(z)] < P(W?“A/)Jr [P(Y < z) - ®(2)], (4.1)

and P(W #£Y) = <ZZ ‘YZ],OTFZJ))’>1+Z)>1)

=0 j=0
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g—1 g-1

ZZH Y'(2, 5, pww))!>1+2))

i=0 j=
qg—1
—ZZZP Y (4,5, k)] > 1+ z)
=0 j=0 k=0
e B (g k)
(14 2)*

<FE

VS

—_
,_.

L

IA
—_

L

i=0 j=0 k=0

(142
Thus we need to bound only the second term on the right hand side of (4.1).

Case 1 (1+2)y>1.
1
By Lemma 3.1(1) and the fact that v > 112 we have
z

- N E|Y + 1] C o
PY —PY +1>1 < < < .
V>2)=PY+1>142) < o S Gop S 14s
Hence IP(Y <2)—®(2)| = |1 — P(Y > z) — ®(2)]
— P(Y > 2)+ (1 — ®(2))
1 1
< O(—)
I+2z "4
c Cy .
where we have used the fact that 1 — ®(z) < in the last

<
(14+2)2 =~ 1+=2
inequality.
Case 2 (1 +2)y < 1.
In view of Theorem 1.2 of [12], we can show that

|P(Y <2) = 8(2)| = |Eg.(Y) —EYq.(Y)| ST+ T+ T3+ Ty (4.2)
where }E/ {d.(V) = g.(Y + 1)} K (¢t )dt|,

}Egz / K(t)dt — Eg.(Y / K (t)dt|,
- )Eg;<Y> - B T)E [ K]

Ty =|Ag.(Y),
qg—1 g—1 g—1

and Af( = —Ef Z Z ZYZ i1,19,13) for any function f.

11=01i2=013=0
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From Lemma 3.2(1) and Lemma 3.3(1) we have

g—1 q—1 g-1 g—1 g—1 ¢—1
EQY Y > Yz i) + B Y Y Yilin iz is)* < Oa).
11=0142=0143=0 11=0142=01i3=0

And, by (3.7) and (3.8),

Z Z (i1,12,13)Y>(j1, J2, J3))

11,12,13 J1,J2,J3

Z EY (iv,i2,43) Yz (i1, 12, 13) — Z filin, i2,3) EY; (i1, 42, 13)

11,12,13 11,12,13

= 0(q).

g—1 g—1 ¢g-1

Hence T4§ —E’ZZZY 21,22,23
qz i1=0142=013=0
qg—1 g—1 ¢g—1
S—{E ZZZY (i1,12,13)) %

i1=01i2=01i3=0

~—

_ (1;)0(\/%). (4.3)
From Lemma 3.1(1), E|g,(Y)| < e ([17], p.248) and
/ K(t E(Y?) =AY where |AY] gO(é)
([11], p.16), we have
= [Bg.(V)|[1 - E / K(t dt) Trapll - BV A< T)Qo%
(4.4)

- }Eg;(?)EB{E/_(: K(t)dt — /: K(t)dt}}

<l [ K@=+ B - [ K@)

< m%“ — EY2 4+ AY| + |Eq.(V)I(Y < g)EB{l - /: K(t)dt}|
+|Eg. (VY < = EB{l—/ K(t)dt}|
1

1
= oty t et e o
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where Ty = |Eg.(V)I gEB{l—/ K(t)dt} |
and Ty = |Eg. (VLY > 2) EB{1—/ K(t)dt}].
Note that ¢’ (w) = [V27rwe”"/2®(w) 4 1][1 — ®(2)] for w < z. Hence from this
fact, Lemma 3.5(1),(3.27) and the fact that e~ % < 132 we have
Ty < }E{\/_ )+ 1}{1 - o(2)}1(Y < g)EB{l - /: K(t)dt}|
< {Var(2)ew + 1} _%}E}Eg{l—/ K(t)dt}|
< (1;)0(%). (4.6)

From Lemma 3.1(1) and Lemma 3.5(2),
Tyy < |EL(Y > E)EB{1 —/ K(t)dt}|

<{PY> }{E}E3{1—/ K(t dt}}}
1

T (142
1

(1+2)%

O(—)EY?

). (4.7)

—~
L ]
D= = [N =

Hence, by (4.5)-(4.7), we have

P Y
(1+2)1

()
o= =

l\Jl»—t

To finish the proof of Theorem 2.2, it remains to bound 77.
By (3.25) we have

Ty < Ty +Tio+ T3 (4.9)
1 + z

where Ty = EI([Y — Y| < ) / I(z — max(0,t) < Y < z — min(0, t)) K ()dt,

~ =~ 1

1—|—z

Ty = BV - V| > -2 %) / {g;<Y>—g;<Y+t>}K<t>dt
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and A be defined as in Lemma 3.4.
First, we consider T7;. For 6 > 0, let fs : R — R be defined by

0 it t<z—29,
fs(t) = (14+t+0)(t—2+20) if 2—20<t<z+ 24, (4.10)
46(1 4+t +0) if t> 2+ 20.

Note that fs is a nondecreasing function,

f,(t)>{1—|—z—5 it 2 —20<t< 2420,
5 =

] (4.11)
0 otherwise ,

E}?fn?_ﬂ(?)}

<AEY|1+|Y|+|Y =YY - Y]

<AE|Y||Y = Y| +4EY?)Y = Y| +4E|Y||Y —= Y|?

<YEY}HEY -V + 4BV}
+A{EY? 2 {E|lY — V|12

< O(—=) + O(— BV V77T

<oyt o, (4.12)

-1
and £f|}~/—}7|(?) < q’EfD/ Y| ZZZ? 21,22,23

4 R N R _ R qg—1 ¢g—1 ¢g—1 N
JBA+Y Y =YY =¥1)_ D > Yi(irizis)
i1 =0 ig=0 i3=0
4 o N qg—1 ¢g—1 ¢g—1 )
HEREER (D ID D) BRLUEAD)]
11 =0142=01i3=0
q—1 g— 13q 1
—}E 1+ Y)Y — Y]ZZZY iy, i, i3)|
11=01i2=01i3=0
4 B N qg—1 g—1 g—1

11=0142=013=0

IN

IN

g—1 g—1 g—1

R 1035 3) 3 AN

11=0142=013=0
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g—1 g—1 g—1

< B+ PRPHEY - PR S Y Y i i, i)}
i11=01i2=01i3=0
4 qg—1 g—1 ¢g—1

+q{E1+Y VHEY - VPSS Vilin,ia,iy))?) 2
11=019=01i3=0
qg—1 g—1 g—1 o

+3{E]Y VB ST S V(i ia,is))?} 2

11=012=01i3=0
qg—1 g—1 g—1

+3{E]Y Y| } {EQ DY Yilir,in is)

11=012=01i3=0
q—1 g—1 ¢q—1

< - {E]Y Y]} {E( ZZZY@l,Zg,Zg

11=012=01i3=0
q—1 q—1 ¢—1

+ = {E]Y Y]} {EQ YN Yilir ia, is) } +O

11=0i2=01i3=0

< 0(5). (4.13)

Using the same argument as in Lemma 2.3 of [11],we can show that

/ FUY + )K(#)dt = EY f5(Y) — Afs(Y). (4.14)
Thus, from (4.11)-(4.14), we have

. 1
TH:E/ IV — V| < —2
|t <Y =Y
1+ 2z

gE/ (Y Y| < —(z=2]Y = Y| <Y < z+2]Y = Y)K(t)dt
t1<|7 -7 2

ml»—A

>J>I>—‘

)I(z — max(0,t) < Y <z2-— min(0,¢)) K (t)dt

2 S -
< E/ (Y -V < 5042V - 7))
| <IV -7 2

14z
I(z—2]Y = Y| <Y <242]Y = Y))K(t)dt
2 ~ o~ ~ ~ o~
< E/ fo o (T 00— 27 = V| < ¥ < 2427 - DK (t)at
1+ |t\<\? Y
< B[P sy 5 (V)] + [B 75 (7)]
1 1
< 70(—=)- (4.15)
1+2)r ¢z
By Lemma 3.4,
1 1
Ty < ———O(—). 4.16
12_(1—4—2)1_7 (\/a) ( )
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By (3.24) and Lemma 3.1(2)

Ty < BI(V — V] > - ) /Oo K (t)dt
< GBIV ~¥] > 1257 - 7P
<g{P(V |2 L) HEY - 71
ElY — Y21
R
- (141“2)0(\%)' (4.17)

From (4.9), (4.15)-(4.17), we have the main theorem.

References

[1] A.B. Owen, A central limit theorem for Latin Hypercube sampling, J.R.
Statist. Soc. Ser. B, 54 (1992), 541 - 551.

[2] A.B. Owen, Orthogonal array for computer experiments, integration and
visualization, Statist. Sinica, 2 (1992), 439 - 452.

[3] A.B. Owen, Monte-Carlo variance of scrambled net quadrature, STAM J.
Numer. Anal., 34 (1997), 1884 - 1910.

[4] A.B. Owen, Scrambled net variance for integrals of smooth functions,
Ann. Statist., 25 (1997), 1541 - 1562.

[5] A.D. Barbour and L.H.Y. Chen, An Introduction to Stein’s method, Sin-
gapore University Press, 2005.

[6] B. Tang, Orthogonal array-based Latin hypercubes, J. Amer. Statist.
Assoc., 88 (1993), 1392 - 1397.

[7] C.M. Stein, Approzimate computation of expectations, IMS, Hayward,
CA., 1986.

[8] D. Raghavarao, Constructions and combinatorial problems in design of
experiments, John Wiley, New York, 1971.

[9] H.D. Patterson, The errors of lattice sampling, J.R. Statist. Soc. Ser. B,
16 (1954), 140 - 149.



Normal approximation of orthogonal array 2367

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

H. Niederreiter, Random Number Generation and Quasi-Monte Carlo
Methods, STAM, Philadelphia, 1992.

K. Laipaporn and K. Neammanee, A non-uniform concentration in equal-
ity for randomized orthogonal array sampling designs, Thai. J. Math., 4,
No. 1 (2006), 11 - 34.

K. Laipaporn and K. Neammanee, A uniform bound on a combinatorial
central limit theorem for randomized orthogonal array sampling designs,
(to appear in) Journal of stochastic analysis and application.

M.D. McKay, W.J. Conover and R.J. Beckman, A comparison of three
methods for selecting values of input variables in the analysis of output
from a computer code, Technometrics, 21 (1979), 239 - 245.

M. Evans and T.Swartz, Approzimating Integrals via Monte-Carlo and
Deterministic Methods, Oxford Univ. Press, 2000.

M.L. Stein, Large sample properties of simulations using Latin hypercube
sampling, Ann. Statist., 29 (1987), 143 - 151.

P.J. Davis and P. Rabinowitz, Methods of Numerical Integration, 2nd ed.
Academic Press, Orlando, FL., 1984.

Q.A. Shao and L.H.Y. Chen, A non-uniform Berry-Esseen bound via
Stein’s method, Probab. Theory Relat. Fields, 120 (2001), 236 - 254.

W.L. Loh, A combinatorial central limit theorem for randomized orthog-
onal array sampling designs, Ann. Statist., 24 (1996), 1209 - 1224.

Received: January 29, 2007



